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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 62 ]. This is test number [ 84 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (62 ) | 0.00 (0)

Mathematica | 100.00 ( 62 ) | 0.00 (0 )
Fricas 72.58 (45) | 27.42 (17)
Maple 72.58 (45) | 27.42 (17)
Giac 62.90 (39) | 37.10 (23)
Maxima 62.90 (39) | 37.10 ( 23)
Mupad | 56.45 (35) | 43.55 (27)
Sympy | 51.61 (32) |48.39 (30)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 90.32 9.68 0.00 0.00
Maple 62.90 6.45 3.23 27.42
Giac 61.29 1.61 0.00 37.10
Fricas 59.68 3.23 9.68 27.42
Maxima, 58.06 4.84 0.00 37.10
Sympy 12.90 19.35 19.35 48.39
Mupad N/A 56.45 0.00 43.55

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .

The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %
Maple 17 100.00 % 0.00 % 0.00 %
Fricas 17 100.00 % 0.00 % 0.00 %
Giac 23 100.00 % 0.00 % 0.00 %
Maxima 23 100.00 % 0.00 % 0.00 %
Sympy 30 96.67 % 0.00 % 3.33 %
Mupad 27 100.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median
Rubi 0.04 88.03 1.00 83.00 1.00
Mathematica | 0.13 104.81 1.12 69.00 1.00
Maple 0.08 107.67 1.06 72.00 0.82
Maxima 1.04 2655.69 26.49 94.00 1.19
Fricas 0.34 135.69 1.41 90.00 1.11
Sympy 1.36 346.69 3.51 299.50 3.76
Giac 0.46 70.13 0.88 75.00 0.83
Mupad 0.38 65.26 0.85 67.00 0.90

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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Mean time used (seconds)

Normalized mean size of antiderivative

Lower is better

Lower is better
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list of integrals that has no closed form
antiderivative
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS
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2.1.1 Rubi

A grade: { [1}2}[3} 4[5} [6}[7},8) 9} [10} 11} 12}[13} 14} [15} [16} 17, 18} 19} 220} 21} 22} [23} [24} [25) 26} [27]
[28,[29,30, 31}, 82, 33, [34} 35, 36} 37} [38} [39} [0} A1} 42, (43} [44), 45 46} [47} (48} 49} 50} [51} 52} 53} 54 55
56457 58,59} 60} 61}62| }

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: { [1}2}[3} 4[5} 6178 9%} [10} 11} 12}[13} 14} [15} [16, [17 18} 19} 20} 21} 22} [23} 24} [25) 26} [27]
I}E@@@@@@@@@@@@@@@@@@@@@@@

B grade: { [37} 41} 45} 49} 56} 61] }
C grade: { }
F grade: { }

2.1.3 Maple

A grade: { [T, 2}[3, {4} 7} [18} 19} 20} 21} 22} 23} [24) [25} [26} [27} [28} [29} B0} 1} [32} 33} [34} [35} [36} 37} 38}
[B9% A0} 41} |42} 43} |44} 45} 46, 4T |48, |49, 54,55 }

B grade: { [6}[50,[51[2 }

C grade: { }

F grade: { [8,[9}[10} 11} 12} [13} 14, [L5}[16,[17} [56} 57} 58} 59} 60} 61} 62] }

N

2.1.4 Maxima

A grade: { 1,2,/ (15,1920, 21,2223, 7 75,20) 27, 25) 2 50, 51 52, 5% B4, 55 5, 57,58
[B9) 40} (41} [42} |43} [44} [45] 46, [47, [48] [49] }

B grade: { }[6}[7] }

C grade: { }

F grade: { [80}[L0}[L1}[12 13} 14} 15}[16}[17}[50, 51} [52} 53} 54} 55} 56}57} 58, 59} 60} 61} 62| }
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2.1.5 FriCAS

A grade: { [T,21[3) 4} 5}[18}[19}[20} 21} 22} 23} 24} [25, [26} [27} [28)[29} 30} B} [32} 33} [34} [3536} 37} 38}
[BO} 40} [AT} 42} |43} |44, |45 |46, 4T, 4, 49 }

B grade: { [6}[7 }

 grade: { FOELEZE3ELE )

F grade: { [Bl[0}[L0}[11}[12} 13} T4 [15}[16} 17} 56} 57, 58} 59} (60}, 61} (62 }

2.1.6 Sympy

A grade: { [18[22,[26}[30}[34,[38} |42} [46] }
B grade: { [35}[36}[37[39} [40} [A1} (43} [44 |45} [47], 48} [49] }
C grade: { [19,20},[21}[23} 24} 25} 27} [28} 29, 81} 32} [33] }

g{}@plﬁl,lﬂﬂ
,61),162

2.1.7 Giac

A grade: {13307 15, 19,20,21,22, 23, 71 25, 25,7 5 20, B0, BT 2 5, L 5 B 7
[44} 45}, [46} 47} 48} {49 }

B grade: {[f| }

C grade: { }

F grade: { [B)BVT0} [T 2 13[4 155, 17 50} 51,52 53,54 55,56, 57, 65 59,60, 61162

2.1.8 Mupad
A grade: { }

B grade: { {45} [18}19}[20} 21} 22} 23} [24} 2526} 27} 28} [29} [30} 31} 32} 33} 34 35} 36} 37} 38} [39} 40}
A1} [42, |43, 44} 45, 46} 47, 48, 49} 53] }

C grade: { }

r e (135080 DD BB EEEINSEBEBHSHHNE

&
(@)
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

_antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

fined as

grade A A A A A A F(-2) A F
. verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 119 119 83 86 77 75 0 108 -1
N.S. 1 1.00 0.70 0.72 0.65 0.63 0.00 0.91 -0.01

time (sec) N/A 0.051 0.175 0.079 0.534 0388 0.000 0.598 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 89 89 71 73 60 62 0 84 -1
N.S. 1 1.00 0.80 0.82 0.67 0.70 0.00 094 -0.01
time (sec) N/A 0.033 0.085 0.089 0.564 0.351 0.000 0.470 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 59 59 55 58 38 44 0 55 -1
N.S. 1 1.00 0.93 0.98 0.64 0.75 0.00 093 -0.02

time (sec) N/A 0.020 0.050 0.075 0.541 0.361  0.000 0.467 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 29 43 20 32 0 30 33
N.S. 1 1.00 1.12 1.65 0.77 1.23 0.00 1.15 1.27
time (sec) N/A 0.009 0.020 0.000 0.529 0376 0.000 0.491 0.002
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C B A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 40 54 90 126 0 93 45
N.S. 1 1.00 0.87 1.17 1.96 2.74 0.00 2.02 0.98
time (sec) N/A 0.015 0.012 0.027 0.545 0.379 0.000 0.491 0.002
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 63 138 15721 153 0 112 -1
N.S. 1 1.00 0.82 1.79 204.17 1.99 0.00 1.45 -0.01
time (sec) N/A 0.030 0.060 0.088 1.159  0.366  0.000 0.472  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 107 107 65 174 84332 188 0 129 -1
N.S. 1 1.00 0.61 1.63 788.15 1.76 0.00 1.21  -0.01
time (sec) N/A 0.043 0.131 0.098 23976 0.386 0.000 0.506 0.000
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 67 67 69 0 0 0 0 0 -1
N.S. 1 1.00 1.03 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.026 0.071 0.043 0.000  0.000 0.000 0.000 0.000
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 66 66 69 0 0 0 0 0 -1
N.S. 1 1.00 1.05 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.026 0.051 0.042 0.000  0.000 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 69 0 0 0 0 0 -1
N.S. 1 1.00 1.06 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.024 0.048 0.041 0.000  0.000 0.000 0.000 0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 67 0 0 0 0 0 -1
N.S. 1 1.00 1.03 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.023 0.041 0.040 0.000  0.000 0.000 0.000 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 67 0 0 0 0 0 -1
N.S. 1 1.00 1.03 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.023 0.040 0.040 0.000  0.000 0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 68 68 69 0 0 0 0 0 -1
N.S. 1 1.00 1.01 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.024 0.048 0.041 0.000  0.000 0.000 0.000 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 73 73 74 0 0 0 0 0 -1
N.S. 1 1.00 1.01 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.026 0.050 0.059 0.000  0.000 0.000 0.000 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 75 75 75 0 0 0 0 0 -1
N.S. 1 1.00  1.00 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.024 0.059 0.062 0.000  0.000 0.000 0.000 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 59 59 7 0 0 0 0 0 -1
N.S. 1 1.00 1.31 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.014 0.066 0.050 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 60 60 74 0 0 0 0 0 -1
N.S. 1 1.00 1.23 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.013 0.057 0.051 0.000  0.000 0.000 0.000 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 20 18 24 26 41 30 38
N.S. 1 1.00 0.65 0.58 0.77 0.84 1.32 0.97 1.23
time (sec) N/A 0.010 0.020 0.058 0.539 0.363 0.340 0.466 0.428




27

Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A C A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 56 56 43 46 68 59 187 59 67
N.S. 1 1.00 0.77 0.82 1.21 1.05 3.34 1.05 1.20
time (sec) N/A 0.025 0.067 0.065 0.486 0.364 0.856 0.433 0.326
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A C A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 81 81 56 62 111 90 359 75 96
N.S. 1 1.00 0.69 0.77 1.37 1.11 4.43 0.93 1.19
time (sec) N/A 0.042 0.139 0.079 0.550  0.387 1.562 0.511 0.385
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A C A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 106 106 66 75 151 121 592 88 96
N.S. 1 1.00 0.62 0.71 1.42 1.14 5.98 0.83 0.91
time (sec) N/A 0.063 0.186 0.095 0.488  0.410 3.259 0.427 0.515
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 33 33 20 18 24 26 41 30 38
N.S. 1 1.00 0.61 0.55 0.73 0.79 1.24 0.91 1.15
time (sec) N/A 0.009 0.021 0.054 0.503 0378 0.338 0.426 0.294
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A C A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 58 58 43 46 69 59 192 61 67
N.S. 1 1.00 0.74 0.79 1.19 1.02 3.31 1.05 1.16
time (sec) N/A 0.024 0.057 0.072 0498 0.369 0.706 0.440 0.309
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A C A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 83 83 65 64 112 90 364 7 95
N.S. 1 1.00 0.78 0.77 1.35 1.08 4.39 0.93 1.14
time (sec) N/A 0.042 0.098 0.079 0.513  0.358 1.443 0.452 0.373
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A C A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 108 108 66 7 152 121 597 90 97
N.S. 1 1.00 0.61 0.71 1.41 1.12 5.53 0.83 0.90
time (sec) N/A 0.066 0.150 0.098 0.491 0.369 3.167 0.486 0.491
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 33 33 20 18 24 26 42 30 38
N.S. 1 1.00 0.61 0.55 0.73 0.79 1.27 0.91 1.15
time (sec) N/A 0.009 0.019 0.050 0499 0.364 0.326 0425 0.254
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A C A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 58 58 43 46 69 59 192 61 67
N.S. 1 1.00 0.74 0.79 1.19 1.02 3.31 1.05 1.16
time (sec) N/A 0.021 0.019 0.060 0.483 0363 0.733 0.468 0.002
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A C A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 83 83 65 64 112 90 366 7 96
N.S. 1 1.00 0.78 0.77 1.35 1.08 4.41 0.93 1.16
time (sec) N/A 0.041 0.071  0.078 0.510 0.364 1.468 0.437 0.359
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A C A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 108 108 66 7 152 121 597 90 97
N.S. 1 1.00 0.61 0.71 1.41 1.12 5.53 0.83 0.90
time (sec) N/A 0.063 0.020 0.088 0.494 0.391 3.128 0.446 0.002
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 20 18 24 26 44 30 38
N.S. 1 1.00 0.65 0.58 0.77 0.84 1.42 0.97 1.23
time (sec) N/A 0.009 0.019 0.050 0.483 0377 0.343 0.427 0.255
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A C A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 56 56 43 46 68 59 190 59 67
N.S. 1 1.00 0.77 0.82 1.21 1.05 3.39 1.05 1.20
time (sec) N/A 0.020 0.018 0.063 0.488 0.352 0.880 0.440 0.002
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A C A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 81 81 65 62 111 90 362 75 95
N.S. 1 1.00 0.80 0.77 1.37 1.11 4.47 0.93 1.17
time (sec) N/A 0.041 0.073 0.076 0.589  0.380 1.555 0.440 0.358
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A C A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 106 106 66 75 151 121 595 88 96
N.S. 1 1.00 0.62 0.71 1.42 1.14 5.61 0.83 0.91
time (sec) N/A 0.063 0.020 0.090 0.501 0.359 3.281 0.442 0.002
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 65 34 48 46 41 34 17
N.S. 1 1.00  1.00 0.52 0.74 0.71 0.63 0.52 0.26
time (sec) N/A 0.013 0.019 0.051 0.279 0354 0.325 0.409 0.361
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 90 90 143 64 91 88 228 62 47
N.S. 1 1.00 1.59 0.71 1.01 0.98 2.53 0.69 0.52
time (sec) N/A 0.029 0.060 0.065 0.284 0376 0.667 0.461 0.320
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 115 115 217 94 135 129 474 78 76
N.S. 1 1.00 1.89 0.82 1.17 1.12 4.12 0.68 0.66
time (sec) N/A 0.051 0.133 0.078 0.288  0.364 1.243 0.541 0.674
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 140 140 296 124 174 170 813 91 102
N.S. 1 1.00 2.11 0.89 1.24 1.21 5.81 0.65 0.73
time (sec) N/A 0.078 0.199 0.096 0.299  0.381 2.757 0.501 1.969
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 63 63 63 38 50 46 44 38 17
N.S. 1 1.00  1.00 0.60 0.79 0.73 0.70 0.60 0.27
time (sec) N/A 0.013 0.019 0.051 0.283 0377 0.355 0.442 0.332
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 88 88 139 72 94 88 240 68 47
N.S. 1 1.00 1.58 0.82 1.07 1.00 2.73 0.77 0.53
time (sec) N/A 0.028 0.057 0.069 0.304 0373 0.696 0.522 0.343
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 113 113 211 106 137 129 490 84 76
N.S. 1 1.00 1.87 0.94 1.21 1.14 4.34 0.74 0.67
time (sec) N/A 0.051 0.101 0.078 0.295 0.406 1.264 0.457 0.673
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 138 138 288 140 177 170 831 97 102
N.S. 1 1.00 2.09 1.01 1.28 1.23 6.02 0.70 0.74
time (sec) N/A 0.076 0.160 0.098 0.278 0374 2.736 0.430 2.013
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 63 63 63 38 50 46 44 38 17
N.S. 1 1.00 1.00 0.60 0.79 0.73 0.70 0.60 0.27
time (sec) N/A 0.013 0.016 0.049 0.284 0372 0.333 0.491 0.261
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 88 88 139 72 94 88 240 68 47
N.S. 1 1.00 1.58 0.82 1.07 1.00 2.73 0.77 0.53
time (sec) N/A 0.027 0.017 0.060 0.270  0.382 0.687 0.448 0.002
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 113 113 211 106 137 129 490 84 75
N.S. 1 1.00 1.87 0.94 1.21 1.14 4.34 0.74 0.66
time (sec) N/A 0.051 0.089 0.076 0.273 0385 1.272 0.423 0.650
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 138 138 288 140 177 170 831 97 102
N.S. 1 1.00 2.09 1.01 1.28 1.23 6.02 0.70 0.74
time (sec) N/A 0.072 0.019 0.090 0.286  0.406 2.786 0.448 0.002
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 65 34 48 46 42 34 17
N.S. 1 1.00  1.00 0.52 0.74 0.71 0.65 0.52 0.26
time (sec) N/A 0.012 0.018 0.050 0.302 0.377 0.333 0.412 0.262
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 90 90 143 64 91 88 231 62 47
N.S. 1 1.00 1.59 0.71 1.01 0.98 2.57 0.69 0.52
time (sec) N/A 0.027 0.017 0.065 0.290 0.351 0.687 0.462 0.002
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 115 115 217 94 135 129 478 78 75
N.S. 1 1.00 1.89 0.82 1.17 1.12 4.16 0.68 0.65
time (sec) N/A 0.049 0.072 0.074 0.274  0.367 1.265 0.450 0.669




33

Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 140 140 296 124 174 170 816 91 102
N.S. 1 1.00 2.11 0.89 1.24 1.21 5.83 0.65 0.73
time (sec) N/A 0.075 0.018 0.092 0.275 0.373 2.689 0.462 0.002
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 197 197 177 662 0 437 0 0 -1
N.S. 1 1.00  0.90 3.36 0.00 2.22 0.00 0.00 -0.01
time (sec) N/A 0.187 0.546 0.166 0.000  0.152 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 157 157 134 450 0 398 0 0 -1
N.S. 1 1.00 0.85 2.87 0.00 2.54 0.00 0.00 -0.01
time (sec) N/A 0.123 0.367 0.115 0.000  0.129 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 57 57 57 170 0 355 0 0 -1
N.S. 1 1.00  1.00 2.98 0.00 6.23 0.00 0.00 -0.02
time (sec) N/A 0.026 0.050 0.257 0.000  0.132 0.000 0.000 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F C F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 57 57 57 75 0 146 0 0 52
N.S. 1 1.00  1.00 1.32 0.00 2.56 0.00 0.00 0.91
time (sec) N/A 0.027 0.037 0.135 0.000  0.104 0.000 0.000 0.390
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 106 106 83 217 0 482 0 0 -1
N.S. 1 1.00 0.78 2.05 0.00 4.55 0.00 0.00 -0.01
time (sec) N/A 0.049 0.143 0.122 0.000  0.141 0.000 0.000 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 221 221 158 489 0 692 0 0 -1
N.S. 1 1.00 0.71 2.21 0.00 3.13 0.00 0.00 -0.00
time (sec) N/A 0.162 0.622 0.205 0.000  0.151 0.000 0.000 0.000
Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 108 108 246 0 0 0 0 0 -1
N.S. 1 1.00 2.28 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.054 1.269 0.039 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 105 105 118 0 0 0 0 0 -1
N.S. 1 1.00 1.12 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.047 0.154 0.034 0.000  0.000 0.000 0.000 0.000
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 105 105 118 0 0 0 0 0 -1
N.S. 1 1.00 1.12 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.045 0.127 0.035 0.000  0.000 0.000 0.000 0.000
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Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 105 105 118 0 0 0 0 0 -1
N.S. 1 1.00 1.12 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.045 0.125 0.033 0.000  0.000 0.000 0.000 0.000
Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 105 105 116 0 0 0 0 0 -1
N.S. 1 1.00 1.10 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.047 0.125 0.034 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 110 110 268 0 0 0 0 0 -1
N.S. 1 1.00 2.44 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.051 1.374 0.034 0.000  0.000 0.000 0.000 0.000
Problem 62 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 103 103 121 0 0 0 0 0 -1
N.S. 1 1.00 1.17 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.045 0.162 0.050 0.000  0.000 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [1] had the largest ratio of [14]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
# | grade steps widie | antidertvative | e tegrand leaf size
1 A 4 2 1.00 14 0.143
2 A 3 2 1.00 14 0.143
3 A 2 2 1.00 14 0.143
4 A 1 1 1.00 14 0.071
o A 2 2 1.00 14 0.143
6 A 3 3 1.00 14 0.214
7 A 4 3 1.00 14 0.214
8 A 2 2 1.00 14 0.143
9 A 2 2 1.00 14 0.143
10 A 2 2 1.00 14 0.143
11 A 2 2 1.00 14 0.143
12 A 2 2 1.00 14 0.143
13 A 2 2 1.00 14 0.143
14 A 2 2 1.00 12 0.167
15 A 2 2 1.00 13 0.154
16 A 1 1 1.00 12 0.083
17 A 1 1 1.00 12 0.083
18 A 1 1 1.00 12 0.083
19 A 3 3 1.00 12 0.250
20 A 4 4 1.00 12 0.333
21| A 5 4 1.00 12 0.333
22 A 1 1 1.00 12 0.083
23| A 3 3 1.00 12 0.250
24 A 4 4 1.00 12 0.333
25| A 5 4 1.00 12 0.333
Continued on next page
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number of numjber of nohrmah,lize.d integrand number of rules
# | grade 81:55 uz;lel;e antlfafafms‘i/:zlve leaf size integrand leaf size
26 A 1 1 1.00 12 0.083
27 A 3 3 1.00 12 0.250
28 A 4 4 1.00 12 0.333
29 A ) 4 1.00 12 0.333
30 A 1 1 1.00 12 0.083
31 A 3 3 1.00 12 0.250
32 A 4 4 1.00 12 0.333
33 A 5 4 1.00 12 0.333
34 A 2 2 1.00 12 0.167
35 A 4 4 1.00 12 0.333
36 A ) 5 1.00 12 0.417
37 A 6 5 1.00 12 0.417
38 A 2 2 1.00 12 0.167
39 A 4 4 1.00 12 0.333
40j A ) ) 1.00 12 0.417
41 A 6 5 1.00 12 0.417
42 A 2 2 1.00 12 0.167
43 A 4 4 1.00 12 0.333
44 A ) ) 1.00 12 0.417
45 A 6 5 1.00 12 0.417
46 A 2 2 1.00 12 0.167
47 A 4 4 1.00 12 0.333
48 A ) ) 1.00 12 0.417
49 A 6 5 1.00 12 0.417
50 A 7 7 1.00 14 0.500
51 A 6 6 1.00 14 0.429
52 A 2 2 1.00 14 0.143
53 A 2 2 1.00 14 0.143
54 A 4 4 1.00 14 0.286
55 A 7 7 1.00 14 0.500
56 A 3 3 1.00 14 0.214
57 A 3 3 1.00 14 0.214
58 A 3 3 1.00 14 0.214
59 A 3 3 1.00 14 0.214
60 A 3 3 1.00 14 0.214

Continued on next page
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number of number of normalized integrand b ¢ el
. cr . number of rules
# | grade iﬁsfj uz;leze antlfaicrls‘ijzwe leaf size integrand leaf size
61 A 3 3 1.00 14 0.214
62 A 3 3 1.00 12 0.250
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3.1 [(a+ acos(c+dx))?dz

Optimal. Leaf size=119

256a* sin(c + dz) +64a3 Va+ acos(c+ dzx) sin(c + dz) +24a2(a + acos(c + dx))*?sin(c + dx) 2
35d\/a + acos(c + dz) 35d 35d

[Out] 24/35%a~2*x(a+ta*cos(d*x+c)) ~(3/2)*sin(d*x+c)/d+2/7*a*(a+a*cos(d*x+c))~(5/2)*
sin(d#*x+c) /d+256/35*%a~4*xsin(d*x+c)/d/ (a+a*xcos(d*xx+c)) ~(1/2)+64/35*%a~3*sin(d
*x+c)* (at+axcos (d*xx+c))~(1/2)/d

Rubi [A]
time = 0.05, antiderivative size = 119, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.143,

steps used = 4, number of rules used = 2, integrand size = 14,
Rules used = {2726, 2725}

256a*sin(c + dz) + 64a3sin(c + dz)/acos(c + dz) + a + 24a?sin(c + dz)(a cos(c + dz) + a)®/? 4 2asin(c + dz)(a cos(c + dx) + a)®/?

35d+/acos(c + dz) + a’ 35d 35d 7d

Antiderivative was successfully verified.
[In] Int[(a + a*Cos[c + d*x])~(7/2),x]

[Out] (256*a~4*Sin[c + d*x])/(35*%d*Sqrt[a + axCos[c + d*x]]) + (64*a~3*Sqrt[a + a
*Cos[c + d*x]]*Sin[c + d*x])/(35%d) + (24*a"2+(a + a*Cos[c + d*x])~(3/2)*Si
nlc + d*x])/(35%d) + (2*ax(a + a*xCos[c + d*x])~(5/2)*Sin[c + d*x])/(7*d)

Rule 2725

Int[Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[-2*b*(Cos
[c + d*x]/(d*Sqrt[a + b*Sin[c + d*x]])), x] /; FreeQ[{a, b, c, d}, x] && Eq
Q[a"2 - b2, 0]

Rule 2726

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Dist[a*((2*%n - 1)/n),
Int[(a + b*Sin[c + d*x])~(n - 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a
~2 - b"2, 0] && IGtQ[n - 1/2, 0]

Rubi steps
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5/2
/(a + acos(c + dz))"? dz = 2a(a + a cos(c —|-7d:lﬂ)) sin(c + dz) n %(1%) /(a + acos(c + dz))>? do
24a%(a + acos(c + dz))*?sin(c + dx)  2a(a + acos(c+ dz))*/?sin(c + dz)
= + .
35d 7d
64a°\/a + acos(c + dz) sin(c+dz) 24a*(a + acos(c+ dx))*?sin(c + dz)
= +
35d 35d
_ 256a*sin(c + dx) N 64a®+\/a + acos(c + dz) sin(c+ dr) N 24a%(a + ¢
35d+/a + acos(c + dx) 35d

Mathematica [A]
time = 0.17, size = 83, normalized size = 0.70

a®+/a(1 + cos(c + dz)) sec (3(c+ dx)) (1225sin (1(c + dz)) + 245sin (3(c + dz)) + 49sin (3(c + dz)) + 5sin (Z(c + dz)))
140d

Antiderivative was successfully verified.

[In] Integrate[(a + a*Cos[c + d*x])~(7/2),x]

[Out] (a~3#Sqrtla*(1 + Cos[c + d*x])]*Sec[(c + d*x)/2]*(1225%Sin[(c + d*x)/2] + 2
45x%Sin[(3*(c + d*x))/2] + 49*Sin[(5*(c + d*x))/2] + 5xSin[(7*(c + d*x))/2])

)/ (140%d)

Maple [A]
time = 0.08, size = 86, normalized size = 0.72

method | result size
16a* cos(%x+§) sin(%—i—%) (5(0056 (%—l—%)>+6<cos4<%+%))+8(cos2 (%”—i—%))—i-m) \/E
35\/a (cos2 (%” + g)) d

86

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atax*cos(d*x+c))~(7/2),x,method=_RETURNVERBOSE)
[Out] 16/35%a~4*cos(1/2*d*x+1/2*c)*sin(1/2xd*x+1/2*c)*(5*cos (1/2*xd*x+1/2%c) ~6+6*c
os(1/2xd*xx+1/2*c) ~4+8*cos (1/2xd*xx+1/2*c) ~2+16) %2~ (1/2) / (a*cos (1/2*d*x+1/2*c
)"2)~(1/2)/4d
Maxima [A]
time = 0.53, size = 77, normalized size = 0.65
(5\/7(13sin (%dw—i— gc) +49v/2 a3sin (gdm—f— %c) + 245 /2 a3sin (%dw—i— gc) + 1225 v/2 a3 sin (%dac—}— %c))ﬁ
140d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*cos(d*x+c))~(7/2),x, algorithm="maxima")
[Out] 1/140%(5*sqrt(2)*a~3*sin(7/2*d*x + 7/2%c) + 49*sqrt(2)*a~3*sin(5/2xd*x + 5/
2xc) + 245xsqrt(2)*a~3*sin(3/2xd*x + 3/2xc) + 1225xsqrt(2)*a~3*sin(1/2xd*x
+ 1/2%c))*sqrt(a)/d
Fricas [A]
time = 0.39, size = 75, normalized size = 0.63
2 (5a%cos (dz + ¢)* + 27a® cos (dz + ¢)* + 71 a® cos (dz + ¢) + 177a%) /a cos (dz + ¢) + a sin (dz + c)
35 (dcos (dz +¢) + d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ataxcos(d*x+c))~(7/2),x, algorithm="fricas")

[Out] 2/35*(5*a~3*cos(d*x + c)~3 + 27*a"3*cos(d*x + c)~2 + 71*a"3*cos(d*x + c) +
177*a~3) *sqrt (a*cos(d*x + c) + a)*sin(d*x + c)/(d*cos(d*x + c) + d)

Sympy [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*cos(d*x+c))**(7/2),x)

[Out] Exception raised: SystemError >> excessive stack use: stack is 3060 deep
Giac [A]

time = 0.60, size = 108, normalized size = 0.91

V2 (5 a3sgn(cos (% dz + % c)) sin (% dz + %C) + 49 a:‘sgn(cos (% dz + %c)) sin (g dz + %c) + 245 a:‘sgn(cos (% dz + %c)) sin (% dz + %c) + 1225 assgn(cos (% dz + % c)) sin (% dz + %c)) Va
140d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*cos(d*x+c))~(7/2),x, algorithm="giac")

[Out] 1/140%*sqrt(2)*(5*a~3*sgn(cos(1/2xd*x + 1/2xc))*sin(7/2xd*x + 7/2%c) + 49*a”
3xsgn(cos(1/2xd*x + 1/2%c))*sin(5/2*d*x + 5/2%c) + 245xa~3*sgn(cos(1/2*xd*x

+ 1/2%c))*sin(3/2*d*x + 3/2%c) + 1225%a~3*sgn(cos(1/2*d*x + 1/2%c))*sin(1/2

xd*x + 1/2%c))*sqrt(a)/d

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(a—i—a cos (c+dx))"* dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a*cos(c + d*x))~(7/2),x%)
[Out] int((a + a*cos(c + d*x))~(7/2), x)
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3.2 [(a+ acos(c+ dx))>?dz

Optimal. Leaf size=89

64a3 sin(c + dz) N 16a2+/a + acos(c + dr) sin(c + dz) +2a(a + acos(c + dzx))3/?sin(c + dx)
15d\/a + acos(c + dz) 15d 5d
[Out] 2/5*ax(a+a*cos(d*x+c))”~(3/2)*sin(d*x+c)/d+64/15*%a"~3*sin(d*x+c)/d/ (a+a*cos(d
*x+c) )~ (1/2)+16/15%a~2*sin (d*x+c) * (a+a*cos (d*x+c))~(1/2)/d
Rubi [A]
time = 0.03, antiderivative size = 89, normalized size of antiderivative = 1.00, number of

number of rules _ (143
integrand size ’

steps used = 3, number of rules used = 2, integrand size = 14,
Rules used = {2726, 2725}

64a®sin(c + dx) + 1642 sin(c 4 dz) \/a cos(c + dz) +a N 2asin(c + dr)(acos(c + dz) + a)3/?
15d+\/acos(c+ dz) +a 15d od

Antiderivative was successfully verified.

[In] Int[(a + a*Cos[c + d*x])~(5/2),x]

[Out] (64*a~3xSin[c + d*x])/(15*dxSqrt[a + a*Cos[c + d*x]]) + (16xa~2*Sqrt[a + ax
Cos[c + d*x]]*Sin[c + d*x])/(15%d) + (2*a*x(a + a*Cos[c + d*x])~(3/2)*Sin[c

+ d*x])/(5%d)

Rule 2725

Int[Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol]l :> Simp[-2*bx*(Cos

[c + d*x]/(d*Sqrt[a + b*Sin[c + d*x]]1)), x] /; FreeQ[{a, b, c, d}, x] && Eq
Qla~2 - b~2, 0]

Rule 2726

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + dxx]*((a + b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Dist[a*((2%n - 1)/n),
Int[(a + b*Sin[c + d*x])~(n - 1), x]1, x] /; FreeQ[{a, b, c, d}, x] & EqQla
~2 - b"2, 0] && IGtQ[n - 1/2, 0]

Rubi steps
3/2 i
/(a + acos(c+ dz))*? dx = 2a(a + acos(c +:;)) sin(c + da) + %(8(1) /(a + acos(c + dz))*?* dx
16a%+\/a + acos(c + dz) sin(c+dz) 2a(a+ acos(c+ dz))*/?sin(c + dz)
— + 1
15d 5d
64a3 sin(c + dz) 16a%+/a + acos(c + dz) sin(c + dz) + 2a(a+ac

 15d+\/a + acos(c + dz) 15d
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Mathematica [A]
time = 0.09, size = 71, normalized size = 0.80

a%+/a(1 + cos(c + dz)) sec (3(c+dz)) (150sin (1(c+ dz)) + 25sin (3(c + dz)) + 3sin (2(c + dz)))
30d

Antiderivative was successfully verified.

[In] Integrate[(a + a*Cos[c + d*x])~(5/2),x]
[Out] (a~2#Sqrtla*(1 + Cos[c + d*x])]*Sec[(c + d*x)/2]*(150%Sin[(c + d*x)/2] + 25
*Sin[(3%(c + d*x))/2] + 3*Sin[(5*(c + d*x))/2]))/(30%d)

Maple [A]
time = 0.09, size = 73, normalized size = 0.82

method | result size

defanty | S8 sm(+5) (3eost (S45) JHaleost (S45) 48 V2 |
15\/a (cos? (£ +£)) a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*cos(d*x+c))~(5/2),x,method=_RETURNVERBOSE)
[Out] 8/15%a~3%cos(1/2*%d*x+1/2*%c)*sin(1/2*d*x+1/2*c)*(3*cos(1/2*d*x+1/2%c) ~4+4*co
s(1/2*xd*x+1/2xc) ~2+8) %2~ (1/2) / (a*cos (1/2*d*x+1/2*c)~2)~(1/2)/d

Maxima [A]
time = 0.56, size = 60, normalized size = 0.67

(3v2a*sin (3dz+3c) +25 V2 a?sin (Jdo+ § ) +150 V2 asin (Ldz + } o) ) vVa
30d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*cos(d*x+c))~(5/2),x, algorithm="maxima")
[Out] 1/30%(3*sqrt(2)*a~2*sin(5/2*%d*x + 5/2%c) + 25*sqrt(2)*a~2*sin(3/2*d*x + 3/2
*xc) + 150*sqrt(2)*a~2*sin(1/2*d*x + 1/2%c))*sqrt(a)/d

Fricas [A]
time = 0.35, size = 62, normalized size = 0.70

2 (342 cos (dz + ¢)? + 14a? cos (dz + ¢) + 43 a?) \/acos (dz + ¢) + a sin (dz + c)
15 (dcos (dz + ¢) + d)

Verification of antiderivative is not currently implemented for this CAS.



46

[In] integrate((a+a*cos(d*x+c))~(5/2),x, algorithm="fricas")

[Out] 2/15%(3*a~2*cos(d*x + c)~2 + 14*a”2*cos(d*x + c) + 43%a~2)*sqrt(a*xcos(d*x +
c) + a)xsin(d*x + c)/(d*cos(d*x + c) + d)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/(acos (c+dzx) + a)g dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*cos(d*x+c))**(5/2),x)
[Out] Integral((a*cos(c + d*x) + a)**(5/2), x)
Giac [A]

time = 0.47, size = 84, normalized size = 0.94

V2 (3 a’sgn (cos (3dz+Lc))sin(3dz+ 2c) + 25a%sgn(cos (2 dz + 3 ¢)) sin (3 dz + 2 ¢) + 150 a’sgn(cos (2 dz + 3 ¢)) sin (A dz +  ¢)) va'
30d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*cos(d*x+c))~(5/2),x, algorithm="giac")

[Out] 1/30*sqrt(2)*(3*a~2*sgn(cos(1/2*d*x + 1/2%c))*sin(5/2*d*x + 5/2%c) + 25xa~2
*xsgn(cos(1/2xd*x + 1/2%c))*sin(3/2*%d*x + 3/2%c) + 150%a~2*sgn(cos(1/2xd*x +
1/2%c))*sin(1/2*d*x + 1/2%c))*sqrt(a)/d

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(a—l—a cos (c + dz))*? dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a*cos(c + d*x))~(5/2),x)
[Out] int((a + ax*cos(c + d*x))~(5/2), x)
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3.3 [(a+ acos(c+ dx))*?dx

Optimal. Leaf size=59

8a? sin(c + dz) n 2a+/a + acos(c + dz) sin(c + dz)
3d\/a + acos(c + dz) 3d

[Out] 8/3*a~2*sin(d*x+c)/d/(a+a*cos(d*x+c))~(1/2)+2/3*%a*xsin(d*x+c)*(a+a*xcos(d*x+c

))~(1/2)/d

Rubi [A]
time = 0.02, antiderivative size = 59, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.143,

steps used = 2, number of rules used = 2, integrand size = 14,
Rules used = {2726, 2725}

8a?sin(c + dx) N 2asin(c + dr)+/acos(c + dz) +a
3d\/acos(c+dz) +a 3d

Antiderivative was successfully verified.

[In] Int[(a + a*Cos[c + d*x])~(3/2),x]

[Out] (8*a~2*Sin[c + d*x])/(3*d*Sqrt[a + a*Cos[c + d*x]]) + (2xaxSqrt[a + a*Cos[c
+ d*x]]1*Sin[c + d*x])/(3*d)

Rule 2725

Int[Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[-2*bx*(Cos
[c + d*x]/(d*Sqrt[a + b*Sin[c + d*x]])), x] /; FreeQ[{a, b, c, d}, x] && Eq
Q[a"2 - b2, 0]

Rule 2726

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*xx]*((a + b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Dist[a*((2*%n - 1)/n),
Int[(a + b*Sin[c + d*x])"(n - 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a
~2 - b2, 0] && IGtQ[n - 1/2, 0]

Rubi steps

_ 2a\/a+acos(c+dz) sin(c+ dz)
3d

_ 8a’sin(c+ dx) N 2a+\/a + acos(c + dz) sin(c + dz)
3d+\/a + acos(c + dx) 3d

/(a + acos(c+ dx))*? dx + %(4a) / Va+acos(c+dz) dx
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Mathematica [A]
time = 0.05, size = 55, normalized size = 0.93
av/a(l + cos(c+ dz)) sec (3(c+dz)) (9sin (3(c+dz)) +sin (3(c+dz)))
3d

Antiderivative was successfully verified.

[In] Integrate[(a + a*Cos[c + d*x])~(3/2),x]

[Out] (axSqrt[a*x(1 + Cos[c + d*x])]*Sec[(c + d*x)/2]*(9*Sin[(c + d*x)/2] + Sin[(3
*(c + dxx))/2]))/(3%d)

Maple [A]
time = 0.08, size = 58, normalized size = 0.98

method | result size

defaty | o (EHE)on(F+5) (ot ($45)42) VD | o
3\/a (cos? (£ +£)) 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atax*cos(d*x+c))~(3/2),x,method=_RETURNVERBOSE)
[Out] 4/3*a"2%cos(1/2*xd*x+1/2*%c)*sin(1/2*xd*x+1/2*%c)*(cos(1/2xd*x+1/2%c) " 2+2)*2~ (1
/2)/(a*xcos (1/2*%d*x+1/2%c)~2)~(1/2)/d

Maxima [A]
time = 0.54, size = 38, normalized size = 0.64

(\/iasin(%dm—}—%c)+9ﬁasin(%dx+%c))ﬁ
3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*cos(d*x+c))~(3/2),x, algorithm="maxima")
[Out] 1/3*%(sqrt(2)*a*sin(3/2xd*x + 3/2%c) + 9*sqrt(2)*a*sin(1/2*d*x + 1/2%c))*sqr
t(a)/d

Fricas [A]
time = 0.36, size = 44, normalized size = 0.75

2 (acos (dz + c) + 5a)\/acos (dr + c) + a sin (dz + c)
3(dcos (dx +c) + d)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((ata*cos(d*x+c))~(3/2),x, algorithm="fricas")
[Out] 2/3*(a*cos(d*x + c) + 5*a)#*sqrt(a*xcos(d*x + c) + a)*sin(d*x + c)/(d*cos(d*x

+c) +d)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(acos (c+dzx) + a)g dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*cos(d*x+c))**(3/2),x)
[Out] Integral((a*cos(c + d*x) + a)**(3/2), x)

Giac [A]

time = 0.47, size = 55, normalized size = 0.93

V2 (asgn(cos (Ldz+ Lc))sin (3dz + 2¢) +9asgn(cos (Jdz+1¢c))sin (dz +1c))va
3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*cos(d*x+c))~(3/2),x, algorithm="giac")
[Out] 1/3*sqrt(2)*(a*sgn(cos(1/2*d*x + 1/2%c))*sin(3/2*d*x + 3/2%c) + 9*a*xsgn(cos
(1/2*%d*x + 1/2%c))*sin(1/2xd*x + 1/2%c))*sqrt(a)/d

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/(a+a cos (c+ dz))*? dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a*cos(c + d*x))~(3/2),x)
[Out] int((a + a*cos(c + d*x))~(3/2), x)
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3.4 [ v/a+acos(c+dz) dr

Optimal. Leaf size=26
2asin(c + dx)

d+/a+ acos(c+ dz)

[Out] 2*a*sin(d*x+c)/d/(at+a*cos(d*xx+c))~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 26, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.071,

steps used = 1, number of rules used = 1, integrand size = 14,
Rules used = {2725}

2asin(c + dx)
dv/acos(c+dz) +a

Antiderivative was successfully verified.

[In] Int[Sqrt[a + a*Cos[c + d*x]],x]

[Out] (2*a*Sin[c + d*x])/(d*Sqrt[a + axCos[c + d*x]])
Rule 2725

Int[Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[-2*b*(Cos
[c + d*x]/(d*Sqrt[a + b*Sin[c + d*x]])), x] /; FreeQ[{a, b, c, d}, x] && Eq
Q[a"2 - b2, 0]

Rubi steps

/ Va+acos(c+dx) dr = 2a sin(c + dx) |
d\/a—i- a cos(c + dzx)

Mathematica [A]
time = 0.02, size = 29, normalized size = 1.12

2v/a(1 + cos(c+ dz)) tan ((c+ dz))
d

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + a*Cos[c + d*x]],x]
[Out] (2*Sqrtlax(1 + Cos[c + d*x])]*Tan[(c + d*x)/2])/d
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Maple [A]
time = 0.00, size = 43, normalized size = 1.65
method | result size
default 2acos<d7z+%> sin<d2—$+%>ﬁ 43
\/a (cos? (£ +£)) 4
. Z\/E \/a (ei(dac+c) + 1)2 e—i(dx-l—c)‘ (ei(dz+c)_1)
risch — @EFI)d 60

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*cos(d*x+c))~(1/2),x,method=_RETURNVERBOSE)
[Out] 2*axcos(1/2*d*x+1/2%c)*sin(1/2*xd*xx+1/2xc)*2~(1/2)/(a*cos(1/2*xd*x+1/2xc)~2)"
(1/2)/4
Maxima [A]
time = 0.53, size = 20, normalized size = 0.77
22 \/a sin (3dz+1c)
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*cos(d*x+c))~(1/2),x, algorithm="maxima")

[Out] 2*sqrt(2)*sqrt(a)*sin(1/2*xd*x + 1/2%c)/d

Fricas [A]
time = 0.38, size = 32, normalized size = 1.23

2 \/acos (dz + c) + a sin (dz + ¢
dcos(dz+c)+d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*cos(d*x+c))~(1/2),x, algorithm="fricas")

[Out] 2*sqrt(a*cos(d*x + c) + a)*sin(d*x + c)/(d*cos(d*x + c) + d)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/\/acos(c—l-dcc) +a dr

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((ata*cos(d*x+c))**(1/2),x)
[Out] Integral(sqrt(a*cos(c + d*x) + a), x)
Giac [A]

time = 0.49, size = 30, normalized size = 1.15

22 v/a'sgn(cos (Ldz +1c))sin (2 dz + Lc)
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*cos(d*x+c))~(1/2),x, algorithm="giac")
[Out] 2*sqrt(2)*sqrt(a)*sgn(cos(1/2xd*x + 1/2xc))*sin(1/2xd*x + 1/2xc)/d

Mupad [B]
time = 0.00, size = 33, normalized size = 1.27

2sin(c+dz) v/a (cos(c+dz)+1)
d (cos(c+dz)+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a*cos(c + d*x))~(1/2),x)
[Out] (2*sin(c + d*x)*(a*(cos(c + d*x) + 1))~(1/2))/(d*(cos(c + d*x) + 1))
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1
-d
/ v/ a+ acos(c+ dx) v

Optimal. Leaf size=46

3.5

\/5 tanh_l ( \/E sin(c+dz) | )
V2 \/a + acos(c + dx)

Va'd

[Out] arctanh(1/2*sin(d*x+c)*a”~(1/2)*2~(1/2)/(a+a*cos(d*x+c))~(1/2))*2~(1/2)/d/a~
(1/2)

Rubi [A]

time = 0.01, antiderivative size = 46, normalized size of antiderivative = 1.00, number of

number of rules _ (143
’ integrand size ’

steps used = 2, number of rules used = 2, integrand size = 14
Rules used = {2728, 212}

\/E tanh_l ( \/CT sin(c+dz) | >
V2 \/acos(c+dz) +a

Va'd

Antiderivative was successfully verified.
[In] Int[1/Sqrtla + a*Cos[c + d*x]],x]

[Out] (Sqrt[2]*ArcTanh[(Sqrt[al*Sin[c + d*x])/(Sqrt[2]*Sqrt[a + a*Cos[c + d*x]])]
)/ (Sqrt[al*d)

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 2728

Int[1/Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Dist[-2/d, S
ubst [Int[1/(2*a - x72), x], x, b*x(Cos[c + d*x]/Sqrt[a + b*Sin[c + d*x]])],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - b~2, 0]

Rubi steps



asin(c+dz)

2Subst | [ -1 dz,z, — ‘
(f 20— va+ acos(c + dz)

dr = — 7
\/5 tanh~! ( \/Esin(c—i-dx) )

/ \/a+acc}s(c+dx)

V2'\/a + acos(c + dz)
= Vo

Mathematica [A]
time = 0.01, size = 40, normalized size = 0.87

2tanh ™" (sin (1(c+dz))) cos (1(c+ dz))
d+/a(1 + cos(c + dz))

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[a + a*Cos[c + d*x]],x]

[Out] (2*ArcTanh[Sin[(c + d#*x)/2]]1*Cos[(c + dx*x)/2])/(d*Sqrt[ax(1 + Cos[c + d*x])

1)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 3.

time = 0.03, size = 54, normalized size = 1.17

size
V2 cos( 45 )em (S450) 54

d\/a (cos? (X + %)) ‘csgn(c03<d72+%))

method | result

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(at+ax*cos(d*x+c))~(1/2),x,method=_RETURNVERBOSE)

[Out] 1/d*27(1/2)/(a*cos(1/2*d*x+1/2%c)~2)~(1/2) /csgn(cos(1/2*d*x+1/2%c))*cos(1/2

*d*x+1/2%c) *InverseJacobiAM(1/2*d*x+1/2%c,1)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 90 vs.

2(37) = 74.
time = 0.54, size = 90, normalized size = 1.96

\/ilog(cos(%dx+%c)2+sin(%dx+%c)2+2sin(%dx-i—%c)+1) —\/5log(cos(%dz-‘r%c)z-i-sin(%dx-'r%cf—2 sin(%dz-i—%c)-ﬁ-l)

2+va'd

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(at+a*cos(d*x+c))~(1/2),x, algorithm="maxima")

[Out] 1/2*(sqrt(2)*log(cos(1/2*d*x + 1/2xc)~2 + sin(1/2*d*x + 1/2%c)”2 + 2*sin(1/
2xd*x + 1/2%c) + 1) - sqrt(2)*log(cos(1/2*d*x + 1/2%c)~2 + sin(1/2*d*x + 1/
2%c)~2 - 2xsin(1/2*d*x + 1/2%c) + 1))/(sqrt(a)*d)

Fricas [A]
time = 0.38, size = 126, normalized size = 2.74

Vi sin(drre [T ]
cos(da-+e)?—> V2 Vacos (dj;i_ Q)+ s )2 cos(da+c)-3 1 V2 \/acos (dr+c)+ay/—=
a V2 4/ == arctan a

sin(dz+c)

\/5 log - cos(dz+c)2+2 cos(dz+c)+1 a

2+va'd ’ d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+ax*cos(d*x+c))~(1/2),x, algorithm="fricas")

[Out] [1/2*sqrt(2)*log(-(cos(d*x + c)~2 - 2xsqrt(2)*sqrt(a*cos(d*x + c) + a)*sin(
d*x + c)/sqrt(a) - 2*cos(d*x + c) - 3)/(cos(d*x + c)~2 + 2xcos(d*x + c) + 1
))/(sqrt(a)*d), -sqrt(2)*sqrt(-1/a)*arctan(sqrt(2)*sqrt(a*cos(d*x + c) + a)
xsqrt(-1/a)/sin(d*x + c))/d]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

dz

1
/ Vacos(c+dz)+a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ata*cos(d*x+c))**(1/2),x)

[Out] Integral(1l/sqrt(axcos(c + d*x) + a), x)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 93 vs. 2(37) = 74.
time = 0.49, size = 93, normalized size = 2.02

\/(?sgn(cos(% dac—i—% c)) \/Esgn(cos(% dw+% c))
4d

+sin(% dx+% c) +2

1 in( L1 1)
sin(% dz+% c) +Sln(2 d.’L‘+2 C) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+a*cos(d*x+c))~(1/2),x, algorithm="giac")

[Out] 1/4*(sqrt(2)*log(abs(1/sin(1/2*d*x + 1/2%c) + sin(1/2*xd*x + 1/2*%c) + 2))/(s
qrt(a)*sgn(cos(1/2xd*x + 1/2%c))) - sqrt(2)*log(abs(1/sin(1/2*d*x + 1/2xc)

+ sin(1/2*%d*x + 1/2%c) - 2))/(sqrt(a)*sgn(cos(1/2*d*x + 1/2%c))))/d
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Mupad [B]
time = 0.00, size = 45, normalized size = 0.98

F (S + 42[1) \/2 (a-l-aczs(c—i—dz))

dva+acos(c+dzx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + a*cos(c + d*x))~(1/2),x)

[Out] (ellipticF(c/2 + (d*x)/2, 1)*((2x(a + a*cos(c + d*x)))/a)~(1/2))/(d*(a + ax
cos(c + d*x))~(1/2))
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1 dx

3.6 f (a+a cos(c+dz))3/2

Optimal. Leaf size=77

ta: h—l ( V @ sin(c+dz) )
n ! .
V2 \/a + acos(c + dz) sin(c + dz)

2v/2 a3/2d 2d(a + a cos(c + dzx))3/?

[Out] 1/2*sin(d*x+c)/d/(at+a*cos(d*x+c))~(3/2)+1/4*arctanh(1/2*sin(d*x+c)*a~(1/2)*
27(1/2) / (a+a*cos (d*x+c))~(1/2))/a~(3/2) /d*2~(1/2)

Rubi [A]
time = 0.03, antiderivative size = 77, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.214,

steps used = 3, number of rules used = 3, integrand size = 14
Rules used = {2729, 2728, 212}

¢ h—l < vV Q sin(c+dz) )
an ‘ .
V2 \/acos(c+dz) +a sin(c + dz)

2v/2 a3/2d 2d(a cos(c + dz) + a)3/2

Antiderivative was successfully verified.
[In] Int[(a + a*Cos[c + d*x])~(-3/2),x]

[Out] ArcTanh[(Sqrt[al*Sin[c + d*x])/(Sqrt[2]*Sqrt[a + a*Cos[c + d*x]])]/(2xSqrt[
2]*a~(3/2)*d) + Sin[c + d*x]/(2*dx(a + axCos[c + d*x])~(3/2))

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*#Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 2728

Int[1/Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1], x_Symbol]l :> Dist[-2/d, S
ubst[Int[1/(2%a - x72), x], x, b*(Cos[c + d*x]/Sqrt[a + b*Sin[c + d*x]])],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - b~2, 0]

Rule 2729

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*Cosl[c
+ d*x]*((a + bxSin[c + d*x]) "n/(axd*x(2*xn + 1))), x] + Dist[(n + 1)/(a*x(2*n
+ 1)), Int[(a + b*Sin[c + d*x])~(n + 1), x], x] /; FreeQ[{a, b, c, d}, x] &
& EqQ[a™2 - b~2, 0] && LtQ[n, -1] && IntegerQ[2+*n]

Rubi steps
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L -dx
/ 1 dp — sin(c + dz) / Vva+ acos(c + dz)
(a+acos(c+dzx))3/2™"  2d(a+ acos(c+ dx))3/2 4a
Subst( [ 5t dz,z, — asin(ctdz) : )

B sin(c + dz) B (f 2oz va + acos(c + dz)

"~ 2d(a + acos(c + dzx))3/2 2ad

tanh_l \/E sin(c+dzx) )
( V2 \/a + acos(c+ dz) sin(c + dz)
B 2v/2 a3/2d 2d(a + acos(c + dz))3/2

Mathematica [A]
time = 0.06, size = 63, normalized size = 0.82

cos? (3(c + dz)) (tanh™" (sin (1(c+dz))) cos (i(c+dz)) + tan (i(c + dz)))
d(a(1 + cos(c + dx)))3/2

Antiderivative was successfully verified.

[In] Integrate[(a + a*Cos[c + d*x])~(-3/2),x]

[Out] (Cos[(c + d*x)/2]1"2*(ArcTanh[Sin[(c + d*x)/2]]1*Cos[(c + d*x)/2] + Tan[(c +
d*x)/2]))/(d*x(ax(1 + Cos[c + d*x]))~(3/2))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 137 vs.
2(62) = 124.
time = 0.09, size = 138, normalized size = 1.79

method | result

ol (F+5) (ﬁ (” EICECES TR TP 3y e nrsy

default

sal ot 1) sn (1) (cos? (§ + 5) 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+a*cos(d*x+c))~(3/2),x,method=_RETURNVERBOSE)

[Out] 1/4/a"(5/2)/cos(1/2*d*x+1/2*c)*(a*sin(1/2*d*x+1/2*c)~2)~(1/2)*(27(1/2)*1n(2
*(2xa” (1/2) * (a*xsin(1/2*d*x+1/2%c) ~2) ~(1/2)+2%*a) /cos (1/2*d*x+1/2*c) ) *a*cos (1
/2xd*x+1/2%c) "2+27(1/2) * (a*sin(1/2*d*x+1/2xc) "2) ~(1/2)*a~(1/2) ) /sin(1/2*d*x
+1/2%c)/(a*cos (1/2xd*xx+1/2%c)~2)~(1/2)/d
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Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 15721 vs.
2(62) = 124.
time = 1.16, size = 15721, normalized size = 204.17

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*cos(d*x+c))~(3/2),x, algorithm="maxima")

[Out] 1/4*(32*(cos(3/2*d*x + 3/2*c)*sin(2xd*x + 2*c) + cos(2*d*x + 2*c)*sin(3/2*d
*x + 3/2%c) + cos(d*x + c)*sin(3/2*d*x + 3/2%c) + cos(3/2xd*x + 3/2%c)*sin(
d*x + c))*cos(3*d*x + 3*c)~2 + 96*%(cos(3/2xd*x + 3/2%c)*sin(3*d*x + 3*xc) +
3*xcos(3/2xdxx + 3/2*c)*sin(2*d*x + 2%c) - (3*cos(d*x + c) + 1)*sin(3/2*dx*x
+ 3/2*%c) - cos(3*d*x + 3*c)*sin(3/2%d*xx + 3/2*c) - 3*cos(2*d*x + 2*c)*sin(3
/2xd*x + 3/2%c) + 3*cos(3/2*xdxx + 3/2*c)*sin(d*x + c))*cos(4/3*arctan2(sin(
3/2*xd*x + 3/2*c), cos(3/2*d*x + 3/2%c))) "2 + 96x(cos(3/2*d*x + 3/2*c)*sin(3
*d*x + 3%c) + 3%cos(3/2xdxx + 3/2%c)*sin(2*dxx + 2*%c) - (3xcos(d*x + c) + 1
)*sin(3/2*d*x + 3/2%c) — cos(3*d*x + 3*c)*sin(3/2*xd*x + 3/2*c) - 3*cos(2xdx*
X + 2xc)*sin(3/2*d*x + 3/2%c) + 3*cos(3/2xd*x + 3/2*c)*sin(d*x + c))*cos(2/
3*arctan2(sin(3/2*xd*x + 3/2%c), cos(3/2*xd*x + 3/2*c)))"2 - 32*(cos(3/2*xd*x
+ 3/2*xc)*sin(2*xd*x + 2%c) + cos(2kd*x + 2*c)*sin(3/2*d*x + 3/2%c) + cos(d*x
+ c)*sin(3/2*d*x + 3/2*c) + cos(3/2*%d*x + 3/2*c)*sin(d*x + c))*sin(3*d*x +
3%c) "2 + 32x(6xcos(d*x + c) + 1)*cos(2xd*x + 2xc)*sin(3/2*d*x + 3/2%c) + 9
6*cos (2xd*x + 2xc) " 2*sin(3/2xd*x + 3/2*c) + 96*sin(2xd*xx + 2+*c) 2*xsin(3/2*d
*x + 3/2%c) + 96*(cos(3/2xd*x + 3/2*c)*sin(3*d*x + 3*c) + 3*cos(3/2*d*x + 3
/2%c)*sin(2xd*x + 2*xc) - (3*cos(d*x + c) + 1)*sin(3/2*d*x + 3/2*c) - cos(3x*
d*x + 3*c)*sin(3/2xd*x + 3/2%c) - 3*cos(2*d*x + 2%c)*sin(3/2*d*x + 3/2*c) +
3xcos (3/2xd*x + 3/2%c)*sin(d*x + c))*sin(4/3*arctan2(sin(3/2*%dxx + 3/2%c),
cos(3/2*d*x + 3/2%c))) "2 + 96*(cos(3/2xd*x + 3/2*c)*sin(3*d*x + 3*c) + 3*c
08 (3/2xd*x + 3/2*c)*sin(2*d*x + 2%c) - (3*cos(d*x + c) + 1)*sin(3/2*d*x + 3
/2%c) - cos(3*d*x + 3*c)*sin(3/2*d*x + 3/2*c) - 3*cos(2*d*x + 2*c)*sin(3/2x*
d*x + 3/2%c) + 3*cos(3/2xd*x + 3/2*xc)*sin(d*x + c))*sin(2/3*arctan2(sin(3/2
*d*x + 3/2%c), cos(3/2xdxx + 3/2%c))) "2 + 32x(2*%(3*xcos(d*x + c) + 1)*cos(2x*
d*x + 2xc)*sin(3/2xd*x + 3/2%c) + 3*cos(2*xd*x + 2%c) "2*xsin(3/2*d*x + 3/2%*c)
+ 3*sin(2*d*x + 2xc) " 2*sin(3/2xd*x + 3/2*c) + 2% (3*sin(3/2*d*x + 3/2%c)*si
n(d*x + c) + cos(3/2*d*x + 3/2*c))*sin(2*d*x + 2%c) + (3*cos(d*x + ¢c)~2 + 3
xsin(d*x + c)72 + 2xcos(d*x + c))*sin(3/2*d*x + 3/2%c) + 2*cos(3/2xd*x + 3/
2%c)*sin(d*x + c))*cos(3*d*x + 3*c) - 4*%(6x(sin(2xd*x + 2*c) + sin(d*x + c)
)*sin(3*d*x + 3*c)”2 + sin(3*d*x + 3*c)”3 + (2*x(3*cos(2*d*x + 2%c) + 3*cos(
d*x + c) + 1)*cos(3*d*x + 3*c) + cos(3*d*x + 3*c)~2 + 6x(3*cos(d*x + c) + 1
Y*xcos (2*%d*x + 2%c) + 9kcos(2xd*x + 2%c)"2 + 9*cos(d*x + c)”2 + 9*sin(2*d*x
+ 2%c) "2 + 18*sin(2*d*x + 2*c)*sin(d*x + c) + 9*sin(d*x + c)~2 + 6*cos(d*x
+ ¢) + 1)*sin(3*d*x + 3*c) + 3% (2% (3*cos(2xd*x + 2*c) + 3*cos(d*x + c) + 1)
*cos (3*d*x + 3%c) + cos(3xd*x + 3*c)~2 + 6%(3*cos(d*x + c) + 1)*cos(2*d*x +
2%c) + 9*cos(2xd*x + 2%c)"2 + 9*cos(d*x + c)”2 + 6x(sin(2*d*x + 2*c) + sin
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(d*x + c))*sin(3*d*x + 3*c) + sin(3*d*x + 3*c)~2 + 9*sin(2*d*x + 2%c)"2 + 1
8*sin(2*d*x + 2xc)*sin(d*x + c¢) + 9*sin(d*x + c)~2 + 6*cos(d*x + c) + 1)*si
n(4/3*arctan2(sin(3/2*%d*x + 3/2*xc), cos(3/2*d*x + 3/2%c))) + 3x(2x(3*cos (2%
dxx + 2*c) + 3*cos(d*x + c) + 1)*cos(3*d*x + 3*c) + cos(3*d*x + 3*c)~2 + 6%
(3*cos(d*x + c) + 1)*xcos(2xd*x + 2%c) + 9*xcos(2*d*x + 2xc)~2 + 9*cos(d*x +

c)"2 + 6*%(sin(2*%d*x + 2xc) + sin(d*x + c))*sin(3*d*x + 3*c) + sin(3*d*x + 3
*C) "2 + 9*sin(2xd*x + 2*c)”"2 + 18*sin(2*d*x + 2*c)*sin(d*x + c) + 9*sin(d*x
+ ¢)72 + 6*%cos(d*x + c) + 1)*sin(2/3*arctan2(sin(3/2*xd*x + 3/2*c), cos(3/2
*d*x + 3/2%c))))*cos(5/3*xarctan2(sin(3/2*d*x + 3/2*c), cos(3/2*d*x + 3/2%c)
)) - 4%(8xcos(3*d*x + 3*xc) 2*sin(3/2xd*x + 3/2*c) - 72*cos(2xd*x + 2%c) " 2*s
in(3/2*d*x + 3/2%c) - 144x*cos(2xd*x + 2*c)*cos(d*x + c)*sin(3/2xd*x + 3/2*c
) — 8*sin(3*d*xx + 3*c) "2*xsin(3/2*d*x + 3/2%c) - 72*sin(2*d*x + 2%c) 2*sin(3
/2*%d*xx + 3/2%c) - 16*%(3*cos(3/2*xd*x + 3/2*c)*sin(2*d*x + 2*c) + 3*cos(3/2*d
*x + 3/2%c)*sin(d*x + c) - sin(3/2*d*x + 3/2%c))*cos(3*d*x + 3*c) - 48%(cos
(3/2xd*xx + 3/2xc)*sin(3*d*x + 3*c) + 3*cos(3/2xd*x + 3/2*xc)*sin(2xd*x + 2%*c
) = (3*cos(d*x + c) + 1)*sin(3/2xd*x + 3/2%c) - cos(3*d*x + 3*c)*sin(3/2*d*
X + 3/2xc) - 3*cos(2xd*x + 2*c)*sin(3/2*d*x + 3/2%c) + 3*cos(3/2*xd*x + 3/2%
c)*sin(d*x + c))*cos(2/3*arctan2(sin(3/2*%d*x + 3/2*xc), cos(3/2*d*x + 3/2%c)
)) - 16%(cos(3*d*x + 3*c)*cos(3/2xd*x + 3/2%c) + 3*sin(2*d*x + 2*c)*sin(3/2
*d*x + 3/2*c) + 3*sin(3/2*d*x + 3/2*c)*sin(d*x + c) + cos(3/2xd*x + 3/2*c))
*sin(3%d*x + 3%c) - 48%(3*sin(3/2%d*x + 3/2%c)*sin(d*x + c) + cos(3/2*d*x +
3/2%c) ) *sin(2xd*x + 2*c) - 8*%(9*cos(d*x + ¢c)~2 + 9*sin(d*x + ¢c)~2 - 1)*sin
(3/2*%d*x + 3/2*%c) - 48*cos(3/2*d*x + 3/2*c)*sin(d*x + c) + 3*x(2*(3*cos(2xdx*
X + 2%c) + 3*cos(d*x + c) + 1)*cos(3*d*x + 3*c) + cos(3xd*x + 3*c)~2 + 6%(3
*cos(d*x + c) + 1)*cos(2xd*x + 2*c) + 9*cos(2*xd*xx + 2*c)~2 + 9*cos(d*x + c)
~2 + 6*%(sin(2*d*x + 2*c) + sin(d*x + c))*sin(3*d*x + 3*c) + sin(3*d*x + 3*c
)72 + 9*sin(2*d*x + 2%c)”2 + 18*sin(2*d*x + 2*c)*sin(d*x + c) + 9*sin(d*x +
c)"2 + 6*cos(d*x + c) + 1)*sin(1/3*arctan2(sin(3/2*xd*x + 3/2*c), cos(3/2%d
*x + 3/2%c))))*cos(4/3*arctan2(sin(3/2xd*xx + 3/2*c), cos(3/2*xd*x + 3/2%c)))
- 4% (8*cos(3*d*x + 3*c) "2*sin(3/2*d*x + 3/2*%c) - 72xcos(2*d*x + 2%c) " 2*sin
(3/2*%d*x + 3/2%c) - 144xcos(2xd*x + 2%c)*cos(dx*. ..

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 153 vs.
2(62) = 124.
time = 0.37, size = 153, normalized size = 1.99

V2 (cos (dz + ©)® +2 cos (dz +¢) + 1)+v/a log < acosdeto2 V2 /acos (dz +¢) +a Va Sinm+c)72acos(dt+c)73a) +4 +\/acos(dr +c) +a sin(dz +c)

cos(dz+c)?+2 cos(dz+c)+1

8 (a2d cos (dz + c)* + 2 a?d cos (dz + c) + a2d)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*cos(d*x+c))~(3/2),x, algorithm="fricas")

[Out] 1/8*(sqrt(2)*(cos(d*x + c)~2 + 2xcos(d*x + c) + 1)*sqrt(a)*log(-(axcos(d*x
+ ¢c)72 - 2*sqrt(2)*sqrt(axcos(d*x + c) + a)*sqrt(a)*sin(d*x + c) - 2*axcos(
d*x + c) - 3%a)/(cos(d*x + c)~2 + 2xcos(d*x + c) + 1)) + 4xsqrt(axcos(d*x +
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c) + a)*sin(d*x + c))/(a"2xd*cos(d*x + c)~2 + 2*%a~2xd*cos(d*x + c) + a~2xd

)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 1

5 dr
(acos(c+dx) + a)?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+ax*cos(d*x+c))**(3/2),x)
[Out] Integral((axcos(c + d*x) + a)*x(-3/2), x)

Giac [A]
time = 0.47, size = 112, normalized size = 1.45

\/5 log(sin(% dw+%c)+1) log(— sin(%dﬂc—i—% c)+1) 2 sin(%dﬂc—i—% c)
asgn (cos (5 dz+3 c)) asgn (cos (5 dz+3 c)) (sin(% dz+3 0)2—1> asgn(cos(% dz+3 c))

8+va'd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+a*cos(d*x+c))~(3/2),x, algorithm="giac")

[Out] 1/8*sqrt(2)*(log(sin(1/2*d*x + 1/2xc) + 1)/(a*sgn(cos(1/2*d*x + 1/2%c))) -
log(-sin(1/2*d*x + 1/2%c) + 1)/(a*sgn(cos(1/2*d*x + 1/2%c))) - 2*sin(1/2xd*

x + 1/2xc)/((sin(1/2%d*x + 1/2%c)"2 - 1)*axsgn(cos(1/2*d*x + 1/2*c))))/(sqr
t(a)*d)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

1
/ 372 dx
(a+acos(c+dx))
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + a*cos(c + d*x))~(3/2),x)
[Out] int(1/(a + a*cos(c + d*x))~(3/2), x)
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1
f (a+a cos(c+dz))>/2 dz

Optimal. Leaf size=107

-1 \/(; sin(c+dx)
3tanh ( : > ) )
V2'\/a + acos(c + dz) sin(c + dx) 3sin(c + dx)

16v/2 a®/2d 4d(a + acos(c + dzx))%? * 16ad(a + acos(c + dx))3/?

3.7

[Out] 1/4*sin(d*x+c)/d/(ata*cos(d*x+c))~(5/2)+3/16*sin(d*x+c)/a/d/(ata*cos(d*x+c)
)~ (3/2)+3/32*xarctanh(1/2*sin(d*x+c)*a” (1/2)*2~(1/2) / (a+a*cos (d*x+c))~(1/2))
/a~(8/2)/d*2~(1/2)

Rubi [A]

time = 0.04, antiderivative size = 107, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.214,

steps used = 4, number of rules used = 3, integrand size = 14
Rules used = {2729, 2728, 212}

3tanh_1 ( \/E sin(c+dzx) )
V2 \/acos(c+dz) +a 3sin(c + dz) sin(c + dz)

16v/2 a%/2d 16ad(a cos(c + dz) + a)3/2 4d(a cos(c + dx) + a)5/2

Antiderivative was successfully verified.
[In] Int[(a + a*Cos[c + d*x])~(-5/2),x]
[Out] (3*ArcTanh[(Sqrt[al*Sin[c + d*x])/(Sqrt[2]*Sqrt[a + a*Cos[c + d*x]]1)])/(16x%

Sqrt[2]*a~(56/2)*d) + Sin[c + d*x]/(4*dx(a + a*Cos[c + d*x])~(5/2)) + (3%Sin
[c + d*x])/(16*a*xd*(a + a*Cos[c + d*x])~(3/2))

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 2728

Int[1/Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Dist[-2/d, S
ubst[Int[1/(2%a - x72), x], x, b*(Cos[c + d*x]/Sqrt[a + b*Sin[c + d*x]])],
x] /; FreeQ[{a, b, c, d}, x] && EqQ[a~2 - "2, 0]

Rule 2729

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*Cosl[c
+ d*x]*((a + b*Sin[c + d*x])"n/(axd*(2*n + 1))), x] + Dist[(n + 1)/(a*x(2*n
+ 1)), Int[(a + b*Sin[c + d*x])~(n + 1), x], x] /; FreeQ[{a, b, c, d}, x] &
& EqQ[a™2 - b~2, 0] && LtQ[n, -1] && IntegerQ[2+*n]
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Rubi steps

3 f (a+acos(i+dx))3/2 dx

/ 1 dp — sin(c + dz)
(a+acos(c+dz))52 " 4d(a + acos(c+ dzx))5/2 8a
3 ——1
B sin(c + dz) 3sin(c + dr) / a+ acos(c-
"~ 4d(a+ acos(c+dx))5/2 * 16ad(a + acos(c + dz))3/2 32a?

3Subst [ 525 ds
sin(c + dz) 3sin(c + dx) B e (f Za=s?
4d(a + acos(c+ dz))5/? * 16ad(a + acos(c + dz))3/?

3tanh™! < V@ sin(etdz) | ) .
. V2’ \/a + acos(c + dz) sin(c + dz) :
B 16v/2 a5/2d 4d(a + acos(c+ dz))5/2 * 16ad(a

Mathematica [A]
time = 0.13, size = 65, normalized size = 0.61

24 tanh™! (sin (%(c + dl’))) cos® (%(c + dx)) + 14sin(c + dz) + 3sin(2(c + dz))
32d(a(1 + cos(c + dzx)))3/2

Antiderivative was successfully verified.

[In] Integratel[(a + a*Cos[c + d*x])~(-5/2),x]

[Out] (24*ArcTanh[Sin[(c + d*x)/2]]1*Cos[(c + d*x)/2]°5 + 14*Sin[c + d*x] + 3*Sin[
2x(c + d*x)])/(32xd*(ax(1 + Cos[c + d*x]))~(5/2))

Maple [A]
time = 0.10, size = 174, normalized size = 1.63

method | result

\/a(si:n2 (%”’-I—g s

default ‘
sk on(45) (4 +3) 1 (009 (5 + 5))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(ata*cos(d*x+c))~(5/2),x,method=_RETURNVERBOSE)

[Out] 1/32/a~(7/2)/cos(1/2*d*x+1/2%c) 3% (axsin(1/2*d*x+1/2%c)~2)~(1/2)*(3*x2~(1/2)
*1n (2% (2*%a~ (1/2) *(a*xsin(1/2*d*x+1/2%c) ~2) ~(1/2)+2*a) /cos (1/2*d*x+1/2%c) ) *ax*
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cos(1/2*d*xx+1/2%c) ~4+3%x2~(1/2) *(a*sin(1/2*%d*x+1/2%c) ~2) ~(1/2) *cos (1/2*d*x+1
/2%c) "2*%a”~ (1/2)+2x2~(1/2) * (a*sin(1/2*xd*xx+1/2*c) ~2) ~(1/2)*a~(1/2)) /sin(1/2*d
*x+1/2%c) /(axcos(1/2xd*x+1/2*c)~2)~(1/2) /4

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 84332 vs.
2(88) = 176.
time = 23.98, size = 84332, normalized size = 788.15

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*cos(d*x+c))~(5/2),x, algorithm="maxima")

[Out] 1/32*%(512%((2*sin(2*d*x + 2*c) + sin(d*x + c))*cos(5/2*d*x + 5/2*c) +
/2*%d*x + 5/2%c)*sin(4*xd*x + 4xc) + 2*cos(5/2*d*x + 5/2*c)*sin(3*d*x + 3*c)
+ (2xcos(2xd*x + 2*c) + cos(d*x + c))*sin(5/2*xd*x + 5/2%c) + cos(4*xd*x + 4x*
c)*sin(5/2*%d*x + 5/2*c) + 2*xcos(3*d*x + 3*c)*sin(5/2xd*x + 5/2%*c))*cos(5*d*
X + 5xc)~2 + 2560%(5%(2*sin(2*d*x + 2%c) + sin(d*x + c))*cos(5/2xd*x + 5/2x
c) + cos(5/2%d*x + 5/2*xc)*sin(5*d*x + 5%c) + 5*xcos(5/2xd*x + 5/2*c)*sin(4*d
*x + 4*c) + 10*cos(5/2*d*x + 5/2%c)*sin(3*d*x + 3*c) - (10*cos(2xd*x + 2*c)
+ Bxcos(d*x + c) + 1)*sin(5/2%d*x + 5/2*%c) - cos(5*d*x + 5%c)*sin(5/2*d*x
+ 5/2*c) - Bxcos(4*d*x + 4*c)*sin(5/2*d*x + 5/2%c) - 10*cos(3*d*x + 3*c)*si
n(5/2*%d*x + 5/2%c))*cos(8/5*arctan2(sin(5/2*d*x + 5/2%c), cos(5/2*d*x + 5/2
*c))) "2 + 10240*% (5% (2*xsin(2*xd*x + 2*c) + sin(d*x + c))*cos(5/2*d*x + 5/2%c)
+ cos(5/2*xd*x + 5/2*xc)*sin(5*d*x + 5%c) + 5xcos(5/2*d*x + 5/2%c)*sin(4*xd*x
+ 4xc) + 10*cos(5/2xd*x + 5/2xc)*sin(3*d*x + 3*c) - (10*cos(2*d*x + 2%c) +
5%cos(d*x + c) + 1)*sin(5/2*d*x + 5/2%c) - cos(bxd*x + 5*c)*sin(5/2*d*x +
5/2xc) - 5*cos(4xd*xx + 4*c)*sin(5/2*d*x + 5/2*%c) - 10*cos(3*d*x + 3*c)*sin(
5/2xd*x + 5/2%c))*cos(6/5*arctan2(sin(5/2xd*x + 5/2*c), cos(5/2*xd*x + 5/2%c
))) "2 + 10240*% (5% (2*sin(2*d*x + 2*c) + sin(d*x + c))*cos(5/2xd*x + 5/2xc) +
cos(5/2%d*x + 5/2%c)*sin(5*xd*x + 5xc) + 5*cos(5/2*xd*x + 5/2*c)*sin(4*d*x +
4*xc) + 10*cos(5/2*d*x + 5/2%c)*sin(3*d*x + 3*c) - (10*cos(2*d*x + 2*c) + 5
xcos(d*x + c) + 1)*sin(5/2*d*x + 5/2*c) - cos(5xd*x + 5%c)*sin(5/2*d*x + 5/
2%c) - 5*cos(4*xdxx + 4xc)*sin(5/2*%d*xx + 5/2%c) - 10*cos(3*d*x + 3*c)*sin(5/
2%d*x + 5/2%c))*cos(4/5*arctan2(sin(5/2*%d*x + 5/2*%c), cos(5/2*d*x + 5/2%c))
)72 + 2560* (5% (2*%sin(2*d*x + 2*c) + sin(d*x + c))*cos(5/2xd*x + 5/2%c) + co
s(5/2%d*x + 5/2*%c)*sin(bxd*x + 5%c) + 5*cos(5/2*%d*x + 5/2*c)*sin(4*d*x + 4%
c) + 10*cos(5/2*xd*x + 5/2xc)*sin(3*d*x + 3*c) - (10*cos(2*d*x + 2*c) + 5xco
s(d*x + ¢) + 1)*sin(5/2*%d*x + 5/2%c) - cos(5xd*x + 5xc)*sin(5/2xd*x + 5/2%c
) — 5*cos(4xd*x + 4*c)*sin(5/2*d*x + 5/2%c) - 10*cos(3*d*x + 3*c)*sin(5/2*d
*x + 5/2%c))*cos(2/5%arctan2(sin(5/2*d*x + 5/2%c), cos(5/2xd*x + 5/2%c))) "2
- 512x((2*sin(2xd*x + 2*c) + sin(d*x + c))*cos(5/2xd*xx + 5/2xc) + cos(5/2x%
dxx + 5/2xc)*sin(4*d*x + 4*c) + 2*xcos(5/2xd*x + 5/2%c)*sin(3*d*x + 3*c) + (
2xcos (2xd*x + 2%c) + cos(d*x + c))*sin(5/2xd*x + 5/2%c) + cos(4xd*x + 4%*c)*
sin(5/2*%d*x + 5/2*%c) + 2xcos(3*d*x + 3*c)*sin(5/2xd*x + 5/2%c))*sin(5*xd*x +

cos(5
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5%c) "2 + 2560*cos(4*d*x + 4xc) 2*sin(5/2*xd*x + 5/2xc) + 1024*(20*cos (2*d*x
+ 2%c) + 10*cos(d*x + c) + 1)*cos(3*d*x + 3*c)*sin(5/2xd*xx + 5/2%c) + 1024
O*cos(3*d*x + 3*c) " 2*sin(5/2xd*x + 5/2xc) + 2560*sin(4*d*x + 4xc) " 2*sin(5/2
*dxx + 5/2%c) + 10240*sin(3*d*x + 3*c) 2*sin(5/2*%d*x + 5/2%c) + 2560% (5% (2x
sin(2xd*x + 2%c) + sin(d*x + c))*cos(5/2*d*x + 5/2%c) + cos(5/2xd*x + 5/2*c
Yxsin(5*d*x + 5%c) + 5*cos(5/2xd*x + 5/2%c)*sin(4*xd*x + 4xc) + 10*cos(5/2*d
*x + 5/2%c)*sin(3*d*x + 3*c) - (10*cos(2*d*x + 2*c) + 5*cos(d*x + c) + 1)*s
in(5/2*d*x + 5/2%c) - cos(56*d*x + 5*xc)*sin(5/2xd*x + 5/2%c) - 5*cos(4*d*xx +
4xc)*sin(5/2*xd*x + 5/2%c) - 10*cos(3*d*x + 3*c)*sin(5/2*d*x + 5/2%c))*sin(
8/5*arctan2(sin(5/2*d*x + 5/2%c), cos(5/2%d*x + 5/2%c))) "2 + 10240%(5x(2*si
n(2xd*x + 2*c) + sin(d*x + c))*cos(5/2*xd*x + 5/2%c) + cos(5/2xd*x + 5/2*c)*
sin(5*d*x + 5%c) + 5*cos(5/2*d*x + 5/2*c)*sin(4xd*x + 4%c) + 10*cos(5/2xd*x
+ 5/2xc)*sin(3*d*x + 3*c) - (10*cos(2*d*x + 2%c) + 5xcos(d*x + c) + 1)*sin
(5/2*d*x + 5/2%c) - cos(5xd*x + 5xc)*sin(5/2*d*x + 5/2*%c) - bxcos(4*d*x + 4
*c)*sin(5/2*d*x + 5/2%c) - 10*cos(3*d*x + 3*c)*sin(5/2*d*x + 5/2*c))*sin(6/
5k%arctan2(sin(5/2*d*x + 5/2%c), cos(5/2*%d*x + 5/2%c)))"2 + 10240% (5% (2*sin(
2%d*x + 2%c) + sin(d*x + c))*cos(5/2*%d*x + 5/2%c) + cos(5/2*%d*x + 5/2%c)*si
n(5*d*x + 5*%c) + 5*cos(5/2*d*x + 5/2%c)*sin(4xd*x + 4*c) + 10*cos(5/2*xd*x +
5/2%c)*sin(3*d*x + 3*c) - (10*cos(2*d*x + 2%c) + 5*xcos(d*x + c) + 1)*sin(b
/2*%dxx + 5/2%c) - cos(5*d*x + 5%c)*sin(5/2*d*x + 5/2*c) - 5*cos(4*xd*x + 4xc
Y*sin(5/2*%d*x + 5/2*%c) - 10*cos(3*d*x + 3*c)*sin(5/2xd*x + 5/2%c))*sin(4/5%
arctan2(sin(5/2xd*x + 5/2%c), cos(5/2xd*x + 5/2%c)))"2 + 2560%(5x(2*xsin(2*d
*x + 2%c) + sin(d*x + c))*cos(5/2*d*x + 5/2%c) + cos(5/2xd*x + 5/2%c)*sin(5
*dxx + 5%c) + bxcos(5/2*d*x + 5/2%c)*sin(4*xd*x + 4xc) + 10*cos(5/2*d*x + 5/
2%c)*sin(3*d*x + 3*c) - (10*cos(2*d*x + 2*c) + bxcos(d*x + c) + 1)*sin(5/2x%
d*x + 5/2*%c) - cos(bxd*x + 5xc)*sin(5/2*d*x + 5/2%c) - 5xcos(4*d*x + 4*c)*s
in(5/2*d*x + 5/2%c) - 10*cos(3*d*x + 3*c)*sin(5/2*d*x + 5/2*c))*sin(2/5*arc
tan2(sin(5/2xd*x + 5/2%c), cos(5/2*%d*x + 5/2%c))) "2 + 512%(5*xcos(4*xd*x + 4x*
c)"2xsin(5/2*xd*x + 5/2%c) + 4*(10*cos(2xd*x + 2*c) + 5*cos(d*x + c) + 1)*co
s(3*d*x + 3*c)*sin(5/2*d*x + 5/2%c) + 20*cos(3*d*x + 3*c) "2*sin(5/2*d*x + 5
/2%c) + B*sin(4xd*xx + 4%c) 2xsin(5/2*d*x + 5/2%c) + 20*sin(3*d*x + 3*c) "2*s
in(5/2*d*x + 5/2%c) + 2% ((10*cos(2xd*x + 2*c) + 5*cos(d*x + c) + 1)*sin(5/2
*d*xx + 5/2%c) + 10*cos(3*d*x + 3*c)*sin(5/2*d*x + 5/2%c))*cos(4*xd*x + 4xc)
+ 2% (2*xsin(2*d*x + 2*c) + sin(d*x + c))*cos(5/2*%d*x + 5/2%c) + 2x(5x(2*sin(
2%d*x + 2%c) + sin(d*x + c))*sin(5/2*d*x + 5/2x%. ..

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 188 vs.
2(88) = 176.
time = 0.39, size = 188, normalized size = 1.76

3v2 (cos (dz + €)* +3 cos (dz + ¢)* + 3 cos (dz +¢) + 1) Va log ( aentirre2 V2 y/acos (dr 4 ¢ +a Va Si"(d”r)’z“m(h“)*m) +4+/acos (dr + c) + a (3 cos (dz + ¢) + 7) sin (dz + ¢)

cos(dz+c)?+2 cos(dz+c)+1

64 (a®d cos (dz + ) + 3addcos (dz + c)’ + 3addcos (dz + ) + a?d)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+ax*cos(d*x+c))~(5/2),x, algorithm="fricas")
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[Out] 1/64%(3*sqrt(2)*(cos(d*x + c)~3 + 3*cos(d*x + c)~2 + 3*cos(d*x + c) + 1)*sq
rt(a)*log(-(axcos(d*x + c)~2 - 2*sqrt(2)*sqrt(axcos(d*x + c) + a)*sqrt(a)*s
in(d*x + c) - 2xaxcos(d*x + c) - 3%a)/(cos(d*x + c)~2 + 2*cos(d*x + c) + 1)

) + 4xsqrt(axcos(d*x + c) + a)*(3*cos(d*x + c) + 7)*sin(d*x + c))/(a"3*d*co
s(d*x + c)73 + 3%a"3xd*cos(d*x + c)72 + 3*a"3*d*cos(d*x + c) + a”3xd)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 1

=dz
(acos(c+dzx) + a)?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*cos(d*x+c))**(5/2),x)
[Out] Integral((a*cos(c + d*x) + a)**(-5/2), x)

Giac [A]
time = 0.51, size = 129, normalized size = 1.21

3 log(sin(2 de+1 ¢)+1 3 log(—sin( d:c+ 2(3 sin(% da:-l—% 3)3_5 sin(% d“""‘% c)
\/5 2 2 2
0s

a%gn(cos(% dx-i—% c)) a?sgn(co (% )) (sin(% dz—i—% c)2—1>2a2sgn(cos(% dw+% c))

64 /a d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*cos(d*x+c))~(5/2),x, algorithm="giac")

[Out] 1/64*sqrt(2)*(3*log(sin(1/2*d*x + 1/2%c) + 1)/(a"2*sgn(cos(1/2xd*x + 1/2%c)
)) - 3%log(-sin(1/2*d*x + 1/2xc) + 1)/(a"2*sgn(cos(1/2xd*x + 1/2%c))) - 2x(
3*%sin(1/2*%d*x + 1/2%c)”3 - bxsin(1/2*d*x + 1/2%c))/((sin(1/2*d*x + 1/2%c)~2

- 1)"2*a"2xsgn(cos(1/2xd*x + 1/2xc))))/(sqrt(a)*d)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

1

dz
(a+a cos(c+dz))*?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + a*cos(c + d*x))~(5/2),x)
[Out] int(1/(a + ax*cos(c + d*x))~(5/2), x)
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3.8 [(a+ acos(c+ dx))*?dz

Optimal. Leaf size=67

2 25/5a{/a + acos(c+dz) 2F1(—2,3;3;1(1 — cos(c + dz))) sin(c + dz)
d(1 + cos(c + dz))5/6

[Out] 2*27(5/6)*a*(a+a*cos(d*x+c))~(1/3)*hypergeom([-5/6, 1/2],[3/2],1/2-1/2*cos(
d*x+c) ) *sin(d*x+c)/d/ (1+cos(d*x+c))~(5/6)

Rubi [A]

time = 0.03, antiderivative size = 67, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.143,

steps used = 2, number of rules used = 2, integrand size = 14,
Rules used = {2731, 2730}

2 25/8gsin(c + dz){/acos(c+ dz) + a 2Fi(—32, ;3 1(1 — cos(c + dx)))
d(cos(c + dzx) + 1)>/6

Antiderivative was successfully verified.

[In] Int[(a + a*Cos[c + d*x])~(4/3),x]

[Out] (2%x2~(5/6)*ax(a + a*Cos[c + d*x])~(1/3)*Hypergeometric2F1[-5/6, 1/2, 3/2, (
1 - Coslc + d*x])/2]*Sin[c + d*x])/(d*(1 + Cos[c + dxx])~(5/6))

Rule 2730

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-2~(n +
1/2))*a~(n - 1/2)*bx(Cos[c + d*x]/(d*Sqrt[a + b*Sin[c + d*x]]))*Hypergeome

tric2F1[1/2, 1/2 - n, 3/2, (1/2)*(1 - b*(Sin[c + d*x]/a))], x] /; FreeQ[{a,
b, c, d, n}, x] && EqQ[a”2 - b~2, 0] & !IntegerQ[2*n] && GtQ[a, O]

Rule 2731

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[a"IntPar
t[n]l*((a + b*Sin[c + d*x]) FracPart[n]/(1 + (b/a)*Sin[c + d*x]) FracPart[n]
), Int[(1 + (b/a)*Sin[c + d*x])"n, x], x] /; FreeQ[{a, b, c, d, n}, x] & E
qQla"2 - b~2, 0] &% !IntegerQ[2*n] && !GtQ[a, O]

Rubi steps

(a\e‘/a + acos(c + dx) ) [(1 + cos(c + dz))*/3 dz

$/1 4+ cos(c + dz)
_ 22/8a3/a+acos(c+dz) 2Fi (-2, 3% 3(1 — cos(c + dx))) sin(c + dx)
B d(1 + cos(c + dz))5/6

/(a + acos(c+ dx)) Y dx =
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Mathematica [A]
time = 0.07, size = 69, normalized size = 1.03

6(a(1 + cos(c + dx)))*/3 cot (3(c + dx)) 2F1 (3, 5 &5 cos? (2(c + dx))) \/sin2 (%(C + dx))

B 11d

Antiderivative was successfully verified.

[In] Integratel[(a + a*Cos[c + d*x])~(4/3),x]
[Out] (-6*%(a*(1 + Cos[c + d*x]))~(4/3)*Cot[(c + d*x)/2]*Hypergeometric2F1[1/2, 11
/6, 17/6, Cos[(c + dxx)/2]"2]1*Sqrt[Sin[(c + d*x)/2]172])/(11xd)

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

/(a—l— acos (dz + c))% dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atax*cos(d*x+c))~(4/3),x)
[Out] int((at+a*cos(d*x+c))~(4/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((ata*cos(d*x+c))~(4/3),x, algorithm="maxima")
[Out] integrate((a*cos(d*x + c) + a)~(4/3), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*cos(d*x+c))~(4/3),x, algorithm="fricas")

[Out] integral((a*cos(d*x + c) + a)~(4/3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(acos (c+dzx) + a)% dx




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*cos(d*x+c))**(4/3),x)
[Out] Integral((axcos(c + d*x) + a)**(4/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+a*cos(d*x+c))~(4/3),x, algorithm="giac")
[Out] integrate((a*cos(d*x + c) + a)~(4/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(a+a cos (¢ + dz))** dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a*cos(c + d*x))~(4/3),x)
[Out] int((a + a*cos(c + d*x))~(4/3), x)

69



70

3.9 [(a+ acos(c+ dx))??dz

Optimal. Leaf size=66

2v/2' (a + acos(c + dz))?/? 3 F1 (=4, 15 35 1(1 — cos(c + dz))) sin(c + dz)
d(1 + cos(c + dx))7/6

[Out] 2%27(1/6)*(at+a*xcos(d*x+c))~(2/3)*hypergeom([-1/6, 1/2]1,[3/2],1/2-1/2*cos(d*
x+c) ) *sin(d*x+c)/d/ (1+cos(d*x+c))~(7/6)

Rubi [A]

time = 0.03, antiderivative size = 66, normalized size of antiderivative = 1.00, number of

number of rules
integrand size = 0.143,

steps used = 2, number of rules used = 2, integrand size = 14,
Rules used = {2731, 2730}

2v/2" sin(c + dz)(acos(c + dz) + @) 2 Fy (=2, 3; 3, 1(1 — cos(c + dz)))
d(cos(c + dzx) +1)7/6

Antiderivative was successfully verified.

[In] Int[(a + a*Cos[c + d*x])~(2/3),x]

[Out] (2%2~(1/6)*(a + axCos[c + d*x])~(2/3)*Hypergeometric2F1[-1/6, 1/2, 3/2, (1
- Cos[c + d*x])/2]*Sin[c + d*x])/(d*(1 + Cos[c + d*x])~(7/6))

Rule 2730

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-2~(n +
1/2))*a~(n - 1/2)*bx(Cos[c + d*x]/(d*Sqrt[a + b*Sin[c + d*x]]))*Hypergeome
tric2F1[1/2, 1/2 - n, 3/2, (1/2)*(1 - b*(Sin[c + d*x]/a))], x] /; FreeQ[{a,
b, ¢, d, n}, x] & EqQ[a"2 - b2, 0] && !'IntegerQ[2#n] && GtQ[a, O]

Rule 2731

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[a"IntPar
t[n]*((a + b*Sin[c + d*x]) FracPart[n]/(1 + (b/a)*Sin[c + d*x]) FracPart[n]
), Int[(1 + (b/a)*Sin[c + d*x])"n, x], x] /; FreeQ[{a, b, c, d, n}, x] && E
qQ[a~2 - b~2, 0] && !IntegerQ[2*n] && !'GtQ[a, O]

Rubi steps

/3 d 2/3 d
23 ;. _ (a+acos(c+ dz))*3 [(1 + cos(c + dz))*? dx
/(a—l—acos(c—i—dz)) dx {1+ cos(c 1 da) 23
Zf 2 (a+ acos(c+dz))??Fi (-1, 3; 2, 1(1 — cos(c + dx))) sin(c + dx)
d(1 + cos(c + dx))7/6




71

Mathematica [A]
time = 0.05, size = 69, normalized size = 1.05

6(a(1 + cos(c+ dz)))*3 cot (2(c + dz)) 2Fi (3, Z;22; cos? (L(c + dx))) \/sin2 (%(c + dx))

B 7d

Antiderivative was successfully verified.

[In] Integrate[(a + a*Cos[c + d*x])~(2/3),x]
[Out] (-6%(a*x(1 + Cos[c + d*x]))~(2/3)*Cot[(c + d*x)/2]*Hypergeometric2F1[1/2, 7/
6, 13/6, Cos[(c + d*x)/2]1"2]*Sqrt[Sin[(c + d*x)/2]72])/(7*d)

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

/(a-l— acos (dz + c))g dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atax*cos(d*x+c))~(2/3),x)
[Out] int((at+a*cos(d*x+c))~(2/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*cos(d*x+c))~(2/3),x, algorithm="maxima")
[Out] integrate((a*cos(d*x + c) + a)~(2/3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+a*cos(d*x+c))~(2/3),x, algorithm="fricas")
[Out] integral((a*xcos(d*x + c) + a)~(2/3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(acos (c+dzx) + a)g dx




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*cos(d*x+c))**(2/3),x)
[Out] Integral((axcos(c + d*x) + a)**(2/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+ax*cos(d*x+c))~(2/3),x, algorithm="giac")
[Out] integrate((a*cos(d*x + c) + a)~(2/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/(a+a cos (c+ dz))** da

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a*cos(c + d*x))~(2/3),x)
[Out] int((a + a*cos(c + d*x))~(2/3), x)
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3.10 [ ¥/a+acos(c+dz) dx

Optimal. Leaf size=65

25/3/a+ acos(c+ dx) 2Fi(3,3;3;5(1 — cos(c+ dz))) sin(c + dx)
d(1 + cos(c + dx))5/6

[Out] 27(5/6)*(at+a*cos(d*x+c))~(1/3)*hypergeom([1/6, 1/2],[3/2],1/2-1/2*cos(d*x+c
))*sin(d*x+c)/d/ (1+cos(d*x+c) )~ (5/6)

Rubi [A]

time = 0.02, antiderivative size = 65, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.143,

steps used = 2, number of rules used = 2, integrand size = 14,
Rules used = {2731, 2730}

25/8sin(c + dz)/acos(c+ dz) + a 2Fi (%, 3;3; (1 — cos(c + dx)))
d(cos(c + dz) + 1)5/6

Antiderivative was successfully verified.

[In] Int[(a + a*Cos[c + d*x])~(1/3),x]

[Out] (2°(5/6)*(a + a*Cos[c + d*x])~(1/3)*Hypergeometric2F1[1/6, 1/2, 3/2, (1 - C
os[c + d*x])/2]*Sin[c + d*x])/(d*(1 + Cos[c + d*x])~(5/6))

Rule 2730

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-2~(n +
1/2))*a"(n - 1/2)*b*x(Cos[c + d*x]/(d*Sqrt[a + b*Sin[c + d*x]]))*Hypergeome
tric2F1[1/2, 1/2 - n, 3/2, (1/2)*(1 - b*(Sin[c + d*x]/a))], x] /; FreeQ[{a,
b, ¢, d, n}, x] & EqQ[a"2 - b2, 0] && !'IntegerQ[2*n] && GtQ[a, O]

Rule 2731

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[a"IntPar
t[n]l*((a + bxSin[c + d*x]) FracPart[n]/(1 + (b/a)*Sin[c + d*x]) FracPart [n]
), Int[(1 + (b/a)*Sin[c + d*x])"n, x], x] /; FreeQ[{a, b, c, d, n}, x] & E
qQla"2 - b~2, 0] && !IntegerQ[2*n] && !GtQ[a, O]

Rubi steps

_ Ya+acos(c+dz) [ /14 cos(c+dz) dw
$/1 + cos(c + dx)
_ 25/83/a + acos(c+dz) 2Fi(%,3;2;2(1 — cos(c + dz))) sin(c + dz)
d(1 4+ cos(c + dz))5/6

/{’/a—i—acos(c—i—dx) dx
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Mathematica [A]
time = 0.05, size = 69, normalized size = 1.06

6/a(1 + cos(c + dz)) cot (2(c+ dz)) 2Fi1(3,3; L5 cos? (2 (c+ d))) \/sin2 (%(c + da:))
- 5d

Antiderivative was successfully verified.

[In] Integrate[(a + a*Cos[c + d*x])~(1/3),x]
[Out] (-6%(a*x(1 + Cos[c + d*x]))~(1/3)*Cot[(c + d*x)/2]*Hypergeometric2F1[1/2, 5/

6, 11/6, Cos[(c + d*x)/2]1"2]1*Sqrt[Sin[(c + d*x)/2]1°2])/(5%d)

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

/(a—l— acos (dzr + c))% dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ata*cos(d*x+c))~(1/3),x)
[Out] int((at+a*xcos(d*x+c))~(1/3),x%)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((ata*cos(d*x+c))~(1/3),x, algorithm="maxima")
[Out] integrate((a*cos(d*x + c) + a)~(1/3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*cos(d*x+c))~(1/3),x, algorithm="fricas")

[Out] integral((a*cos(d*x + c) + a)~(1/3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/f’/acos(c—l—dm) +a dzx




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*cos(d*x+c))**(1/3),x)
[Out] Integral((axcos(c + d*x) + a)**(1/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+a*cos(d*x+c))~(1/3),x, algorithm="giac")
[Out] integrate((a*cos(d*x + c) + a)~(1/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/(a+a cos (c+ dz))"* da

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a*cos(c + d*x))~(1/3),x)
[Out] int((a + a*cos(c + d*x))~(1/3), x)
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1
-d
/ Y/a + acos(c + dx) gy

Optimal. Leaf size=65
V2 2Fi (%, 33, 1(1 - cos(c + dz))) sin(c + dz)
d¥/1 + cos(c + dz) {/a+ acos(c+ dz)
[Out] 27 (1/6)*hypergeom([1/2, 5/6],[3/2],1/2-1/2*cos(d*x+c))*sin(d*x+c)/d/(1+cos(
d*x+c))~(1/6)/ (at+axcos (d*x+c))~(1/3)

Rubi [A]
time = 0.02, antiderivative size = 65, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.143,

3.11

steps used = 2, number of rules used = 2, integrand size = 14,
Rules used = {2731, 2730}

V2 sin(c+ dz) o F1 (3, 2; 35 1(1 — cos(c + dx)))
d</cos(c+dz) + 1 {/acos(c+dz) +a

Antiderivative was successfully verified.
[In] Int[(a + a*Cos[c + d*x])~(-1/3),x]
[Out] (27(1/6)*Hypergeometric2F1[1/2, 5/6, 3/2, (1 - Cos[c + d*x])/2]*Sin[c + d*x
1)/(a*(1 + Cosl[c + dxx])~(1/6)*(a + a*Cos[c + d*x])~(1/3))
Rule 2730
Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-2~(n +
1/2))*a~(n - 1/2)*bx(Cos[c + d*x]/(d*Sqrt[a + b*Sin[c + d*x]]))*Hypergeome
tric2F1[1/2, 1/2 - n, 3/2, (1/2)*(1 - b*(Sin[c + d*x]/a))], x] /; FreeQ[{a,
b, c, d, n}, x] && EqQ[a”2 - b~2, 0] & !IntegerQ[2*n] && GtQ[a, 0]

Rule 2731

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[a"IntPar
t[n]l*((a + bxSin[c + d*x]) FracPart[n]/(1 + (b/a)*Sin[c + d*x]) FracPart [n]
), Int[(1 + (b/a)*Sin[c + d*x])"n, x], x] /; FreeQ[{a, b, c, d, n}, x] & E
qQla”2 - b~2, 0] && !IntegerQ[2*n] && !GtQ[a, O]

Rubi steps

/1 + cos(

‘ 1
/ 1 dp — ¢+ dz) f€/1+cos(c+da:)‘dx
/a+ acos(c+ dx) ¥a+ acos(c+dx)
V2 2F1(3,2;2;1(1 — cos(c + da))) sin(c + da)
d/1+ cos(c + dz) ¥/a+ acos(c+ dzx)




(s

Mathematica [A]
time = 0.04, size = 67, normalized size = 1.03

6cot (3(c+dz)) oFi (3,55 %;cos? (3(c+ dz))) \/sin2 <%(c+ dx))

B df/a(l -I—cos(c—l—dx))‘

Antiderivative was successfully verified.

[In] Integrate[(a + a*Cos[c + d*x])~(-1/3),x]
[Out] (-6%Cot[(c + dx*x)/2]*Hypergeometric2F1[1/6, 1/2, 7/6, Cos[(c + d*x)/2]"2]%S
qrt[Sin[(c + d*x)/2]72])/(d*(ax(1 + Cos[c + d*x]))~(1/3))

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

ol

/ L dz
(a+ acos (dz + ¢))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(at+ax*cos(d*x+c))~(1/3),x)
[Out] int(1/(at+axcos(d*x+c))~(1/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(at+a*cos(d*x+c))~(1/3),x, algorithm="maxima")
[Out] integrate((axcos(d*x + c) + a)~(-1/3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*cos(d*x+c))~(1/3),x, algorithm="fricas")

[Out] integral((a*cos(d*x + c) + a)~(-1/3), x)



Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

dx

1
/ Yacos(c+dz)+a
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(a+ax*cos(d*x+c))**(1/3),x)

[Out] Integral((a*xcos(c + d*x) + a)*x(-1/3), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*cos(d*x+c))~(1/3),x, algorithm="giac")
[Out] integrate((axcos(d*x + c) + a)~(-1/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

1
/ 73 dx
(a+acos(c+dx))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + a*cos(c + d*x))~(1/3),x)
[Out] int(1/(a + a*cos(c + d*x))~(1/3), x)
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1
f (a+a cos(c+dz))2/3 dz

Optimal. Leaf size=65

3.12

Y1+ cos(c+dz) 2Fi(3,%;3;1(1 — cos(c + dz))) sin(c + dz)
V2 d(a + a cos(c + dx))?/3

[Out] 1/2*(1+cos(d*x+c))~(1/6)*hypergeom([1/2, 7/6],[3/2],1/2-1/2*cos(d*x+c)
(d*x+c)*2~(5/6)/d/ (ata*xcos(d*x+c))~(2/3)

Rubi [A]

time = 0.02, antiderivative size = 65, normalized size of antiderivative = 1.00, number of

number of rules _ (143
integrand size ’

steps used = 2, number of rules used = 2, integrand size = 14,
Rules used = {2731, 2730}
sin(c + dz)v/cos(c + dz) + 1 2F1 (3, %; 25 2(1 — cos(c + dx)))
V2 d(acos(c + dz) + a)?/3

Antiderivative was successfully verified.
[In] Int[(a + a*Cos[c + d*x])~(-2/3),x]

[Out] ((1 + Cos[c + d*x])~(1/6)*Hypergeometric2F1[1/2, 7/6, 3/2, (1 - Coslc
1)/2]1*Sin[c + d*x])/(27(1/6)*d*(a + a*Cos[c + d*x])~(2/3))

Rule 2730

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-2~(n +
1/2))*a"(n - 1/2)*bx(Cos[c + d*x]/(d*Sqrt[a + b*Sin[c + d*x]]))*Hypergeome
tric2F1[1/2, 1/2 - n, 3/2, (1/2)*(1 - b*(Sin[c + d*x]/a))], x] /; FreeQ[{a,
b, c, d, n}, x] && EqQ[a”2 - b~2, 0] & !IntegerQ[2*n] && GtQ[a, O]

Rule 2731

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[a"IntPar
t[n]*((a + b*Sin[c + d*x]) FracPart[n]/(1 + (b/a)*Sin[c + d*x]) FracPart[n]
), Int[(1 + (b/a)*Sin[c + d*x])"n, x], x] /; FreeQ[{a, b, ¢, d, n}, x] & E
qQ[a"2 - b~2, 0] && !IntegerQ[2*n] && !GtQ[a, O]

Rubi steps

/ 1 dp — (]. +COS(C+dIL‘))2/3de$

(a + acos(c+ dx))?/3 (a + acos(c+ dx))?/3

_ V/1+cos(c+dz) oFi (3,5 % 3(1 — cos(c + dz))) sin(c + dx)

V2 d(a + acos(c+ dz))2/3

)*sin

+ d*x
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Mathematica [A]
time = 0.04, size = 67, normalized size = 1.03

6cot (3(c+dz)) 2Fi(—5, 55 25 cos? (3(c+ dx))) \/sin2 (%(c+ dx))

d(a(1 + cos(c + dzx)))?/3

Antiderivative was successfully verified.

[In] Integratel[(a + a*Cos[c + d*x])~(-2/3),x]
[Out] (6%Cot[(c + d*x)/2]*Hypergeometric2F1[-1/6, 1/2, 5/6, Cos[(c + d*x)/2]~2]*S
qrt[Sin[(c + d*x)/2]72])/(d*(ax(1 + Cos[c + d*x]))~(2/3))

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

win

/ 1

dz
(a+ acos (dz + c))
Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/(at+ax*cos(d*x+c))~(2/3),x)

[Out] int(1/(ata*xcos(d*x+c))~(2/3),x%)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(at+a*cos(d*x+c))~(2/3),x, algorithm="maxima")
[Out] integrate((a*cos(d*x + c) + a)~(-2/3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(ata*cos(d*x+c))~(2/3),x, algorithm="fricas")

[Out] integral((a*cos(d*x + c) + a)~(-2/3), x)



Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 1

> dx
(acos(c+dz) +a)?
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(at+axcos(d*x+c))**(2/3),x)

[Out] Integral((axcos(c + dxx) + a)**x(-2/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+a*cos(d*x+c))~(2/3),x, algorithm="giac")
[Out] integrate((a*cos(d*x + c) + a)~(-2/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

1
/ 23 dx
(a+acos(c+dx))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + a*cos(c + d*x))~(2/3),x)
[Out] int(1/(a + a*cos(c + d*x))~(2/3), x)
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1
f (a+a cos(c+dz))4/3 dz

Optimal. Leaf size=68

3.13

2F1 (3, %535 5(1 — cos(c + dz))) sin(c + dz)

25/6ad¥/1 + cos(c + dzx) </a + acos(c+ dz)

[Out] 1/2*hypergeom([1/2, 11/6],[3/2],1/2-1/2*cos(d*x+c))*sin(d*x+c)*2~(1/6)/a/d/
(1+cos(d*x+c))~(1/6)/(at+a*xcos(d*x+c))~(1/3)

Rubi [A]

time = 0.02, antiderivative size = 68, normalized size of antiderivative = 1.00, number of

number of rules _ (143
integrand size ’

steps used = 2, number of rules used = 2, integrand size = 14,
Rules used = {2731, 2730}
sin(c + dz) 2 F1 (3, %5 3; 2(1 — cos(c + d)))
25/6ad¥/cos(c + dz) + 1 ¢/acos(c+dz)+a

Antiderivative was successfully verified.

[In] Int[(a + a*Cos[c + d*x])~(-4/3),x]

[Out] (Hypergeometric2F1[1/2, 11/6, 3/2, (1 - Cos[c + d*x])/2]*Sin[c + dx*x])/(27(
5/6)*axd*x(1 + Cos[c + d*x])~(1/6)*(a + a*Cos[c + d*x])~(1/3))

Rule 2730

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-2~(n +
1/2))*a"(n - 1/2)*b*x(Cos[c + d*x]/(d*Sqrt[a + b*Sin[c + d*x]]))*Hypergeome
tric2F1[1/2, 1/2 - n, 3/2, (1/2)*(1 - bx(Sin[c + d*x]/a))], x] /; FreeQ[{a,
b, ¢, d, n}, x] & EqQ[a"2 - b2, 0] && !'IntegerQ[2*n] && GtQ[a, O]

Rule 2731

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[a"IntPar
t[n]*((a + b*Sin[c + d*x]) FracPart[n]/(1 + (b/a)*Sin[c + d*x]) FracPart[n]
), Int[(1 + (b/a)*Sin[c + d*x])~"n, x], x] /; FreeQ[{a, b, c, d, n}, x] && E
qQ[a"2 - b~2, 0] && !IntegerQ[2*n] && !'GtQ[a, O]

Rubi steps

/ 1 z:{“’/1+cos(c+dx)‘fmdx
(a + acos(c + dx))*/3 ay/a+ acos(c+ dr)
_ 2F1(5, % 55 5(1 — cos(c + dx))) sin(c + dx)
 25/6ad /1 + cos(c + dz) ¢/a+ acos(c+ dz)
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Mathematica [A]
time = 0.05, size = 69, normalized size = 1.01

6cot (3(c+dz)) 2Fi(—2,%; 55 co8? (3(c+ dx))) \/sin2 <%(c+ dx))

5d(a(1 + cos(c + dx)))*/3

Antiderivative was successfully verified.

[In] Integratel[(a + a*Cos[c + d*x])~(-4/3),x]
[Out] (6%Cot[(c + d*x)/2]*Hypergeometric2F1[-5/6, 1/2, 1/6, Cos[(c + d*x)/2]"2]*S
qrt[Sin[(c + d*x)/2]72])/(56*d*(ax(1 + Cos[c + d*x]))~(4/3))

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

MBS

/ 1

dz
(a+ acos (dz + c))
Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/(at+ax*cos(d*x+c))~(4/3),x)

[Out] int(1/(ata*xcos(d*x+c))~(4/3),x%)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(at+a*cos(d*x+c))~(4/3),x, algorithm="maxima")
[Out] integrate((a*cos(d*x + c) + a)~(-4/3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+a*cos(d*x+c))~(4/3),x, algorithm="fricas")
[Out] integral((a*xcos(d*x + c) + a)~(2/3)/(a"2xcos(d*x + c)~2 + 2*a"2*cos(d*x + c

) +a”2), x)



Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 1

T dz
(acos(c+dz) + a)?
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(at+axcos(d*x+c))**(4/3),x)

[Out] Integral((axcos(c + dxx) + a)**x(-4/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+a*cos(d*x+c))~(4/3),x, algorithm="giac")
[Out] integrate((a*cos(d*x + c) + a)~(-4/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1
/ 73 dx
(a+acos(c+dx))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + a*cos(c + d*x))~(4/3),x)
[Out] int(1/(a + a*cos(c + d*x))~(4/3), x)
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3.14 [(a+ acos(c+ dz))" dz

Optimal. Leaf size=73

2:77(1 + cos(c + dz)) "2 "(a + acos(c + dz))" o F1 (3, 1 — n; 35 1(1 — cos(c + dz))) sin(c + dx)
d

[Out] 27(1/2+n)*(1+cos(d*x+c))~(-1/2-n)* (a+a*cos(d*x+c)) “nxhypergeom([1/2, 1/2-n]
,[3/2],1/2-1/2%cos(d*x+c))*sin(d*x+c)/d

Rubi [A]
time = 0.03, antiderivative size = 73, normalized size of antiderivative = 1.00, number of

number of rules _ 167
integrand size ’

steps used = 2, number of rules used = 2, integrand size = 12,
Rules used = {2731, 2730}

27+3 sin(c + dz)(cos(c + dz) + 1) 2 (acos(c + dz) + a)" o F1 (3,1 — n; 3, 1(1 — cos(c + dx)))
d

Antiderivative was successfully verified.
[In] Int[(a + a*Cos[c + d*x]) "n,x]

[Out] (27(1/2 + n)*(1 + Cos[c + d*x])~(-1/2 - n)*(a + axCos[c + d*x]) “n*Hypergeom
etric2F1[1/2, 1/2 - n, 3/2, (1 - Cos[c + d*x])/2]*Sin[c + d*x])/d

Rule 2730

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-2~(n +
1/2))*a"(n - 1/2)*b*x(Cos[c + d*x]/(d*Sqrt[a + b*Sin[c + d*x]]))*Hypergeome
tric2F1[1/2, 1/2 - n, 3/2, (1/2)*(1 - bx(Sin[c + d*x]/a))], x] /; FreeQ[{a,
b, ¢, d, n}, x] & EqQ[a”2 - b2, 0] && !'IntegerQ[2*n] && GtQ[a, O]

Rule 2731

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[a"IntPar
t[n]l*((a + bxSin[c + d*x]) FracPart[n]/(1 + (b/a)*Sin[c + d*x]) FracPart [n]
), Int[(1 + (b/a)*Sin[c + d*x])~"n, x], x] /; FreeQ[{a, b, c, d, n}, x] & E
qQla"2 - b~2, 0] && !IntegerQ[2*n] && !GtQ[a, O]

Rubi steps

/(a + acos(c +dz))"dz = ((1 + cos(c + dz)) ™" (a + acos(c + dz))") /(1 + cos(c + dx))" dz

_ 227(1+ cos(c + da)) "2 ""(a + acos(c + dz))" oFy (3, 5 — 15 35 5(1 — cos(c +

d



86

Mathematica [A]
time = 0.05, size = 74, normalized size = 1.01

2(a(1 + cos(c + dz)))" cot (3(c + dz)) 2Fi (5,5 + n; 3 + n;cos? (3 (c+ dx))) \/sin2 (;(c + d:v))

d+ 2dn
Antiderivative was successfully verified.

[In] Integrate[(a + a*Cos[c + d*x])“n,x]

[Out] (-2%(a*x(1 + Cos[c + d*x])) n*Cot[(c + d*x)/2]*Hypergeometric2F1[1/2, 1/2 +
n, 3/2 + n, Cos[(c + d*x)/2]"2]*Sqrt[Sin[(c + d*x)/2]72])/(d + 2*d*n)

Maple [F]
time = 0.06, size = 0, normalized size = 0.00

/ (a+ acos(dz + ¢))" dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+a*cos(d*x+c)) n,x)
[Out] int((at+a*cos(d*x+c)) n,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*cos(d*x+c)) n,x, algorithm="maxima")
[Out] integrate((a*cos(d*x + c) + a)”n, x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*cos(d*x+c)) n,x, algorithm="fricas")

[Out] integral((a*cos(d*x + c) + a)”n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (acos(c+dzx) +a)" dx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*cos(d*x+c))*#*n,x)

[Out] Integral((a*cos(c + d*x) + a)**n, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((ata*cos(d*x+c)) n,x, algorithm="giac")
[Out] integrate((a*cos(d*x + c¢) + a)"n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(a+a cos(c+dz))" dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a*cos(c + d*x))~n,x)

[Out] int((a + a*cos(c + d*x))"n, x)
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3.15 [(a —acos(c+dz))"dx

Optimal. Leaf size=75

2:%7(1 — cos(c + dz)) "z "(a — acos(c + dz))" o F1 (3,1 — n; 3; 1(1 + cos(c + da))) sin(c + dz)
d

[Out] -27(1/2+n)*(1-cos(d*x+c))~(-1/2-n)*(a-a*cos(d*x+c)) “nxhypergeom([1/2, 1/2-n
1,[3/2],1/2+1/2*cos (d*x+c) ) *sin(d*x+c)/d

Rubi [A]
time = 0.02, antiderivative size = 75, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.154,

steps used = 2, number of rules used = 2, integrand size = 13,
Rules used = {2731, 2730}

27+3 sin(c + dz)(1 — cos(c + dz)) ™ 2 (a — acos(c + dz))" o F1 (3, 3 — 15 3; L(cos(c + dz) + 1))
B d

Antiderivative was successfully verified.

[In] Int[(a - a*Cos[c + d*x]) n,x]

[Out] -((27(1/2 + n)*(1 - Cos[c + d*x])~(-1/2 - n)*(a - a*Cos[c + d*x]) “n*Hyperge
ometric2F1[1/2, 1/2 - n, 3/2, (1 + Cos[c + d*x])/2]1*Sin[c + d*xx])/d)

Rule 2730

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-2"(n +
1/2))*a~(n - 1/2)*b*x(Cos[c + d*x]/(d*Sqrt[a + b*Sin[c + d*x]]))*Hypergeome
tric2F1[1/2, 1/2 - n, 3/2, (1/2)*(1 - b*(Sin[c + d*x]/a))], x] /; FreeQ[{a,
b, ¢, d, n}, x] & EqQ[a"2 - b2, 0] && !'IntegerQ[2#n] && GtQ[a, O]

Rule 2731

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[a"IntPar
t[n]*((a + b*Sin[c + d*x]) FracPart[n]/(1 + (b/a)*Sin[c + d*x]) FracPart[n]
), Int[(1 + (b/a)*Sin[c + d*x])"n, x], x] /; FreeQ[{a, b, ¢, d, n}, x] & E
qQla"2 - b~2, 0] && !IntegerQ[2*n] && !GtQ[a, O]

Rubi steps

/(a —acos(c+dz))"dz = ((1 — cos(c + dz))"(a — acos(c + dz))") /(1 — cos(c + dz))" dz

25+7(1 — cos(c +dz)) "2 "(a — acos(e + dz))" 5 Fi (3,5 — mi §; (1 + cos(e +
d
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Mathematica [A]

time = 0.06, size = 75, normalized size = 1.00
V2 \/1+ cos(c + dz) (a — acos(c+ dz))" 2Fi (3,1 4+ n; 2 + n;sin? (L (c+ dz)) ) tan (3 (c + dz))
d+ 2dn

Antiderivative was successfully verified.

[In] Integrate[(a - a*Cos[c + d*x]) n,x]
[Out] (Sqrt[2]*Sqrt[1 + Cos[c + d*x]]*(a - a*Cos[c + d+*x]) n*xHypergeometric2F1[1/
2, 1/2 + n, 3/2 + n, Sin[(c + d*x)/2]"2]*Tan[(c + d*x)/2])/(d + 2*d*n)

Maple [F]
time = 0.06, size = 0, normalized size = 0.00

/ (@ —acos (dz +¢))" dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a-a*cos(d*x+c)) n,x)

[Out] int((a-a*cos(d*x+c)) n,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a-a*cos(d*x+c)) n,x, algorithm="maxima")
[Out] integrate((-a*cos(d*x + c) + a)”n, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a-a*cos(d*x+c)) n,x, algorithm="fricas")
[Out] integral((-a*cos(d*x + c) + a)”n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (—acos(c+dz) +a)" dz




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a-a*cos(d*x+c))*#*n,x)

[Out] Integral((-axcos(c + d*x) + a)**n, Xx)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a-a*cos(d*x+c)) n,x, algorithm="giac")
[Out] integrate((-axcos(d*x + c) + a)’n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(a —acos(c+dz))"dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a - a*cos(c + d*x)) n,x)

[Out] int((a - a*cos(c + d*x))"n, x)

90



91

3.16 [(2 + 2cos(c + dzx))" dz

Optimal. Leaf size=59

93+2n 2F1 (3,3 —n; 3;3(1 — cos(c + dz))) sin(c + dz)

d+/1+ cos(c + dx)

1
2

[Out] 27(1/2+2%n)*hypergeom([1/2, 1/2-n], [3/2],1/2-1/2%cos(d*x+c))*sin(d*x+c)/d/(
1+cos (d*x+c))~(1/2)

Rubi [A]

time = 0.01, antiderivative size = 59, normalized size of antiderivative = 1.00, number of

number of rules _ ( g3
integrand size ’

steps used = 1, number of rules used = 1, integrand size = 12,
Rules used = {2730}

220+3 sin(c + dz) o F1 (3, 1 — n; 3; %(1 — cos(c + dz)))
dy/cos(c+dz) +1

Antiderivative was successfully verified.
[In] Int[(2 + 2*Cos[c + d*x]) "n,x]

[Out] (27(1/2 + 2+*n)*Hypergeometric2F1[1/2, 1/2 - n, 3/2, (1 - Cos[c + dxx])/2]*S
in[c + d*x])/(d*Sqrt[1 + Cos[c + d*x]])

Rule 2730

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-2~(n +
1/2))*a~(n - 1/2)*b*x(Cos[c + d*x]/(d*Sqrt[a + b*Sin[c + d*x]]))*Hypergeome
tric2F1[1/2, 1/2 - n, 3/2, (1/2)*(1 - bx(Sin[c + d*x]/a))], x] /; FreeQ[{a,
b, ¢, d, n}, x] & EqQ[a"2 - b2, 0] && !'IntegerQ[2*n] && GtQ[a, O]

Rubi steps
/ (24 2c08(c 4 da)) do = 2 2F1 (35 =i 5351 — cos(e + dx))) sine + da)
d+/1+ cos(c+ dz)

Mathematica [A]
time = 0.07, size = 77, normalized size = 1.31

2147(1 + cos(c + dz))" cot (3 (c + dz)) 2F1 (3, 1 4+ n; 2 +njcos? (3(c + dx))) \/sin2 <;(c + dx))

d+ 2dn
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Antiderivative was successfully verified.

[In] Integrate[(2 + 2*Cos[c + d*x])~n,x]
[Out] -((27(1 + n)*(1 + Cos[c + d*x]) " n*Cot[(c + dxx)/2]*Hypergeometric2F1[1/2, 1
/2 + n, 3/2 + n, Cos[(c + d*x)/2]"2]*Sqrt[Sin[(c + d*x)/2]172])/(d + 2x*d#*n))

Maple [F]
time = 0.05, size = 0, normalized size = 0.00

/ (24 2cos(dz +¢))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2+2%cos(d*x+c)) n,x)
[Out] int((2+2%cos(d*x+c)) n,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((2+2*cos(d*x+c)) n,x, algorithm="maxima")
[Out] integrate((2*cos(d*x + c) + 2)"n, x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+2*cos(d*x+c)) n,x, algorithm="fricas")

[Out] integral((2*cos(d*x + c) + 2)"n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

2" / (cos(c+dzx) +1)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+2*cos(d*x+c))**n,x)

[Out] 2*xn*Integral((cos(c + d*x) + 1)**n, x)



Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+2*cos(d*x+c)) n,x, algorithm="giac")
[Out] integrate((2*cos(d*x + c) + 2)"n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

[0

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2*cos(c + d*x) + 2)°n,x)

[Out] int((4*cos(c/2 + (d*x)/2)°2)"n, x)
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3.17 [(2 —2cos(c+dx))"dx

Optimal. Leaf size=60

2572, By (1,1 —n; 35 1(1 4 cos(c + dx))) sin(c + dz)
d+/1 — cos(c + dz)

[Out] -27(1/2+2#*n)*hypergeom([1/2, 1/2-n],[3/2],1/2+1/2*cos(d*x+c))*sin(d*x+c)/d/
(1-cos(d*x+c))~(1/2)

Rubi [A]

time = 0.01, antiderivative size = 60, normalized size of antiderivative = 1.00, number of

number of rules _ 0.083,
integrand size

steps used = 1, number of rules used = 1, integrand size = 12,
Rules used = {2730}
2273 sin(c + dz) o F) (3,3 —n; 35 1(cos(c+ dz) + 1))
d+/1 — cos(c + dz)

Antiderivative was successfully verified.

[In] Int[(2 - 2*Cos[c + d*x]) n,x]

[Out] -((27(1/2 + 2*n)*Hypergeometric2F1[1/2, 1/2 - n, 3/2, (1 + Cos[c + d*x])/2]
*Sin[c + d*x])/(d*Sqrt[1 - Cos[c + d*x]]))

Rule 2730

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-2~(n +
1/2))*a"(n - 1/2)*b*x(Cos[c + d*x]/(d*Sqrt[a + b*Sin[c + d*x]]))*Hypergeome
tric2F1[1/2, 1/2 - n, 3/2, (1/2)*(1 - b*(Sin[c + d*x]/a))], x] /; FreeQ[{a,
b, ¢, d, n}, x] & EqQ[a"2 - b2, 0] && !'IntegerQ[2*n] && GtQ[a, O]

Rubi steps

2572, Fy (3,1 —n; 35 L(1 + cos(c + d))) sin(c + dz)

d+\/1 — cos(c + dzx)

/(2 —2cos(c+dzx))"dr = —

Mathematica [A]
time = 0.06, size = 74, normalized size = 1.23

V2 (2 — 2cos(c +dz))" /1 + cos(c + dz) 2Fi(%,2 +n; 3 +n;sin? (A(c+dz))) tan (3(c + da))
d+ 2dn

Antiderivative was successfully verified.
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[In] Integrate[(2 - 2*Cos[c + d*x])“n,x]
[Out] (Sqrt[2]*(2 - 2*Cos[c + d*x]) n*Sqrt[1 + Cos[c + d*x]]*Hypergeometric2F1[1/
2, 1/2 + n, 3/2 + n, Sin[(c + d*x)/2]"2]*Tan[(c + d*x)/2])/(d + 2%d*n)

Maple [F]
time = 0.05, size = 0, normalized size = 0.00

/(2 —2cos (dz +¢))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2-2*cos(d*x+c)) n,x)
[Out] int((2-2*cos(d*x+c)) n,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((2-2*cos(d*x+c)) n,x, algorithm="maxima")
[Out] integrate((-2*cos(d*x + c) + 2)°n, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((2-2*cos(d*x+c)) n,x, algorithm="fricas")
[Out] integral((-2xcos(d*x + c) + 2)7n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(2 —2cos (c+dz))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-2*cos(d*x+c))**n,x)

[Out] Integral((2 - 2*cos(c + d*x))**n, x)



Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2-2*cos(d*x+c)) n,x, algorithm="giac")
[Out] integrate((-2*cos(d*x + c) + 2)7n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

[ (smn(5+5) ) o

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2 - 2*cos(c + d*x))"n,x)
[Out] int((4*sin(c/2 + (d*x)/2)°2)"n, x)
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3.18 1 dx

5+3 cos(c+dzx)
Optimal. Leaf size=31
sin(c+dz)
f _ ArCTan<3+cos(c+dz)>
4 2d

[Out] 1/4%x-1/2*arctan(sin(d*x+c)/(3+cos(d*x+c)))/d

Rubi [A]
time = 0.01, antiderivative size = 31, normalized size of antiderivative = 1.00, number of

number of rules _ 0.083,
integrand size

steps used = 1, number of rules used = 1, integrand size = 12,
Rules used = {2736}

sin(c+dx)
ArcTan < cos(c+dx)+3 >

2d

>~ 8

Antiderivative was successfully verified.

[In] Int[(5 + 3*Cos[c + d*x])~(-1),x]

[Out] x/4 - ArcTan[Sin[c + d*x]/(3 + Cos[c + d*x])]/(2xd)
Rule 2736

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{q = Rt[
a~2 - b™2, 21}, Simp[x/q, x] + Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a + q
+ b*Sin[c + d*x]))], x]1] /; FreeQ[{a, b, c, d}, x] && GtQ[a"2 - b~2, 0] &&
PosQ[al

Rubi steps

tan_1< sin(c+dx) >

/ 1 dr — E _ 3+cos(c+dz)
5+3cos(c+dz) 4 2d

Mathematica [A]
time = 0.02, size = 20, normalized size = 0.65

_ ArcTan(2cot (1(c+ dz)))
2d

Antiderivative was successfully verified.

[In] Integrate[(5 + 3*Cos[c + d*x])~(-1),x]
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[Out] -1/2*ArcTan[2*Cot[(c + d*x)/2]]/d

Maple [A]
time = 0.06, size = 18, normalized size = 0.58

method result size
arctan <tan ( df * %) >

derivativedivides 5 18
arctan < tan(dﬁ >

default 53 18

risch _ iln(ei(d:;C)+%) I iln(ei<Z+C>+3) 38

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5+3*cos(d*x+c)) ,x,method=_RETURNVERBOSE)
[Out] 1/2/d*arctan(1/2*tan(1/2*d*x+1/2*c))

Maxima [A]

time = 0.54, size = 24, normalized size = 0.77

sin(dz+c)
2 (cos(dz+c)+1) )

2d

arctan (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*cos(d*x+c)),x, algorithm="maxima")
[Out] 1/2*arctan(1/2*sin(d*x + c)/(cos(d*x + c) + 1))/d
Fricas [A]

time = 0.36, size = 26, normalized size = 0.84

5 cos(dz+c)+3
4 sin(dz+c)

4d

arctan (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*cos(d*x+c)),x, algorithm="fricas")
[Out] -1/4*arctan(1/4*(5xcos(d*x + c) + 3)/sin(d*x + c))/d
Sympy [A]

time = 0.34, size = 41, normalized size = 1.32

t cdz cidr_ T
atan(an(i T)>+W\‘2+i QJ

2

ford #0

otherwise

2d

T
3cos(c)+5
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*cos(d*x+c)),x)
[Out] Piecewise(((atan(tan(c/2 + d*x/2)/2) + pi*floor((c/2 + d*x/2 - pi/2)/pi))/(
2*%d), Ne(d, 0)), (x/(3*xcos(c) + 5), True))

Giac [A]
time = 0.47, size = 30, normalized size = 0.97

4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*cos(d*x+c)),x, algorithm="giac")
[Out] 1/4x(d*x + c - 2*arctan(sin(d*x + c)/(cos(d*x + c) + 3)))/d

Mupad [B]
time = 0.43, size = 38, normalized size = 1.23

atan M
2 atan(tan (g + 42)) — 42
2d B 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*cos(c + d*x) + 5),x)
[Out] atan(tan(c/2 + (d*x)/2)/2)/(2*d) - (atan(tan(c/2 + (d*x)/2)) - (d*x)/2)/(2*

d)
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1
3.19 f (543 cos(c+dz))? dx

Optimal. Leaf size=56

sin(c+dx)
5z 5ArcTan <3+cos(c~|—dac)> B 3sin(c + dz)
64 32d 16d(5 + 3 cos(c + dz))

[Out] 5/64*x-5/32*arctan(sin(d*x+c)/(3+cos(d*x+c)))/d-3/16*sin(d*x+c)/d/ (5+3*cos(
d*xx+c))

Rubi [A]

time = 0.02, antiderivative size = 56, normalized size of antiderivative = 1.00, number of

number of rules _ ( 95
integrand size ’

steps used = 3, number of rules used = 3, integrand size = 12,
Rules used = {2743, 12, 2736}

sin(c+dx)
- 5ArcTan (W) 3sin(c + dx) oL

32d 16d(3cos(c + dz) +5) | 64

Antiderivative was successfully verified.
[In] Int[(5 + 3*Cos[c + d*x])~(-2),x]

[Out] (5*x)/64 - (5*ArcTan[Sin[c + d*x]/(3 + Cos[c + d*x])])/(32xd) - (3*Sin[c +
d*x])/(16*xd*(5 + 3*Cos[c + d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2736

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{q = Rt[
a~2 - b™2, 2]}, Simp[x/q, x] + Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a + q
+ bxSin[c + d*x]1))], x]1 /; FreeQl{a, b, c, d}, x] && GtQ[a"2 - b~2, 0] &&
PosQ[al

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + b*Sin[c + d*x])"(n + 1)/(d*(n + 1)*(a"2 - b2))), x] + Dist
[1/((n + 1)*(a"2 - b~2)), Int[(a + bxSin[c + d*x])~(n + 1)*Simp[a*(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]

Rubi steps
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5

/ 1 dr — — 3sin(c + dx) 1 / B s
(5 + 3 cos(c+ dz))? 16d(5 + 3cos(c+dz)) 16 5+ 3cos(c + dzx)
_ 3sin(c + dx) 5 / 1 i
16d(5 + 3cos(c+dz)) 16 /] 54 3cos(c+ dz)
5 Stan! (gt 3sin(c + d)
T 64 32d " 16d(5 + 3cos(c + dz))

Mathematica [A]
time = 0.07, size = 43, normalized size = 0.77

5ArcTan(2cot (1(c+dz))) + %

32d

Antiderivative was successfully verified.

[In] Integrate[(5 + 3*Cos[c + d*x])~(-2),x]
[Out] -1/32%(5%ArcTan[2*Cot[(c + d*x)/2]] + (6xSin[c + d*x])/(5 + 3*Cos[c + d*x])
)/d

Maple [A]
time = 0.06, size = 46, normalized size = 0.82

method result size
s . tan(de+%)
Stan(djm-kg) n arctamn 2
e e ~ 16(tan2 (1 5)+4 32
derivativedivides (tan(F+5)+¢) y 46
5 . tan %‘”4—%)
Stan(dTEJr%) " arctan| ———5——
" 16(tan2 (92 + )14 32
default (tan? (% +5) +4) < 46
. i(5ei(dzte) 1 3) 5iln(e!(d+9)+3)  5iln(efldot) 4 1)
rlSCh - 8d(3 e2i(dz+c) 110 ei(da+c) +3) + 64d - 64d 83

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5+3*cos(d*x+c))~2,x,method=_RETURNVERBOSE)
[Out] 1/d*(-3/16xtan(1/2*d*x+1/2*c)/(tan(1/2*d*x+1/2%c) ~2+4)+5/32*arctan(1/2*tan(
1/2%d*x+1/2%c)))

Maxima [A]
time = 0.49, size = 68, normalized size = 1.21
Fsinldeto — 5 arctan (2(cii:((j;:cc))+1)>

- 2
<7(Cossl(n‘;zit;il)2 +4) (cos(dz+c)+1)

B 32d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*cos(d*x+c))~2,x, algorithm="maxima")

[Out] -1/32%(6*sin(d*x + ¢)/((sin(d*x + c)~2/(cos(d*x + ¢c) + 1)72 + 4)*(cos(d*x +
c) + 1)) - 5xarctan(1/2*sin(d*x + c)/(cos(d*x + ¢c) + 1)))/d

Fricas [A]
time = 0.36, size = 59, normalized size = 1.05

4 sin(dz+c)
64 (3dcos (dz +¢c) + 54d)

5(3 cos (dz + ¢) + 5) arctan <w> + 12 sin (dz + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*cos(d*x+c))~2,x, algorithm="fricas")

[Out] -1/64%(5%(3*cos(d*x + c) + 5)*arctan(1/4*%(5*cos(d*x + ¢c) + 3)/sin(d*x + c))
+ 12*%sin(d*x + c))/(3*d*cos(d*x + c) + 5%d)

Sympy [C] Result contains complex when optimal does not.
time = 0.86, size = 187, normalized size = 3.34

for ¢ = —dz — 2iatanh (2) V ¢ = —dz + 2i atanh (2)
ford=0

T
(5+3 cosh (2atanh (2)))?

(3cos (c)+5)°

cyde cyde cide cydz_m
5<Wm (tan(22 3 ))JMF%ZD tan? (%JF%) 20(amn (w +”[2+IW IJ stan <£+ﬂ
2 2
+

otherwise

)
32dtan? (§+4)+128d 32dtan? (§+4 ) +128d 32dtan? (§+42 ) +128d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3%cos(d*x+c))**2,x)

[Out] Piecewise((x/(5 + 3*cosh(2*atanh(2)))**2, Eq(c, -d*x - 2xIxatanh(2)) | Eq(c
, —d*x + 2xIxatanh(2))), (x/(3*cos(c) + 5)**2, Eq(d, 0)), (5*(atan(tan(c/2

+ dx*x/2)/2) + pixfloor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 + d*x/2)**2/(32xd*
tan(c/2 + d*x/2)**2 + 128+d) + 20*(atan(tan(c/2 + d*x/2)/2) + pi*floor((c/2

+ d*x/2 - pi/2)/pi))/(32*d*tan(c/2 + d*x/2)**2 + 128*d) - 6*tan(c/2 + d*x/
2)/(32xd*tan(c/2 + d*x/2)*x2 + 128%d), True))

Giac [A]
time = 0.43, size = 59, normalized size = 1.05
5dr+5c¢— 12tan(3detye) 10 arctan ( sin(dz+c) )
tan(% dm—i—% c)2+4 cos(dz+c)+3
64d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*cos(d*x+c))~2,x, algorithm="giac")
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[Out] 1/64*(5%d*x + 5*%c - 12xtan(1/2*d*x + 1/2%c)/(tan(1/2*d*x + 1/2%c)"2 + 4) -
10*xarctan(sin(d*x + c)/(cos(d*x + ¢c) + 3)))/d

Mupad [B]
time = 0.33, size = 67, normalized size = 1.20
o atan —tan(g+d71)
) sl -%)  swn(G+d)
82d 32d 16 (tan (5 +42)° +4)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*cos(c + d*x) + 5)72,x)
[Out] (5*atan(tan(c/2 + (d*x)/2)/2))/(32%d) - (5x(atan(tan(c/2 + (d*x)/2)) - (d*x
)/2))/(32xd) - (3*tan(c/2 + (d*x)/2))/(16xd*(tan(c/2 + (d*x)/2)"2 + 4))
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1
3.20 f (543 cos(c+dz))3 dx

Optimal. Leaf size=81

sin(c+dx)
59z 59ArcTan <3+cos(c+dw)> B 3sin(c+ dz) B 45sin(c + dz)
2048 10244 32d(5 + 3cos(c+ dx))?  512d(5 + 3 cos(c+ dz))

[Out] 59/2048*x-59/1024*arctan(sin(d*x+c)/(3+cos(d*x+c)))/d-3/32*«sin(d*x+c)/d/ (5+
3xcos(d*x+c))~2-45/512*%sin(d*x+c) /d/ (5+3*cos (d*x+c))

Rubi [A]

time = 0.04, antiderivative size = 81, normalized size of antiderivative = 1.00, number of

number of rules _ ( 333
integrand size ’

steps used = 4, number of rules used = 4, integrand size = 12,
Rules used = {2743, 2833, 12, 2736}

sin(c+dz)
B 59ArCTan<cos(c+dm' )+3) B 45sin(c + dx) B 3sin(c + dx) + 59z
1024d 512d(3cos(c + dz) +5) 32d(3cos(c+dx) +5)2 2048

Antiderivative was successfully verified.
[In] Int[(5 + 3*Cos[c + d*x])~(-3),x]

[Out] (59%x)/2048 - (59*ArcTan[Sin[c + d*x]/(3 + Cos[c + d*x])])/(1024*xd) - (3*Si
nlc + d*x])/(32xd*(5 + 3*Cos[c + d*x])~2) - (45%Sin[c + d*x])/(512*%d*(5 + 3
*Cos[c + d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQl[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQlb, x]]

Rule 2736

Int[((a_) + (b_.)*sinl(c_.) + (d_.)*(x_)1)"(-1), x_Symboll :> With[{q = Rt[
a”2 - b"2, 2]}, Simp[x/q, x] + Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a + q
+ b*Sin[c + d*x]))], x]1] /; FreeQ[{a, b, c, d}, x] && GtQ[a"2 - b~2, 0] &&
PosQ[a]

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*xx]*((a + bxSin[c + d*x])"(n + 1)/(d*x(n + 1)*(a"2 - b"2))), x] + Dist
[1/((n + 1)*(@a"2 - b72)), Int[(a + b*Sin[c + d*x])~(n + 1)*Simp[ax(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]
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Rule 2833

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(bxc - a*d))*Cos[e + fxx]*((a + b*Sin[e +
fxx])"(m + 1)/(f*(m + 1)*x(a”2 - b72))), x] + Dist[1/((m + 1)*x(a"2 - b~2)),
Int[(a + b*Sin[e + f*x])~"(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*xc - ax*d)*(m
+ 2)*Sin[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc -
axd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2+m]

Rubi steps
1 dp = — 3sin(c + dx) 1 [ —10+3cos(c + dz) iz
(5+3cos(c+dz))® "~ 32d(5+3cos(c+dx))2 32 ) (5+3cos(c+dx))?
_ 3sin(c + dx) B 45sin(c + dx) N 1 / 59
~ 32d(5+3cos(c+dz))?  512d(5+ 3cos(c+dz)) 512 ) 5+ 3cos(c+a
_ 3sin(c + dx) B 45sin(c + dx) N 59 / 1
~ 32d(5+3cos(c+dzx))2  512d(5+ 3cos(c+dz)) 512 ) 5+ 3cos(c+
_ sin(c+dx)
_ 59z 59 tan™" (3+cos(c+dz)) B 3sin(c + dx) B 45 sin(c + ds
2048 1024d 32d(5 + 3cos(c+dzr))2  512d(5 + 3 cos(c

Mathematica [A]
time = 0.14, size = 56, normalized size = 0.69

59ArcTan (2 cot (% (c+ dx)) ) + 3082 Sin((;r; fg;iizi;(fz(ﬂdw)))
B 1024d

Antiderivative was successfully verified.

[In] Integrate[(5 + 3*Cos[c + d*x])~(-3),x]

[Out] -1/1024*(59*ArcTan[2*Cot[(c + d*x)/2]] + (3*(182*Sin[c + d*x] + 45%Sin[2*(c
+ d*x)]))/(5 + 3*%Cos[c + d*x])~2)/d

Maple [A]
time = 0.08, size = 62, normalized size = 0.77

method result size

dz |, ¢
69(tan3(d7w+%) 51tan(d7‘”+%) 59 arctan M)

y 1024
derivativedivides at i 62




106

(¢}
(tan ( Loy %)) 51tan(d7m+%) 59arctan<*(g+7§))
— - 32
+
4(tan2 @+£+42 1024
default (a (% +5)+e) y 62
isch 3i(59 e3(dz+0) 1 995 e?i(do+e) 1241 ei(drte) 1 45)  59iln(ef(d=+e) 1) 59iIn(ei(dr+e) 4 3) 105
risc - 2564 (3 e2i(dz+c) 10 eildote) +3)7 - 2048d 2048d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5+3*cos(d*x+c))~3,x,method=_RETURNVERBOSE)

[Out] 1/d*(1/4%(-69/128%tan(1/2*d*x+1/2*c) ~3-51/32*tan(1/2*xd*x+1/2*xc))/(tan(1/2*d
*x+1/2%c) ~2+4) ~2+59/1024*arctan (1/2*tan(1/2*d*x+1/2%c)))

Maxima [A]
time = 0.55, size = 111, normalized size = 1.37

68 sin(dz+c) 23 sin(d:v+c)3
cos(dz+c)+1 ' (cos(dztc)+1)3 59 arctan ( sin(dz+c) )

8 sin(dz+c)? sin(dz+c)% 16 2 (COS(d:E+C)+1)
_ (cos(dz+c)+1)2 ' (cos(dw+c)+1)%

1024d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*cos(d*x+c))~3,x, algorithm="maxima")

[Out] -1/1024*(6*(68*sin(d*x + c)/(cos(d*x + c) + 1) + 23*sin(d*x + c)~3/(cos(d*x
+ ¢c) + 1)73)/(8*sin(d*x + c)~2/(cos(d*x + c) + 1)~2 + sin(d*x + c)~4/(cos(
d*x + c) + 1)~4 + 16) - 59%arctan(1/2*sin(d*x + c)/(cos(d*x + c) + 1)))/d

Fricas [A]

time = 0.39, size = 90, normalized size = 1.11

59 (9 cos (dz + ¢)? + 30 cos (dz + ¢) + 25) arctan (%) + 12 (45 cos (dz + ¢) + 91) sin (dz + ¢)
2048 (9 d cos (dz + ¢)* + 30d cos (dz + ) + 25 d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*cos(d*x+c))~3,x, algorithm="fricas")

[Out] -1/2048%(59*(9%cos(d*x + c)~2 + 30*cos(d*x + c) + 25)*arctan(1/4*(5*cos(d*x
+ c) + 3)/sin(d*x + c)) + 12x(45%cos(d*x + c) + 91)*sin(d*x + c))/(9*d*cos

(d*x + ¢)~2 + 30*d*cos(d*x + c) + 25%d)

Sympy [C] Result contains complex when optimal does not.
time = 1.56, size = 359, normalized size = 4.43

for ¢ = —dz — 2iatanh (2) V ¢ = —dz + 2 atanh (2)
ford=0
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*cos(d*x+c))**3,x)

[Out] Piecewise((x/(5 + 3*cosh(2*atanh(2)))**3, Eq(c, -d*x - 2xIxatanh(2)) | Eq(c
, —dxx + 2xI*xatanh(2))), (x/(3*cos(c) + 5)*x3, Eq(d, 0)), (59*(atan(tan(c/2
+ d*x/2)/2) + pi*floor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 + d*x/2)**4/(1024
xdxtan(c/2 + d*x/2)**4 + 8192*d*tan(c/2 + d*x/2)**x2 + 16384*d) + 472+ (atan(
tan(c/2 + d*x/2)/2) + pi*floor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 + d*x/2)*x*
2/(1024*xd*tan(c/2 + d*x/2)**x4 + 8192+«d*xtan(c/2 + d*x/2)**2 + 16384*d) + 944
*(atan(tan(c/2 + d*x/2)/2) + pixfloor((c/2 + d*x/2 - pi/2)/pi))/(1024*d*tan
(c/2 + d*x/2)**4 + 8192xdxtan(c/2 + d*xx/2)**2 + 16384*d) - 138*tan(c/2 + dx
x/2)*x3/(1024*d*tan(c/2 + d*x/2)**4 + 8192xd*xtan(c/2 + d*xx/2)**2 + 16384%*d)
- 408*xtan(c/2 + d*x/2)/(1024xd*tan(c/2 + d*x/2)**x4 + 8192*d*tan(c/2 + d*x/
2)*%*2 + 16384*xd), True))

Giac [A]
time = 0.51, size = 75, normalized size = 0.93
12 (23 tan(% da:—i—% c)3+68 tan(% da:—i—% c))
(tan(% dz—l—% c)2+4> :
2048 d

59dx 4+ 59¢c —

sin(dz+c)
— 118 arctan (m)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*cos(d*x+c))~3,x, algorithm="giac")

[Out] 1/2048%(59*d*x + 59%c - 12%(23*tan(1/2*d*x + 1/2%c)”3 + 68*tan(1/2xd*x + 1/
2%c))/(tan(1/2*d*x + 1/2%c)~2 + 4)~2 - 118*arctan(sin(d*x + c)/(cos(d*x + c

) + 3)))/d

Mupad [B]
time = 0.39, size = 96, normalized size = 1.19

tan(%-l—djm)
59 atan<2> 59 (atan(tan(g + 42)) — 42)

10244 10244 d (tan(g+ dm)4+8tan(g+dg)2+16)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*cos(c + d*x) + 5)°3,x)

[Out] (59*atan(tan(c/2 + (d*x)/2)/2))/(1024*d) - (59*(atan(tan(c/2 + (d*x)/2)) -
(d*x)/2))/(1024*%d) - ((51xtan(c/2 + (d*x)/2))/128 + (69*tan(c/2 + (d*x)/2)"
3)/512)/(d*x(8xtan(c/2 + (d*x)/2)"2 + tan(c/2 + (d*x)/2)"4 + 16))
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1
3.21 f (543 cos(c+dzx))* dx

Optimal. Leaf size=106

sin(c+dz)
385y S85ArcTan ( 3+cos(c+dm)) sin(c + dx) 25sin(c + dz) 311sin(c + dz)

32768 16384d 16d(5 + 3cos(c + dz))?  512d(5 + 3cos(c + dz))?  8192d(5 + 3 cos(c +

[Out] 385/32768*xx-385/16384*arctan(sin(d*x+c)/(3+cos(d*x+c)))/d-1/16*xsin(d*x+c)/d
/ (5+3*cos (d*x+c) ) ~3-25/512*sin(d*x+c)/d/ (5+3*cos(d*x+c)) ~2-311/8192%sin(d*x
+c)/d/ (5+3*cos (d*x+c))

Rubi [A]
time = 0.06, antiderivative size = 106, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.333,

steps used = 5, number of rules used = 4, integrand size = 12,
Rules used = {2743, 2833, 12, 2736}

sin(ctdz)
3 385ArCTa'n(cos(c+dz)+3> 3 311sin(c + dx) B 25sin(c + dz) B sin(c + dz) 385z
16384d 8192d(3cos(c + dz) +5) 512d(3cos(c+dx) +5)2  16d(3cos(c+dx) +5)3 32768

Antiderivative was successfully verified.
[In] Int[(5 + 3*Cos[c + d*x])~(-4),x]

[Out] (385%*x)/32768 - (385%ArcTan[Sin[c + d*x]/(3 + Cos[c + d*x])])/(16384xd) - S
in[c + d*x]/(16*%d*(5 + 3*Cos[c + d*x])~3) - (25%Sin[c + d*x])/(512*xd*(5 + 3
*Cos[c + d*x])~2) - (311xSin[c + d*x])/(8192*d*(5 + 3*Cos[c + d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2736

Int[((a_) + (b_.)*sinl(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{q = Rtl
a”2 - b°2, 2]}, Simp[x/q, x] + Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a + q
+ bxSin[c + d*x]))], x]] /; FreeQ[{a, b, c, d}, x] && GtQ[a"2 - b~2, 0] &&
PosQ[a]

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + bxSin[c + d*x])"(n + 1)/(d*x(n + 1)*(a"2 - b"2))), x] + Dist
[1/((n + 1)*(a"2 - b~2)), Int[(a + b*Sin[c + d*x])~(n + 1)*Simp[a*x(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]
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Rule 2833

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(bxc - a*d))*Cos[e + fxx]*((a + b*Sin[e +
fxx])"(m + 1)/(f*(m + 1)*x(a”2 - b72))), x] + Dist[1/((m + 1)*x(a"2 - b~2)),
Int[(a + b*Sin[e + f*x])~"(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*xc - ax*d)*(m
+ 2)*Sin[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc -
axd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2+m]

Rubi steps
1 dp = — sin(c + dx) 1 [ —1546cos(c+dz) iz
(5+3cos(c+dz))* "~ 16d(5+3cos(c+dx))® 48 ) (54 3cos(c+dx))3
. sin(c + dx) B 25sin(c + dr) N / —l(iigligg’jfdj;? dx
16d(5 + 3cos(c+ dx))®  512d(5 + 3 cos(c + dx))? 1536
_ sin(c + dz) B 25sin(c + dzx) 3 311sin(c + dx)
~ 16d(5+3cos(c+dzx))®  512d(5+ 3cos(c+dz))2  8192d(5 + 3 cos(c +
_ sin(c + dz) B 25sin(c + dx) B 311sin(c + dx)
~ 16d(5+3cos(c+dzx))®  512d(5+ 3cos(c+dz))2  8192d(5 + 3 cos(c +
— sin(c+dz)

_ 38z 385 tan™! (3+cos(c+dz)) B sin(c + dz) B 25sin(c +
32768 16384d 16d(5 + 3cos(c + dz))3  512d(5 + 3 cos|

Mathematica [A]
time = 0.19, size = 66, normalized size = 0.62

770ArcTan (2 cot (% (C + dl’))) + 9(4883 Sin(c+dx)+2(§)i?35102(5%£3_2f§gg+311 sin(3(c+dz)))
B 32768d

Antiderivative was successfully verified.

[In] Integrate[(5 + 3*Cos[c + d*x])~(-4),x]

[Out] -1/32768*(770*xArcTan[2*Cot[(c + d*x)/2]] + (9%(4883*Sin[c + d*x] + 2340%*Sin
[2%x(c + d*x)] + 311*Sin[3*(c + d*x)]))/(5 + 3*Cos[c + d*x])~3)/d

Maple [A]
time = 0.10, size = 75, normalized size = 0.71

] method \ result
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n(dz ¢
639 (tan’ (42 +.§)) 117(san (4 1+5)) s69tan(dE1g) ssarctan M)
. . . o 8 (tanz (@fi)+4)3 o + 16384
derivativedivides 22 -
dz | ¢
639(tan5(4}+%)) 117(tan3(d71+%)) 369tan(d7z+%) 385arctan<ﬂ7+277)>
- 1024 — 32 - 64
(o (s 5) 4] T
default y
risch (10395 e5i(de+<) 186625 e*i(da+<) 4239470 e31(dv+0) 1218466 e2i(42+<) 4+ 73575 ¢'(do+e) 1.8397)  385iIn (4ot 4
122884 (3 e2i(de+e) 410 eildote) 13)° 327684

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5+3*cos(d*x+c))~4,x,method=_RETURNVERBOSE)

[Out] 1/d*(1/8%(-639/1024xtan(1/2*d*x+1/2*c) ~5-117/32%tan(1/2%d*x+1/2%c) ~3-369/64
xtan (1/2*%d*x+1/2*c) )/ (tan(1/2*d*x+1/2%c) ~2+4) ~3+385/16384*arctan(1/2xtan(1/
2%dxx+1/2%c)))

Maxima [A]

time = 0.49, size = 151, normalized size = 1.42

18 656 sin(dz+c) + 416 sin(dm-H:)3 71 sin(dm+c)5
cos(dz+c)+1 ' (cos(daz+c)+1)3 | (cos(dz+c)+1) _ 385 arctan < Sin(dw-}-c) >

48 sin(dz+c)? 12 sin(dz+c)? sin(dz+c)® 2 (COS(dCI)-i—C)-i—l)
_ (cos(dnv-}—c)-kl)2 (cos(d:c+c)+1)4 (cos(daz:-ﬁ-c)-&-l)6

16384 d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*cos(d*x+c))~4,x, algorithm="maxima")

[Out] -1/16384*(18*(656*sin(d*x + c)/(cos(d*x + c) + 1) + 416*sin(d*x + c)~3/(cos
(d*x + c) + 1)73 + 71xsin(d*x + c)~5/(cos(d*x + c) + 1)75)/(48*sin(d*x + c)
~2/(cos(d*x + ¢c) + 1)72 + 12*sin(d*x + c)"4/(cos(d*x + c) + 1)74 + sin(d*x

+ ¢c)"6/(cos(d*x + c) + 1)76 + 64) - 385*arctan(1/2*sin(d*x + c)/(cos(d*x +

c) + 1)))/d

Fricas [A]
time = 0.41, size = 121, normalized size = 1.14

385 (27 cos (dz + ) + 135 cos (dz + ¢)* + 225 cos (dz + ¢) + 125) arctan (siﬁfﬁﬁga) +36 (311 cos (dz + ¢)* + 1170 cos (dz + ¢) + 1143) sin (dz + )
32768 (27 d cos (dz + ¢)® + 135 d cos (dz + ¢)* + 225 d cos (dz + c) + 125.d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*cos(d*x+c))~4,x, algorithm="fricas")

[Out] -1/32768%(385%(27*cos(d*x + c)~3 + 136*cos(d*x + c)~2 + 225%cos(d*x + c) +
125)*arctan(1/4*(5*xcos(d*x + ¢c) + 3)/sin(d*x + c)) + 36%(311*xcos(d*x + c)~2
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+ 1170%cos(d*x + c) + 1143)*sin(d*x + c))/(27*d*xcos(d*x + c)~3 + 135xd*cos
(d*x + ¢)~2 + 225%d*cos(d*x + c) + 125%d)

Sympy [C] Result contains complex when optimal does not.
time = 3.26, size = 592, normalized size = 5.58

o (15781) o 228 ot 1) D S T . o (8] o £ )t (18) oo (=5781) 228

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*cos(d*x+c))**4,x)

[Out] Piecewise((x/(5 + 3*cosh(2*atanh(2)))#**4, Eq(c, -d*x - 2*I*atanh(2)) | Eq(c
, —d*x + 2xIxatanh(2))), (x/(3*cos(c) + 5)**4, Eq(d, 0)), (385*(atan(tan(c/
2 + dxx/2)/2) + pixfloor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 + d*x/2)**6/(163
84xdxtan(c/2 + d*x/2)**6 + 196608*d*tan(c/2 + d*x/2)**x4 + 786432*xd*tan(c/2
+ d*x/2)**2 + 1048576*d) + 4620*(atan(tan(c/2 + d*x/2)/2) + pi*floor((c/2 +
d*x/2 - pi/2)/pi))*tan(c/2 + dxx/2)**4/(16384xd*xtan(c/2 + d*x/2)**6 + 1966
08+dxtan(c/2 + d*x/2)**4 + 786432*d*tan(c/2 + d*x/2)**2 + 1048576*d) + 1848
Ox(atan(tan(c/2 + d*x/2)/2) + pixfloor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 +
d*x/2)**x2/(16384*d*tan(c/2 + d*x/2)**6 + 196608*d*tan(c/2 + d*x/2)**x4 + 786
432xdxtan(c/2 + d*x/2)**2 + 1048576*d) + 24640 (atan(tan(c/2 + d*xx/2)/2) +
pixfloor((c/2 + d*x/2 - pi/2)/pi))/(16384*xdxtan(c/2 + d*x/2)**6 + 196608*d*
tan(c/2 + d*x/2)*x4 + 786432*xd*xtan(c/2 + d*xx/2)**2 + 1048576*d) - 1278*tan(
c/2 + d*x/2)*x5/(16384*d*xtan(c/2 + d*x/2)**6 + 196608*d*tan(c/2 + d*x/2)*x*4
+ 786432xd*tan(c/2 + d*x/2)**x2 + 1048576*d) - 7488*tan(c/2 + d*x/2)**3/(16
384x*d*tan(c/2 + d*x/2)**x6 + 196608*d*tan(c/2 + d*x/2)**4 + 786432*d*tan(c/2
+ d*x/2)**2 + 1048576%d) - 11808*tan(c/2 + d*x/2)/(16384*d*tan(c/2 + d*x/2
)**6 + 196608*d*tan(c/2 + d*x/2)*x4 + 786432*xd*tan(c/2 + dxx/2)**2 + 104857
6%d), True))

Giac [A]
time = 0.43, size = 88, normalized size = 0.83

36 (71 tan(% dav—i—% c)5+416 tan(% dw-i—% c)3+656 tan(% dw-‘,—% c))
3
(tan(% dw-}—% c)2—|—4)
32768d

385dx + 385¢ —

in(dz+c)
— 770 arctan (W)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5+3*cos(d*x+c))~4,x, algorithm="giac")

[Out] 1/32768*(385*d*x + 385%c — 36*%(71xtan(1/2*xd*x + 1/2%c)”5 + 416*xtan(1/2*d*x
+ 1/2%c)”"3 + 656xtan(1/2*%d*x + 1/2*c))/(tan(1/2xd*x + 1/2%c)”"2 + 4)~3 - 770
*arctan(sin(d*x + c)/(cos(d*x + c) + 3)))/d
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Mupad [B]
time = 0.52, size = 96, normalized size = 0.91
385 atan ton(5+7) 639tan(9+d—z)5 117tan<9+d—z>3 369 tan (§+42)
> _ 385 (atan(tan(5 + %)) — %) _ mog— + P I B3
16384d 16384d d(tan(9+d—“”)2+4)3
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*cos(c + d*x) + 5)74,x)

[Out] (385+*atan(tan(c/2 + (d*x)/2)/2))/(16384*d) - (385*(atan(tan(c/2 + (d*x)/2))
- (d*x)/2))/(16384xd) - ((369*tan(c/2 + (d*x)/2))/512 + (117*tan(c/2 + (dx*
x)/2)~3)/256 + (639*tan(c/2 + (d*x)/2)75)/8192)/(d*(tan(c/2 + (d*x)/2)72 +

4)°3)
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1
3.22 5—3 cos(c+dzx) dz

Optimal. Leaf size=33

sin(c+dx)
X + ArcTan (3—cos(c+da:) )

4 2d

[Out] 1/4%x+1/2*arctan(sin(d*x+c)/(3-cos(d*x+c)))/d

Rubi [A]
time = 0.01, antiderivative size = 33, normalized size of antiderivative = 1.00, number of

number of rules _ 0.083,
integrand size

steps used = 1, number of rules used = 1, integrand size = 12,
Rules used = {2736}
sin(c+dx)
ArcTan (3—cos(c+dz) ) x
2d 4

Antiderivative was successfully verified.

[In] Int[(56 - 3*Cos[c + d*x])~(-1),x]

[Out] x/4 + ArcTan[Sin[c + d*x]/(3 - Cos[c + d*x])]/(2xd)
Rule 2736

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{q = Rt[
a~2 - b™2, 21}, Simp[x/q, x] + Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a + q
+ b*Sin[c + d*x]))], x]1] /; FreeQ[{a, b, c, d}, x] && GtQ[a"2 - b~2, 0] &&
PosQ[al

Rubi steps

-1 sin(c+dx)
tan (3—cos(c+dz) >

/ ! dr = > +
5—3cos(c+dzr) 4 2d

Mathematica [A]
time = 0.02, size = 20, normalized size = 0.61

ArcTan(2tan (1(c+ dz)))
2d

Antiderivative was successfully verified.

[In] Integrate[(5 - 3*Cos[c + d*x])~(-1),x]



[Out] ArcTan[2*Tan[(c + d*x)/2]1]1/(2%d)

Maple [A]
time = 0.05, size = 18, normalized size = 0.55
method result size
derivativedivides reton (2 tzz(%z *s ) ) 18
default axctan2 té;z(%w%)) 18
risch iln(ei(‘Z;'C)—3) _ iln(ei(‘j;’c)—%) 38

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5-3*cos(d*x+c)) ,x,method=_RETURNVERBOSE)
[Out] 1/2/d*arctan(2*tan(1/2*d*x+1/2%c))
Maxima [A]

time = 0.50, size = 24, normalized size = 0.73

2 sin(dz+c)
cos(dz+c)+1

2d

arctan <

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5-3*cos(d*x+c)),x, algorithm="maxima")
[Out] 1/2*arctan(2*sin(d*x + c)/(cos(d*x + c) + 1))/d
Fricas [A]

time = 0.38, size = 26, normalized size = 0.79

5 cos(dz+c)—3
4 sin(dz+c)

4d

arctan (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5-3*cos(d*x+c)),x, algorithm="fricas")
[Out] -1/4*arctan(1/4*(5*cos(d*x + c) - 3)/sin(d*x + c))/d

Sympy [A]
time = 0.34, size = 41, normalized size = 1.24

atan (2tan (%—i—%’”))_i_ﬂ { $+%-2

™
2d

J ford #0

. .
530 (0 otherwise

114
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5-3*cos(d*x+c)),x)
[Out] Piecewise(((atan(2*tan(c/2 + d*x/2)) + pi*floor((c/2 + d*x/2 - pi/2)/pi))/(

2xd), Ne(d, 0)), (x/(5 - 3*cos(c)), True))

Giac [A]
time = 0.43, size = 30, normalized size = 0.91

4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5-3*cos(d*x+c)),x, algorithm="giac")
[Out] 1/4%(d*x + c - 2*arctan(sin(d*x + c)/(cos(d*x + c) - 3)))/d

Mupad [B]
time = 0.29, size = 38, normalized size = 1.15
atan(2tan($ + 4%))  atan(tan($+ 42)) — 42
2d - 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-1/(3*cos(c + d*x) - 5),x)
[Out] atan(2*tan(c/2 + (d*x)/2))/(2*d) - (atan(tan(c/2 + (d*x)/2)) - (d*x)/2)/(2*

d)
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1
3.23 f (5—3 cos(c+dz))? dx

Optimal. Leaf size=58

sin(c+dz)
5_.’[} n SArcTan ( 3—cos(c+dzx) > 3 sin(c + da;)
64 32d 16d(5 — 3 cos(c + d))

[Out] 5/64*x+5/32*arctan(sin(d*x+c)/(3-cos(d*x+c)))/d+3/16*sin(d*x+c)/d/ (5-3*cos(
d*xx+c))

Rubi [A]

time = 0.02, antiderivative size = 58, normalized size of antiderivative = 1.00, number of

number of rules _ ( 95
integrand size ’

steps used = 3, number of rules used = 3, integrand size = 12,
Rules used = {2743, 12, 2736}

sin(c+dz)
S5ArcTan ( 3—cos(c+dz) ) 3 sin(c + dZ') n 5_$
32d 16d(5 — 3cos(c +dz)) 64

Antiderivative was successfully verified.
[In] Int[(5 - 3*Cos[c + d*x])~(-2),x]

[Out] (5*x)/64 + (5*ArcTan[Sin[c + d*x]/(3 - Cos[c + d*x])])/(32xd) + (3*Sin[c +
d*x])/(16*xd*(5 - 3*Cos[c + d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2736

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{q = Rt[
a~2 - b™2, 2]}, Simp[x/q, x] + Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a + q
+ bxSin[c + d*x]1))], x]1 /; FreeQl{a, b, c, d}, x] && GtQ[a"2 - b~2, 0] &&
PosQ[al

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + b*Sin[c + d*x])"(n + 1)/(d*(n + 1)*(a"2 - b2))), x] + Dist
[1/((n + 1)*(a"2 - b~2)), Int[(a + bxSin[c + d*x])~(n + 1)*Simp[a*(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]

Rubi steps
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/ 1 dp — 3sin(c + dz) 1 / B 5 i
(5—3cos(c+dx))?2 "~ 16d(5 — 3cos(c+dx)) 16 5 — 3cos(c + dx)

B 3sin(c + dx) 4 5 / 1 s
~ 16d(5 — 3cos(c+dzx)) 16 / 5— 3cos(c+ dx)

— sin(c+dz)
_ 5z N 5 tan~! (3—cos(c+dw)> 3sin(c + dz)
64 32d 16d(5 — 3 cos(c + dx))

Mathematica [A]
time = 0.06, size = 43, normalized size = 0.74

5ArcTan(2tan (3(c+ dz))) — %

32d

Antiderivative was successfully verified.

[In] Integrate[(5 - 3*Cos[c + d*x])~(-2),x]
[Out] (5*%ArcTan[2*Tan[(c + d*x)/2]] - (6+Sin[c + d*x])/(-5 + 3*Cos[c + dxx]))/(32
*d)

Maple [A]
time = 0.07, size = 46, normalized size = 0.79

method result size
3tan(d7"c+%) +5arctan(2tan(d7‘v+%))
. . .. 64 (tan2 dz 1)+ 1 32
derivativedivides (tan (% +5)+3) 5 46
3tan(%ﬁ+%) +5arctan(2tan(d71+%))
64(tan2 (4§ +5§)+1) 32
default | 46
. i(5ei(dz+e) _3) 5iln(ei(d+e)_3)  5iln(eilde+e)_1)
risch 83Tt _10ai@TI13) T 64d - 64d 83

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5-3*cos(d*x+c))~2,x,method=_RETURNVERBOSE)
[Out] 1/d*(3/64*tan(1/2*d*x+1/2*xc)/(tan(1/2xd*x+1/2*c)~2+1/4)+5/32*arctan(2*tan (1
/2%d*x+1/2%c)))
Maxima [A]
time = 0.50, size = 69, normalized size = 1.19
6 sin(dz+c) 2 sin(dz+c)
+ 5 arctan <cos(dw+c)+1)

: 2
(7(; :;;;f;flﬁ +1) (cos(dz-+c)+1)
32d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5-3*cos(d*x+c))~2,x, algorithm="maxima")

[Out] 1/32%(6*sin(d*x + c)/((4*sin(d*x + c)~2/(cos(d*x + ¢c) + 1)72 + 1)*(cos(d*x
+ ¢c) + 1)) + 5xarctan(2*sin(d*x + c)/(cos(d*x + c) + 1)))/d

Fricas [A]
time = 0.37, size = 59, normalized size = 1.02

4 sin(dz+c)
64 (3dcos (dz +c) — 5d)

5(3 cos (dz + ¢) — 5) arctan (W) + 12 sin (dz + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5-3*cos(d*x+c))~2,x, algorithm="fricas")

[Out] -1/64*(5%(3*cos(d*x + c) - 5)*arctan(1/4*x(5xcos(d*x + c) - 3)/sin(d*x + c))
+ 12xsin(d*x + c))/(3*d*cos(d*x + c) - 5%d)

Sympy [C] Result contains complex when optimal does not.
time = 0.71, size = 192, normalized size = 3.31

o oo ()T for ¢ = —dz — 2iatanh (3) V o = ~do + 2 atanh (1)

(5—3cos (¢))? ford=0

zo(;mn(man(g+%))+n[’f’+df’ﬂ)canﬁ (5+%) 5<atan(2can(;+%))+ lﬁ#D Gtan (§+%2)
cp )

=
+
128dtan? (§+ ) +32d 128dtan? (§+ ) +32d 128dtan? (§+%

otherwise

+32d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5-3*cos(d*x+c))**2,x)

[Out] Piecewise((x/(5 - 3*cosh(2*atanh(1/2)))**2, Eq(c, —-d*x - 2*I*atanh(1/2)) |
Eq(c, -d*x + 2*I*atanh(1/2))), (x/(5 - 3xcos(c))**2, Eq(d, 0)), (20x(atan(2
xtan(c/2 + d*x/2)) + pixfloor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 + d*x/2)**2
/(128*d*tan(c/2 + d*x/2)**2 + 32xd) + 5x(atan(2+tan(c/2 + d*x/2)) + pi*floo
r((c/2 + d*x/2 - pi/2)/pi))/(128*d*tan(c/2 + d*x/2)**2 + 32%d) + 6*tan(c/2

+ d*x/2)/(128*d*tan(c/2 + d*x/2)**2 + 32xd), True))

Giac [A]
time = 0.44, size = 61, normalized size = 1.05

12 tan(detlc) < sin(dz-+c) )
Sdz+5c+ 4 tan(L do+1 ¢)*+1 10 arctan cos(dz+c) -3

64d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5-3*cos(d*x+c))~2,x, algorithm="giac")
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[Out] 1/64*(5%dxx + 5%c + 12xtan(1/2*d*x + 1/2%c)/(4xtan(1/2xd*x + 1/2%c)”2 + 1)
- 10*arctan(sin(d*x + c)/(cos(d*x + ¢c) - 3)))/d

Mupad [B]
time = 0.31, size = 67, normalized size = 1.16

+
32d 32d 64d (tan (

Satan(2tan (£ + 42)) 5 (atan(tan(% + 42)) — 42) 3tan($ + 42)
2
_|_ T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*cos(c + d*x) - 5)72,x)

[Out] (6xatan(2*tan(c/2 + (d*x)/2)))/(32*d) - (bx(atan(tan(c/2 + (d*x)/2)) - (d*x
)/2))/(32%xd) + (3*tan(c/2 + (d*x)/2))/(64*d*(tan(c/2 + (d*x)/2)"2 + 1/4))
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1
3.24 f (5—3 cos(c+dz))3 dx

Optimal. Leaf size=83

sin(c+dz)
59z N 59ArCTa'n<3—cos(c+dac)) 3sin(c + dz) 45sin(c + dz)
2048 1024d 32d(5 — 3cos(c+dzx))?  512d(5 — 3 cos(c+ dz))

[Out] 59/2048%x+59/1024*arctan(sin(d*x+c)/(3-cos(d*x+c)))/d+3/32xsin(d*x+c)/d/ (5~
3*cos (d*x+c)) ~2+45/512*sin(d*x+c) /d/ (5-3*cos (d*x+c))

Rubi [A]

time = 0.04, antiderivative size = 83, normalized size of antiderivative = 1.00, number of

steps used = 4, number of rules used = 4, integrand size — 12, humber of rules _ 333

integrand size
Rules used = {2743, 2833, 12, 2736}

sin(c+dx)
59ArcTan (3—cos(c+dz)> 45sin(c + dz) 3sin(c + dz) 59z
10244 512d(5 — 3cos(c+dz))  32d(5 — 3cos(c+dzx))? 2048

Antiderivative was successfully verified.
[In] Int[(5 - 3*Cos[c + d*x])~(-3),x]

[Out] (59%x)/2048 + (59*ArcTan[Sin[c + d*x]/(3 - Cos[c + d*x])])/(1024*d) + (3*Si
nlc + d*x])/(32xd*(5 - 3%Cos[c + d*x])~2) + (45%Sin[c + d*x])/(512*%d*(5 - 3
*Cos[c + d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQl[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQlb, x]]

Rule 2736

Int[((a_) + (b_.)*sinl(c_.) + (d_.)*(x_)1)"(-1), x_Symboll :> With[{q = Rt[
a”2 - b"2, 2]}, Simp[x/q, x] + Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a + q
+ b*Sin[c + d*x]))], x]1] /; FreeQ[{a, b, c, d}, x] && GtQ[a"2 - b~2, 0] &&
PosQ[a]

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*xx]*((a + bxSin[c + d*x])"(n + 1)/(d*x(n + 1)*(a"2 - b"2))), x] + Dist
[1/((n + 1)*(@a"2 - b72)), Int[(a + b*Sin[c + d*x])~(n + 1)*Simp[ax(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]
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Rule 2833

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(bxc - a*d))*Cos[e + fxx]*((a + b*Sin[e +
fxx])"(m + 1)/(f*(m + 1)*x(a”2 - b72))), x] + Dist[1/((m + 1)*x(a"2 - b~2)),
Int[(a + b*Sin[e + f*x])~"(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*xc - ax*d)*(m
+ 2)*Sin[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc -
axd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2+m]

Rubi steps
/ 1 s — 3sin(c + dzx) 1 / —10 — 3 cos(c + dx) i
(5—3cos(c+dx))3 "~ 32d(5—3cos(c+dx))? 32/ (5—3cos(c+ dx))?
B 3sin(c + dx) 45sin(c + dx) /
~ 32d(5 — 3cos(c+dx))2  512d(5 — 3 cos(c + dz)) 512 5 —3cos(c+dz
_ 3sin(c + dx) 45sin(c + dx) /
~ 32d(5 — 3cos(c+dzx))?  512d(5 — 3 cos(c + dz)) 512 5 —3cos(c+dz
_ sin(c+dz)

_ 59z N 59 tan™" <3—cos(c+dz)) N 3sin(c + dr) 45 sin(c + ds
2048 1024d 32d(5 — 3cos(c+dx))?  512d(5 — 3 cos(c-

Mathematica [A]
time = 0.10, size = 65, normalized size = 0.78

59ArcTan(2tan (3(c +dz))) (5 — 3cos(c + dz))* + 546 sin(c + dz) — 135sin(2(c + dz))
1024d(5 — 3 cos(c + dz))?

Antiderivative was successfully verified.

[In] Integrate[(5 - 3*Cos[c + d*x])~(-3),x]

[Out] (59*%ArcTan[2*Tan[(c + d*x)/2]]1*(5 - 3*Cos[c + d*x])~2 + 546*Sin[c + d*x] -
135%Sin[2*(c + d*x)])/(1024*d*(5 - 3*Cos[c + d*x])~2)

Maple [A]
time = 0.08, size = 64, normalized size = 0.77

method result size
51 (tan31(2?+%)) N 69 tan&{?‘*‘%) N 59 arctan(i;zz(djz+%))
derivativedivides ((tan(%45)) 1) P 64
51 (tan?’l(zt;zl .»,.%)) N 69 tan&é?*’%) 59 arctan (21:;22(%54_%))
(s (F +5)) 1)
default | 64
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isch 3i(59 e3i(dz+e) _g5 e2i(dzte) 1241 eildote) —g5)  59iln(e(de+e)—3)  59iln(e(d=F) 1) 105
I1SC 256d(3 e2i(dz+c) _1( ei(dz+c) +3)2 2048d 2048d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5-3*cos(d*x+c))~3,x,method=_RETURNVERBOSE)

[Out] 1/d*(4%(51/512%tan(1/2*d*x+1/2*c) ~3+69/2048*tan(1/2*d*x+1/2%c))/(4xtan(1/2x%
dxx+1/2%c) ~2+1) ~2+59/1024*arctan (2xtan (1/2*d*x+1/2%*c)))

Maxima [A]
time = 0.51, size = 112, normalized size = 1.35

6 (23 sin(dz+c) 68 sin(dm+c)3
cos(dz+e)+1 T (cos(detc)+1)3 2 sin(dz+c)

8 sin(daz:-ﬁ-c)2 16 sin(da:+c)4 +1 _'— 59 arCtan COS(d(IH—C)-i—l
(cos(da:-}—c)-kl)2 (cos(da:+c)+1)4

1024d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5-3*cos(d*x+c))~3,x, algorithm="maxima")

[Out] 1/1024*(6*(23*sin(d*x + c)/(cos(d*x + c) + 1) + 68*sin(d*x + c)~3/(cos(d*x
+ ¢c) + 1)73)/(8*sin(d*x + c)~2/(cos(d*x + c) + 1)72 + 16*sin(d*x + c)~4/(co
s(d*x + c) + 1)74 + 1) + 59*arctan(2*sin(d*x + c)/(cos(d*x + c) + 1)))/d

Fricas [A]

time = 0.36, size = 90, normalized size = 1.08

59 (9 cos (dz + ¢)? — 30 cos (dz + ¢) + 25) arctan (%) + 12 (45 cos (dz + ¢) — 91) sin (dz + ¢)
2048 (9d cos (dz + ¢)* — 30 d cos (dz + ¢) + 25d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5-3*cos(d*x+c))~3,x, algorithm="fricas")

[Out] -1/2048%(59%* (9*%cos(d*x + c)~2 - 30*cos(d*x + c) + 25)*arctan(1/4*(5*xcos(d*x
+ c) - 3)/sin(d*x + c)) + 12x(45%cos(d*x + c) - 91)*sin(d*x + c))/(9*d*cos

(d*x + ¢)~2 - 30*d*cos(d*x + c) + 25xd)

Sympy [C] Result contains complex when optimal does not.
time = 1.44, size = 364, normalized size = 4.39

for ¢ = —dz — 2iatanh (1) V e = —dz + 2iatanh (1)

ford =0

otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5-3*cos(d*x+c))**3,x)
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[Out] Piecewise((x/(5 - 3*cosh(2*atanh(1/2)))**3, Eq(c, —-d*x - 2*I*atanh(1/2)) |
Eq(c, -d*x + 2*Ixatanh(1/2))), (x/(5 - 3*cos(c))**3, Eq(d, 0)), (944*(atan(
2xtan(c/2 + d*x/2)) + pi*floor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 + d*x/2)*x*
4/(16384xd*xtan(c/2 + d*x/2)**4 + 8192*xdxtan(c/2 + d*x/2)**2 + 1024x*d) + 472
*(atan(2*xtan(c/2 + d*x/2)) + pi*floor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 + d
*x/2) **2/(16384*xd*tan(c/2 + d*x/2)**x4 + 8192+d*tan(c/2 + d*x/2)**2 + 1024x*d
) + 59*(atan(2xtan(c/2 + d*x/2)) + pi*floor((c/2 + d*x/2 - pi/2)/pi))/ (1638
4xd*tan(c/2 + d*x/2)**x4 + 8192xd*xtan(c/2 + d*xx/2)**2 + 1024*d) + 408*tan(c/
2 + d*x/2)**3/(16384*d*tan(c/2 + d*x/2)**4 + 8192xd*tan(c/2 + d*x/2)**2 + 1
024*d) + 138*tan(c/2 + d*x/2)/(16384xd*tan(c/2 + d*x/2)**4 + 8192*d*tan(c/2
+ d*xx/2)**2 + 1024*d), True))

Giac [A]
time = 0.45, size = 77, normalized size = 0.93

12 (68 tan(% dac—i—% c)3+23 tan(% dx—i—% c))

59dz 4 59 ¢+ — 118 arctan ( sin(dr+c) )

(4 tan(% dz+% c)2+1>2 cos(dz+c)—3

2048d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5-3*cos(d*x+c))~3,x, algorithm="giac")

[Out] 1/2048%(59*d*x + 59%c + 12%(68*tan(1/2xd*x + 1/2%c)"3 + 23*xtan(1/2xd*x + 1/
2%c))/(4xtan(1/2*d*x + 1/2%c)”"2 + 1)°2 - 118*arctan(sin(d*x + c)/(cos(d*x +
c) - 3)))/d
Mupad [B]
time = 0.37, size = 95, normalized size = 1.14

an(S+22 3 an( ¢4+ 42
59atan(2tan(§ + %)) B 59 (atan(tan(g + %z)) _ %) . 51t 2%4;— L ) N 69t 8(1;; < )

1024d 1024d an(s422)?
dcmmg+?f+t(f%>+g>

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-1/(3*cos(c + d*x) - 5)73,x)

[Out] (59*%atan(2*tan(c/2 + (d*x)/2)))/(1024*d) - (59*(atan(tan(c/2 + (d*x)/2)) -
(d*x)/2))/(1024%d) + ((69*tan(c/2 + (d*x)/2))/8192 + (5ixtan(c/2 + (d*x)/2)
~3)/2048) /(d*(tan(c/2 + (d*x)/2)"2/2 + tan(c/2 + (d*x)/2)"4 + 1/16))
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1
3.25 f (5—3 cos(c+dz))* dx

Optimal. Leaf size=108

sin(c+dz)
385z +385AICT3‘H (3—cos(c+d:c)) sin(c + dx) 25 sin(c + dzx) 311sin(c + dx)
32768 16384d 16d(5 — 3cos(c+ dx))®  512d(5 — 3cos(c+ dz))?  8192d(5 — 3 cos(c +

[Out] 385/32768*x+385/16384*arctan(sin(d*x+c)/(3-cos(d*x+c)))/d+1/16xsin(d*x+c)/d
/ (6-3%cos (d*x+c)) ~3+25/512*sin(d*x+c)/d/ (5-3*cos (d*x+c)) ~2+311/8192%sin (d*x
+c)/d/ (5-3*cos (d*x+c))

Rubi [A]
time = 0.07, antiderivative size = 108, normalized size of antiderivative = 1.00, number of

number of rules _ ( 333
integrand size ’

steps used = 5, number of rules used = 4, integrand size = 12,
Rules used = {2743, 2833, 12, 2736}

sin(ct+dz
385ArCTa’n(3—co(s(c+d)z)> 311sin(c + dz) 25sin(c + dx) sin(c + dz) 385z
16384d 8192d(5 — 3cos(c+dz))  512d(5 — 3cos(c+ dz))?  16d(5 — 3cos(c+ dz))® 32768

Antiderivative was successfully verified.
[In] Int[(5 - 3*Cos[c + d*x])~(-4),x]

[Out] (385%x)/32768 + (385%ArcTan[Sin[c + d*x]/(3 - Cosl[c + d*x])])/(16384*d) + S
in[c + d*x]/(16%d*(5 - 3*Cos[c + d*x])~3) + (25+Sin[c + d*x])/(512*d*(5 - 3
*Cos[c + d*x])~2) + (311*Sin[c + d*x])/(8192*d*(5 - 3*Cos[c + d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2736

Int[((a_) + (b_.)*sinl(c_.) + (d_.)*(x_)1)"(-1), x_Symboll :> With[{q = Rt[
a~2 - b2, 2]}, Simp[x/q, x] + Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a + q
+ bxSin[c + d*x]))], x]] /; FreeQ[{a, b, c, d}, x] && GtQ[a"2 - b2, 0] &&
PosQ[a]

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + bxSin[c + d*x])"(n + 1)/(d*x(n + 1)*(a"2 - b"2))), x] + Dist
[1/((n + 1)*(a"2 - b~2)), Int[(a + b*Sin[c + d*x])~(n + 1)*Simp[a*x(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]
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Rule 2833

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(bxc - a*d))*Cos[e + fxx]*((a + b*Sin[e +
fxx])"(m + 1)/(f*(m + 1)*x(a”2 - b72))), x] + Dist[1/((m + 1)*x(a"2 - b~2)),
Int[(a + b*Sin[e + f*x])~"(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*xc - ax*d)*(m
+ 2)*Sin[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc -
axd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2+m]

Rubi steps
1 s — sin(c + dz) 1 / —15 — 6 cos(c + dz) i
(5—3cos(c+dx))* "~ 16d(5 — 3cos(c+dx))3 48 ) (5—3cos(c+dzx))3
B sin(c + dz) 25sin(c + dx) n / i?‘i*;ii—m dz
~ 16d(5 — 3cos(c + dx))3  512d(5 — 3 cos(c + d))? 1536
B sin(c + dz) 25sin(c + dx) 311sin(c + dx)
~ 16d(5 — 3cos(c+dzx))3 * 512d(5 — 3cos(c+ dz))?  8192d(5 — 3 cos(c + da
B sin(c + dz) 25sin(c + dx) 311sin(c + dx)
~ 16d(5 — 3cos(c+dzx))3 * 512d(5 — 3cos(c+dz))?  8192d(5 — 3 cos(c + da
— sin(c+dz)
385z 385 tan™! (3—cos(c+dz)> sin(c + dx) 25 sin(c +
32768 16384d 16d(5 — 3cos(c + dz))3  512d(5 — 3 cos|

Mathematica [A]
time = 0.15, size = 66, normalized size = 0.61

770ArcTan (2 tan (%(C + dx))) _9(4883 sin(c—{—dw)—(23;3-?2(()2521—3332—311 sin(3(c+dz)))
32768d

Antiderivative was successfully verified.

[In] Integrate[(5 - 3*Cos[c + d*x])~(-4),x]

[Out] (770%ArcTan[2*Tan[(c + d*x)/2]] - (9%(4883*Sin[c + d*x] - 2340*Sin[2*(c + d
*xx)] + 311*Sin[3*(c + d*x)]))/(-5 + 3*Cos[c + d*x])~3)/(32768*d)

Maple [A]
time = 0.10, size = 77, normalized size = 0.71

] method \ result
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nd(dz 4 c n3(dz 4 c n(dz ¢
369 (ta 5$22 +5)) n 17t 2262 + 2))3+ 639 tasggg +$) L8 arctan(lzgzz(%‘v+%))
an2(dz 4 ¢
derivativedivides (4an? (% +5))+1) -
5(d 3(d d

369(tan5$;}+%)) N 117(tan2g67m+%))3+ 639ta1;£;2}+g) N a5 arCtan(li;:I;(dTZ+%))

default (4tan? (% +5))+1)
isch (10395 e5é(dz+c) 86625 e (d2+¢) 1239470 e34(dr+c) 218466 e2:(d2+¢) 1 73575 e(do+0) _8397) | 385iIn(et(dz+e) —3)

Hse 12288d(3 e2i(de+e) —10 eildz+c) 13)° 327684

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5-3*cos(d*x+c))~4,x,method=_RETURNVERBOSE)

[Out] 1/d*(8%(369/4096%tan(1/2*d*x+1/2*c) ~5+117/2048*tan(1/2*d*x+1/2*c) ~3+639/655
36*tan(1/2*d*x+1/2%c) )/ (4*tan(1/2*%d*x+1/2*c) ~2+1) ~3+385/16384*arctan (2*tan (
1/2%d*x+1/2%c)))

Maxima [A]
time = 0.49, size = 152, normalized size = 1.41

18 (71 sin(dz+c) , 416 sin(dz+c)3 656 sin(dz+c)5
cos(dz+c)+1 " (cos(dztc)+1)3 | (cos(dztc)+1)B 2 sin(dz+c)
12 sin(da:-H:)2 48 sin(dm+c)4 64 sin(dm+c)6 + 385 arCtan COS(d:t-I—C)+1
(cos(dz+c)+1)2 ' (cos(dz+c)+1)% " (cos(dz+c)+1)8

16384 d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5-3*cos(d*x+c))~4,x, algorithm="maxima")

[Out] 1/16384%(18*(71*sin(d*x + c)/(cos(d*x + c) + 1) + 416*sin(d*x + c)~3/(cos(d
*x + ¢c) + 1)73 + 656*sin(d*x + c)~5/(cos(d*x + c) + 1)75)/(12*sin(d*x + c)~
2/(cos(d*x + c) + 1)72 + 48*sin(d*x + c)~4/(cos(d*x + c) + 1)74 + 64*sin(dx*
X + ¢)76/(cos(d*x + c) + 1)76 + 1) + 385*arctan(2*sin(d*x + c)/(cos(d*x + ¢

) +1)))/d

Fricas [A]
time = 0.37, size = 121, normalized size = 1.12

385 (27 cos (dz + ¢)® — 135 cos (dz + ¢)* + 225 cos (dz + c) — 125) arctan (5:?‘2%::)53) + 36 (311 cos (dz + ¢)? — 1170 cos (dz + c) + 1143) sin (dz + ¢)
32768 (27 d cos (dz + ¢)* — 135 d cos (dz + ) + 225 d cos (dz + ¢) — 125 d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5-3*cos(d*x+c))~4,x, algorithm="fricas")

[Out] -1/32768%*(385*(27*cos(d*x + c)~3 - 135xcos(d*x + c)~2 + 225*cos(d*x + c) -
125)*xarctan(1/4*(5*%cos(d*x + ¢) - 3)/sin(d*x + c)) + 36%(311*cos(d*x + c)~2

- 1170*cos(d*x + c) + 1143)*sin(d*x + c))/(27*d*cos(d*x + c)~3 - 135*d*cos

(d*x + c)~2 + 225*d*cos(d*x + c) - 125%d)
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Sympy [C] Result contains complex when optimal does not.
time = 3.17, size = 597, normalized size = 5.53

| e Tt i 5 * T o) s T * a5 ot b e ) s 5] e 7 R s 1 Ao T s o e 1 o s Wi T o ) o s i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5-3*cos(d*x+c))**4,x)

[Out] Piecewise((x/(5 - 3*cosh(2*atanh(1/2)))**4, Eq(c, -d*x - 2*I*atanh(1/2)) |
Eq(c, -d*x + 2xI*atanh(1/2))), (x/(5 - 3*cos(c))#**4, Eq(d, 0)), (24640*(ata
n(2*tan(c/2 + d*x/2)) + pi*floor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 + d*x/2)
*x6/(1048576xd*xtan(c/2 + d*xx/2)**6 + 786432*d*tan(c/2 + d*x/2)**4 + 196608%
dxtan(c/2 + dxx/2)**2 + 16384*d) + 18480*(atan(2*tan(c/2 + d*x/2)) + pix*flo
or((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 + d*x/2)**4/(1048576*d*tan(c/2 + d*x/2
)*x6 + 786432*d*tan(c/2 + d*xx/2)**x4 + 196608*d*tan(c/2 + d*x/2)**2 + 16384x*
d) + 4620*(atan(2*tan(c/2 + d*x/2)) + pi*floor((c/2 + d*x/2 - pi/2)/pi))*ta
n(c/2 + dxx/2)**2/(1048576*d*tan(c/2 + d*x/2)**6 + 786432xd*xtan(c/2 + d*xx/2
)x*x4 + 196608*d*tan(c/2 + d*x/2)*x2 + 16384*d) + 385*(atan(2*xtan(c/2 + d*x/
2)) + pixfloor((c/2 + d*x/2 - pi/2)/pi))/(1048576xd*tan(c/2 + d*x/2)*x6 + 7
86432*d*tan(c/2 + d*x/2)**x4 + 196608*d*tan(c/2 + d*x/2)**2 + 16384*d) + 118
08*tan(c/2 + d*x/2)#*x5/(1048576*d*tan(c/2 + d*x/2)**6 + 786432*d*tan(c/2 +
d*xx/2)**x4 + 196608*d*tan(c/2 + d*xx/2)**2 + 16384*d) + 7488*tan(c/2 + d*xx/2)
*x3/(1048576xd*xtan(c/2 + d*x/2)**6 + 786432*d*tan(c/2 + d*x/2)**4 + 196608%
d*tan(c/2 + d*x/2)**2 + 16384*d) + 1278*tan(c/2 + d*x/2)/(1048576*d*tan(c/2
+ d*xx/2)**6 + 786432*%d*tan(c/2 + d*x/2)**4 + 196608*d*tan(c/2 + d*x/2)**2
+ 16384%d), True))

Giac [A]
time = 0.49, size = 90, normalized size = 0.83
36 (656 tan(% dz+% c)5+416 tan(% d;z:+% c)3+71 tan(% dac+% c))
<4 tan(% dw-}—% c)2+1)3
32768 d

— 770 arctan (M>

385dx + 385¢c + cos(dr+c)—3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(5-3*cos(d*x+c))~4,x, algorithm="giac")

[Out] 1/32768*(385*%d*x + 385%c + 36*%(656*%tan(1/2xd*x + 1/2%c)”5 + 416*xtan(1/2*xd*x
+ 1/2*%c)”"3 + Tixtan(1/2*d*x + 1/2%c))/(4xtan(1/2*d*x + 1/2%c)"2 + 1)°3 - 7
70xarctan(sin(d*x + c)/(cos(d*x + ¢c) - 3)))/d
Mupad [B]
time = 0.49, size = 97, normalized size = 0.90
e ds e ds de 369tan(g+%“)5 117tan(%+d7’”)3 639 tan (5+%7)
385atan(2tan(§ + 7)) 38 (atan(tan(s + %)) — ) n 512 + 256 + 8192
3
16384 d 16384 d d (4tan (% " %)2 " 1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*cos(c + d*x) - 5)74,x)

[Out] (385*%atan(2*tan(c/2 + (d*x)/2)))/(16384xd) - (385*(atan(tan(c/2 + (d*x)/2))
- (d*x)/2))/(16384*d) + ((639*tan(c/2 + (d*x)/2))/8192 + (117xtan(c/2 + (d
xx)/2)~3) /256 + (369xtan(c/2 + (d*x)/2)75)/512)/(d*(4*tan(c/2 + (d*x)/2)"2

+ 1)73)
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1
3.26 —5+43 cos(c+dx) dz

Optimal. Leaf size=33

sin(c+dz)
X ArcTan <3—cos(c+dm) )

4 2d

[Out] -1/4%x-1/2*arctan(sin(d*x+c)/(3-cos(d*x+c)))/d

Rubi [A]
time = 0.01, antiderivative size = 33, normalized size of antiderivative = 1.00, number of
steps used = 1, number of rules used = 1, integrand size = 12, Bumber of rules _ (g3

integrand size ’
Rules used = {2737}

in(c+dx)
ArcTan(m>

z
2d 4

Antiderivative was successfully verified.

[In] Int[(-5 + 3*Cos[c + d*x])~(-1),x]

[Out] -1/4%x - ArcTan[Sin[c + d*x]/(3 - Cos[c + d*x])]/(2xd)
Rule 2737

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{q = Rt[
a~2 - b™2, 21}, Simp[-x/q, x] - Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a -
q + bxSin[c + dx*x]1))], x1] /; FreeQ[{a, b, c, d}, x] && GtQ[a"2 - b2, 0] &
& NegQ[al

Rubi steps

tan_1< sin(c+dzx) >

/ 1 dr — _E _ 3—cos(c+dz)
—5+3cos(c+dz) 4 2d

Mathematica [A]
time = 0.02, size = 20, normalized size = 0.61

B ArcTan(2 tan (% (c+ dac)))
2d

Antiderivative was successfully verified.

[In] Integrate[(-5 + 3*Cos[c + d*x])~(-1),x]



[Out] -1/2*ArcTan[2*Tan[(c + d*x)/2]]1/d

Maple [A]
time = 0.05, size = 18, normalized size = 0.55
method result size
derivativedivides | — G tzz< #+5)) 18
default _orcten(2 tzl;< +4)) 18
risch _ iln(ei(‘i”:'”) -3) iln(ei(‘j;”;'c) -3) 38

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-5+3*cos(d*x+c)),x,method=_RETURNVERBOSE)
[Out] -1/2/d*arctan(2xtan(1/2*d*x+1/2%c))

Maxima [A]
time = 0.50, size = 24, normalized size = 0.73

arctan ( 2 sin(dz+c) )

cos(dz+c)+1
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5+3%*cos(d*x+c)),x, algorithm="maxima")
[Out] -1/2*arctan(2*sin(d*x + c)/(cos(d*x + c) + 1))/d

Fricas [A]
time = 0.36, size = 26, normalized size = 0.79

arctan (5 cos(dx+c)—3)

4 sin(dz+-c)
4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5+3%*cos(d*x+c)),x, algorithm="fricas")
[Out] 1/4*arctan(1/4*x(5*%cos(d*x + c) - 3)/sin(d*x + c))/d

Sympy [A]
time = 0.33, size = 42, normalized size = 1.27
c, dr_m
atan (2ta.n (%‘i‘%m))—i-'/r 2+t 23
B 2d { J ford # 0
otherwise

T
3cos(c)—5

130
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5+3*cos(d*x+c)),x)
[Out] Piecewise((-(atan(2*tan(c/2 + d*x/2)) + pixfloor((c/2 + d*x/2 - pi/2)/pi))/
(2xd), Ne(d, 0)), (x/(3*cos(c) - 5), True))

Giac [A]
time = 0.42, size = 30, normalized size = 0.91

dz + ¢ — 2 arctan (c:si?éz—ﬁ)%>

4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5+3*cos(d*x+c)),x, algorithm="giac")
[Out] -1/4*%(d*x + ¢ - 2*arctan(sin(d*x + c)/(cos(d*x + c) - 3)))/d

Mupad [B]
time = 0.25, size = 38, normalized size = 1.15

atan(tan(g + de)) — ‘12—’” B atan(2tan(§ + d?x))

2d 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*cos(c + d*x) - 5),x)
[Out] (atan(tan(c/2 + (d*x)/2)) - (d*x)/2)/(2xd) - atan(2*tan(c/2 + (d*x)/2))/(2*

d)
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1
3.27 f (—5+3 cos(c+dx))? dz

Optimal. Leaf size=58

sin(c+dz)
5_.’[} n SArcTan ( 3—cos(c+dzx) > 3 sin(c + da;)
64 32d 16d(5 — 3 cos(c + d))

[Out] 5/64*x+5/32*arctan(sin(d*x+c)/(3-cos(d*x+c)))/d+3/16*sin(d*x+c)/d/ (5-3*cos(
d*xx+c))

Rubi [A]

time = 0.02, antiderivative size = 58, normalized size of antiderivative = 1.00, number of

number of rules _ ( 95
integrand size ’

steps used = 3, number of rules used = 3, integrand size = 12,
Rules used = {2743, 12, 2737}

sin(c+dz)
S5ArcTan ( 3—cos(c+dz) ) 3 sin(c + dZ') n 5_$
32d 16d(5 — 3cos(c +dz)) 64

Antiderivative was successfully verified.
[In] Int[(-5 + 3*Cos[c + d*x])~(-2),x]

[Out] (5*x)/64 + (5*ArcTan[Sin[c + d*x]/(3 - Cos[c + d*x])])/(32xd) + (3*Sin[c +
d*x])/(16*xd*(5 - 3*Cos[c + d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2737

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{q = Rt[
a~2 - b™2, 2]}, Simp[-x/q, x] - Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a -
q + b*Sin[c + d*x]1))]1, x]] /; FreeQ[{a, b, c, d}, x] && GtQ[a"2 - b~2, 0] &
& NegQ[al

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + b*Sin[c + d*x])"(n + 1)/(d*(n + 1)*(a"2 - b2))), x] + Dist
[1/((n + 1)*(a"2 - b~2)), Int[(a + bxSin[c + d*x])~(n + 1)*Simp[a*(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]

Rubi steps
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1 dp — 3sin(c + dz) 1 / 5 d
(=5 +3cos(c+dz))2 ~  16d(5 —3cos(c+dzx)) 16 ) —5+ 3cos(c+ dz)
3sin(c + dx) 5 / 1
— - = dx
16d(5 — 3cos(c+dz)) 16 ) —5+ 3cos(c+ dx)
_ sin(c+dz)
_ 5z N 5 tan~! <3—cos(c+dz)> 3sin(c + dzx)
64 32d 16d(5 — 3 cos(c + dz))

Mathematica [A]
time = 0.02, size = 43, normalized size = 0.74

5ArcTan(2tan (3(c+ dz))) — %

32d

Antiderivative was successfully verified.

[In] Integrate[(-5 + 3*Cos[c + d*x])~(-2),x]
[Out] (5*%ArcTan[2*Tan[(c + d*x)/2]] - (6+Sin[c + d*x])/(-5 + 3*Cos[c + dxx]))/(32
*d)

Maple [A]
time = 0.06, size = 46, normalized size = 0.79

method result size
3tan(d7"c+%) +5arctan(2tan(d7‘v+%))
. . .. 64 (tan2 dz 1)+ 1 32
derivativedivides (tan (% +5)+3) 5 46
3tan(%ﬁ+%) +5arctan(2tan(d71+%))
64(tan2 (4§ +5§)+1) 32
default | 46
. i(5ei(dz+e) _3) 5iln(ei(d+e)_3)  5iln(eilde+e)_1)
risch 83Tt _10ai@TI13) T 64d - 64d 83

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-5+3*cos(d*x+c))~2,x,method=_RETURNVERBOSE)
[Out] 1/d*(3/64*tan(1/2*d*x+1/2*xc)/(tan(1/2xd*x+1/2*c)~2+1/4)+5/32*arctan(2*tan (1
/2%d*x+1/2%c)))
Maxima [A]
time = 0.48, size = 69, normalized size = 1.19
6 sin(dz+c) 2 sin(dz+c)
+ 5 arctan <cos(dw+c)+1)

: 2
(7(; :;;;f;flﬁ +1) (cos(dz-+c)+1)
32d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5+3*cos(d*x+c))~2,x, algorithm="maxima")

[Out] 1/32%(6*sin(d*x + c)/((4*sin(d*x + c)~2/(cos(d*x + ¢c) + 1)72 + 1)*(cos(d*x
+ ¢c) + 1)) + 5xarctan(2*sin(d*x + c)/(cos(d*x + c) + 1)))/d

Fricas [A]
time = 0.36, size = 59, normalized size = 1.02

4 sin(dz+c)
64 (3dcos (dz +c) — 5d)

5(3 cos (dz + ¢) — 5) arctan (W) + 12 sin (dz + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5+3*cos(d*x+c))~2,x, algorithm="fricas")

[Out] -1/64*(5%(3*cos(d*x + c) - 5)*arctan(1/4*x(5xcos(d*x + c) - 3)/sin(d*x + c))
+ 12xsin(d*x + c))/(3*d*cos(d*x + c) - 5%d)

Sympy [C] Result contains complex when optimal does not.
time = 0.73, size = 192, normalized size = 3.31

oot (ot (1) for ¢ = —do — 2iatanh () V ¢ = —d + 2iatanh (1)

(Bcos ()—5)° ford =0

20<atan (2ten (§+%))+n[’f’*df’ﬂ> tan? (+4) 5<atan (2tan (5+%2))+ li’”%’ﬂ) btan (§+4
ot

=
+
128dtan? (§+ ) +32d 128dtan? (§+ ) +32d 128dtan? (§+%

)) ey otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5+3*cos(d*x+c))**2,x)

[Out] Piecewise((x/(-5 + 3*cosh(2*atanh(1/2)))**2, Eq(c, -d*x - 2xIxatanh(1/2)) |
Eq(c, -d*x + 2*Ixatanh(1/2))), (x/(3*cos(c) - 5)**2, Eq(d, 0)), (20*(atan(
2xtan(c/2 + d*x/2)) + pixfloor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 + d*x/2)**
2/(128xdxtan(c/2 + d*x/2)**2 + 32+d) + 5*x(atan(2*tan(c/2 + d*x/2)) + pixflo
or((c/2 + d*x/2 - pi/2)/pi))/(128*d*tan(c/2 + d*x/2)*x2 + 32xd) + 6*xtan(c/2

+ d*x/2)/(128%d*xtan(c/2 + d*x/2)**x2 + 32%d), True))

Giac [A]

time = 0.47, size = 61, normalized size = 1.05

12 tan(detlc) < sin(dz-+c) )
Sdz+5c+ 4 tan(L do+1 ¢)*+1 10 arctan cos(dz+c) -3

64d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5+3*cos(d*x+c))~2,x, algorithm="giac")
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[Out] 1/64*(5%dxx + 5%c + 12xtan(1/2*d*x + 1/2%c)/(4xtan(1/2xd*x + 1/2%c)”2 + 1)
- 10*arctan(sin(d*x + c)/(cos(d*x + ¢c) - 3)))/d

Mupad [B]
time = 0.00, size = 67, normalized size = 1.16

+
32d 32d 64d (tan (

Satan(2tan (£ + 42)) 5 (atan(tan(% + 42)) — 42) 3tan($ + 42)
2
_|_ T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*cos(c + d*x) - 5)72,x)

[Out] (6xatan(2*tan(c/2 + (d*x)/2)))/(32*d) - (bx(atan(tan(c/2 + (d*x)/2)) - (d*x
)/2))/(32%xd) + (3*tan(c/2 + (d*x)/2))/(64*d*(tan(c/2 + (d*x)/2)"2 + 1/4))
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1
3.28 f (=5+3 cos(c+dx))? dz

Optimal. Leaf size=83

sin(c+dz)
59z 59ArCTa'n<3—cos(c+dx)> B 3sin(c + dz) B 45sin(c + dz)
2048 1024d 32d(5 — 3cos(c+ dx))?  512d(5 — 3 cos(c+ dz))

[Out] -59/2048%x-59/1024*arctan(sin(d*x+c)/(3-cos(d*x+c)))/d-3/32xsin(d*x+c)/d/ (5
-3*cos (d*x+c)) ~2-45/512xsin (d*x+c) /d/ (5-3*cos (d*x+c))

Rubi [A]
time = 0.04, antiderivative size = 83, normalized size of antiderivative = 1.00, number of

number of rules _ ( 333
integrand size ’

steps used = 4, number of rules used = 4, integrand size = 12,
Rules used = {2743, 2833, 12, 2737}

sin(c+dx)
- 59ArcTan <m> 45sin(c + dz) 3sin(c + dx) 59z

1024d  512d(5 — 3cos(c+dz))  32d(5 — 3cos(c+dx))? 2048

Antiderivative was successfully verified.
[In] Int[(-5 + 3*Cos[c + d*x])~(-3),x]

[Out] (-59%x)/2048 - (59*ArcTan[Sin[c + d*x]/(3 - Cos[c + d*x])])/(1024xd) - (3%S
infc + d*x])/(32%d*(5 - 3*Cos[c + d*x])~2) - (45%Sin[c + d*x])/(512%d*(5 -
3*Cos[c + d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQl[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQlb, x]]

Rule 2737

Int[((a_) + (b_.)*sinl(c_.) + (d_.)*(x_)1)"(-1), x_Symboll :> With[{q = Rt[
a”2 - b™2, 2]}, Simp[-x/q, x] - Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a -
q + bxSin[c + d*x]1))], x]]1 /; FreeQ[{a, b, c, d}, x] & GtQ[a"2 - b2, 0] &
& NegQ[al

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*xx]*((a + bxSin[c + d*x])"(n + 1)/(d*x(n + 1)*(a"2 - b"2))), x] + Dist
[1/((n + 1)*(@a"2 - b72)), Int[(a + b*Sin[c + d*x])~(n + 1)*Simp[ax(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]
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Rule 2833

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(bxc - a*d))*Cos[e + fxx]*((a + b*Sin[e +
fxx])"(m + 1)/(f*(m + 1)*x(a”2 - b72))), x] + Dist[1/((m + 1)*x(a"2 - b~2)),
Int[(a + b*Sin[e + f*x])~"(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*xc - ax*d)*(m
+ 2)*Sin[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc -
axd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2+m]

Rubi steps
/ 1 dp = — 3sin(c + dx) 1 / 10 4 3 cos(c + dx) i
(=54 3cos(c+dx))® ~  32d(5—3cos(c+dzx))2 32 ) (=5+3cos(c+ dac))2
B 3sin(c + dx) 45sin(c + dx) /
32d(5 — 3cos(c + dx))?  512d(5 — 3cos(c + dz)) 512 -5+ 3 cos(c
. 3sin(c + dx) B 45sin(c + dx) /
32d(5 — 3cos(c+dz))?  512d(5 — 3cos(c + dx)) 512 —5 4+ 3 cos(c
_ sin(c+dz)
59z 59 tan™! (3—cos(c+dm)> B 3sin(c + dz) B 45sin(c-
2048 1024d 32d(5 — 3cos(c+dz))?  512d(5 — 3co

Mathematica [A]
time = 0.07, size = 65, normalized size = 0.78

—59ArcTan(2tan (1(c+ dz))) (5 — 3cos(c + dz))? — 546sin(c + dz) + 135sin(2(c + dz))
1024d(5 — 3 cos(c + dz))?

Antiderivative was successfully verified.

[In] Integrate[(-5 + 3*Cos[c + d*x])~(-3),x]

[Out] (-59*%ArcTan[2*Tan[(c + d*x)/2]]*(5 - 3*Cos[c + d*x])~2 - 546*Sin[c + d*x] +
135%Sin[2*(c + d*x)])/(1024*d*(5 - 3*Cos[c + d*xx])"2)

Maple [A]
time = 0.08, size = 64, normalized size = 0.77

method result size

51(tan3(d7z+%)) 69tan(dz+%)
! 512 * 2048 59 arctan(2 tan(dTE+%))

an2(dz 4 c 2 1024
derivativedivides (san? (% +5)) 1) p 64




138

. 51(tan3 (i}-ﬁ-g)) 69tan(¢}+ c
512 + 2048 59 arctan(2tan(d7z+%))
- 2 - 1024
default (4(tan? (% +5)) +1) 64
d
3i(59 e3i(dz+e) _95 e2i(dztc) 1241 ei(dote) —g5)  59iln(e(do+e)—3) = 59iln(et(dmFe) 1) 105
- 2048d 2048d

risch — : 4
256d(3 e2i(dz+c) _1( ei(dz+c) +3) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-5+3*cos(d*x+c))~3,x,method=_RETURNVERBOSE)

[Out] 1/d*x(-4%(51/512%tan(1/2*d*xx+1/2%c) ~3+69/2048*tan(1/2*d*x+1/2%c))/(4*tan(1/2
*d*xx+1/2%c) "2+1) ~2-59/1024%arctan (2*xtan(1/2*d*x+1/2%c)))

Maxima [A]
time = 0.51, size = 112, normalized size = 1.35

(23 sin(dz+c) 68 sin(d:c+c)3

cos(dz+e)+1 T (cos(dz+c)+1)3 2 sin(dz+c)
8 sin(dz+c)? 16 sin(dz+c)% +1 + 59 arctan COS(d:E+C)+1
_ (cos(dz+c)+1)2 " (cos(dw+c)+1)%

1024d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5+3*cos(d*x+c))~3,x, algorithm="maxima")

[Out] -1/1024%(6*(23*sin(d*x + c)/(cos(d*x + ¢c) + 1) + 68*sin(d*x + c)~3/(cos(d*x
+ ¢c) + 1)°3)/(8*sin(d*x + c)"2/(cos(d*x + c) + 1)72 + 16*sin(d*x + c)~4/(c
os(d*x + ¢c) + 1)74 + 1) + 59*xarctan(2*sin(d*x + c)/(cos(d*x + c) + 1)))/d

Fricas [A]
time = 0.36, size = 90, normalized size = 1.08

59 (9 cos (dz + ¢)* — 30 cos (dz + ) + 25) arctan (%) + 12 (45 cos (dz + ¢) — 91) sin (dz + ¢)

2048 (9d cos (dz + ¢)* — 30d cos (dz + c) + 25 d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5+3*cos(d*x+c))~3,x, algorithm="fricas")

[Out] 1/2048%(59%*(9%cos(d*x + c)~2 — 30%cos(d*x + c) + 25)*arctan(1/4*(5*cos(d*x
+ ¢c) - 3)/sin(d*x + c)) + 12%(45%cos(d*x + c) - 91)*sin(d*x + c))/(9%d*cos(

d*xx + ¢c)~2 - 30*d*cos(d*x + c) + 25%d)

Sympy [C] Result contains complex when optimal does not.
time = 1.47, size = 366, normalized size = 4.41
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5+3*cos(d*x+c))**3,x)

[Out] Piecewise((x/(-5 + 3*cosh(2*atanh(1/2)))**3, Eq(c, -d*x - 2xIxatanh(1/2)) |
Eq(c, -d*x + 2xIxatanh(1/2))), (x/(3*cos(c) - 5)**3, Eq(d, 0)), (-944x(ata
n(2*tan(c/2 + d*x/2)) + pi*floor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 + d*x/2)
*x4/(16384*d*tan(c/2 + d*x/2)**4 + 8192*xd*tan(c/2 + d*x/2)**2 + 1024x%d) - 4
72*(atan(2*xtan(c/2 + d*x/2)) + pi*floor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 +
d*x/2)**2/(16384*d*xtan(c/2 + d*x/2)**4 + 8192*xd*tan(c/2 + d*x/2)*x2 + 1024
*d) - 59*(atan(2*tan(c/2 + d*x/2)) + pixfloor((c/2 + d*x/2 - pi/2)/pi))/(16
384*d*tan(c/2 + d*x/2)**x4 + 8192*%d*tan(c/2 + d*x/2)**2 + 1024*d) - 408*tan(
c/2 + d*x/2)*x3/(16384*d*xtan(c/2 + d*x/2)**4 + 8192*kd*tan(c/2 + d*x/2)**2 +
1024%d) - 138*tan(c/2 + d*x/2)/(16384*d*tan(c/2 + d*x/2)**4 + 8192*d*tan(c
/2 + dxx/2)*%2 + 1024%d), True))

Giac [A]
time = 0.44, size = 77, normalized size = 0.93
12 (68 tan(% da:—i—% c)3+23 tan(% da:—i—% c))
(4 tan(% dm—l—% c)2—|—1>2
2048 d

59dz +59c+

sin(dz+c)
— 118 arctan (W)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5+3*cos(d*x+c))~3,x, algorithm="giac")

[Out] -1/2048+*(59*d*x + 59*c + 12x(68*tan(1/2*d*x + 1/2xc)”3 + 23xtan(1/2*d*x + 1
/2xc))/(4xtan(1/2xd*x + 1/2*c)"2 + 1)72 - 118*arctan(sin(d*x + c)/(cos(d*x

+c) -3)))/d

Mupad [B]

time = 0.36, size = 96, normalized size = 1.16

an( 442 3 an( £4+42
50 (atan (5 + %)) = %) Sntan(2tan( ) Mg 2

1024 d 1024 d B o (erdz)?
d (tan(g+‘§”)4+t(2:%)+fﬁ>

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*cos(c + d*x) - 5)73,x)

[Out] (59*%(atan(tan(c/2 + (d*x)/2)) - (d*x)/2))/(1024%d) - (59*%atan(2*tan(c/2 + (
d*x)/2)))/(1024%d) - ((69%tan(c/2 + (d*x)/2))/8192 + (5i1xtan(c/2 + (d*x)/2)
~3)/2048) /(d*(tan(c/2 + (d*x)/2)"2/2 + tan(c/2 + (d*x)/2)"4 + 1/16))
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1
3.29 f (—5+3 cos(c+dx))* dz

Optimal. Leaf size=108

sin(c+dz)
385z +385AICT3‘H (3—cos(c+d:c)) sin(c + dx) 25 sin(c + dzx) 311sin(c + dx)
32768 16384d 16d(5 — 3cos(c+ dx))®  512d(5 — 3cos(c+ dz))?  8192d(5 — 3 cos(c +

[Out] 385/32768*x+385/16384*arctan(sin(d*x+c)/(3-cos(d*x+c)))/d+1/16xsin(d*x+c)/d
/ (6-3%cos (d*x+c)) ~3+25/512*sin(d*x+c)/d/ (5-3*cos (d*x+c)) ~2+311/8192%sin (d*x
+c)/d/ (5-3*cos (d*x+c))

Rubi [A]
time = 0.06, antiderivative size = 108, normalized size of antiderivative = 1.00, number of

number of rules _ ( 333
integrand size ’

steps used = 5, number of rules used = 4, integrand size = 12,
Rules used = {2743, 2833, 12, 2737}

sin(ct+dz
385ArCTa’n(3—co(s(c+d)z)> 311sin(c + dz) 25sin(c + dx) sin(c + dz) 385z
16384d 8192d(5 — 3cos(c+dz))  512d(5 — 3cos(c+ dz))?  16d(5 — 3cos(c+ dz))® 32768

Antiderivative was successfully verified.
[In] Int[(-5 + 3*Cos[c + d*x])~(-4),x]

[Out] (385%x)/32768 + (385%ArcTan[Sin[c + d*x]/(3 - Cosl[c + d*x])])/(16384*d) + S
in[c + d*x]/(16%d*(5 - 3*Cos[c + d*x])~3) + (25+Sin[c + d*x])/(512*d*(5 - 3
*Cos[c + d*x])~2) + (311*Sin[c + d*x])/(8192*d*(5 - 3*Cos[c + d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2737

Int[((a_) + (b_.)*sinl(c_.) + (d_.)*(x_)1)"(-1), x_Symboll :> With[{q = Rt[
a”2 - b™2, 2]}, Simp[-x/q, x] - Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a -
q + bxSin[c + d*x]1))], x]]1 /; FreeQ[{a, b, c, d}, x] & GtQ[a"2 - b2, 0] &
& NegQ[al

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + bxSin[c + d*x])"(n + 1)/(d*x(n + 1)*(a"2 - b"2))), x] + Dist
[1/((n + 1)*(a"2 - b~2)), Int[(a + b*Sin[c + d*x])~(n + 1)*Simp[a*x(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]
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Rule 2833

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(bxc - a*d))*Cos[e + fxx]*((a + b*Sin[e +
fxx])"(m + 1)/(f*(m + 1)*x(a”2 - b72))), x] + Dist[1/((m + 1)*x(a"2 - b~2)),
Int[(a + b*Sin[e + f*x])~"(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*xc - ax*d)*(m
+ 2)*Sin[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc -
axd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2+m]

Rubi steps
1 s — sin(c + dz) 1 15 + 6 cos(c + dzx)
(=5 +3cos(c+dx))* "~ 16d(5 —3cos(c+dx))3 48 ) (—5+ 3cos(c+ dr))3

_ sin(c + dx) 25sin(c + dx) f % dx
~ 16d(5 — 3cos(c+ dz))®  512d(5 — 3 cos(c + dm)) 1536

B sin(c + dz) 25sin(c + dx) 311sin(c + dx)
~ 16d(5 — 3cos(c+dz))3  512d(5 — 3cos(c + dx))2  8192d(5 — 3cos(c +
B sin(c + dz) 25sin(c + dx) 311sin(c + dx)
~ 16d(5 — 3cos(c+dz))3  512d(5 — 3cos(c +dx))?2  8192d(5 — 3cos(c +

— sin(c+dz)

385z 385 tan™! <3—cos(c+dm)> sin(c + dx) 25 sin(c
32768 16384d 16d(5 — 3cos(c+ dz))3  512d(5 — 3 cc

Mathematica [A]
time = 0.02, size = 66, normalized size = 0.61

770ArcTan (2 tan (%(C + dx))) _9(4883 sin(c—{—dw)—(23;3-?2(()2521—3332—311 sin(3(c+dz)))
32768d

Antiderivative was successfully verified.

[In] Integrate[(-5 + 3*Cos[c + d*x])~(-4),x]

[Out] (770%ArcTan[2*Tan[(c + d*x)/2]] - (9%(4883*Sin[c + d*x] - 2340*Sin[2*(c + d
*xx)] + 311*Sin[3*(c + d*x)]))/(-5 + 3*Cos[c + d*x])~3)/(32768*d)

Maple [A]
time = 0.09, size = 77, normalized size = 0.71

] method \ result
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nd(dz 4 c n3(dz 4 c n(dz ¢
369 (ta 5$22 +5)) n 17t 2262 + 2))3+ 639 tasggg +$) L8 arctan(lzgzz(%‘v+%))
an2(dz 4 ¢
derivativedivides (4an? (% +5))+1) -
5(d 3(d d

369(tan5$;}+%)) N 117(tan2g67m+%))3+ 639ta1;£;2}+g) N a5 arCtan(li;:I;(dTZ+%))

default (4tan? (% +5))+1)
isch (10395 e5é(dz+c) 86625 e (d2+¢) 1239470 e34(dr+c) 218466 e2:(d2+¢) 1 73575 e(do+0) _8397) | 385iIn(et(dz+e) —3)

Hse 12288d(3 e2i(de+e) —10 eildz+c) 13)° 327684

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-5+3*cos(d*x+c))~4,x,method=_RETURNVERBOSE)

[Out] 1/d*(8%(369/4096%tan(1/2*d*x+1/2*c) ~5+117/2048*tan(1/2*d*x+1/2*c) ~3+639/655
36*tan(1/2*d*x+1/2%c) )/ (4*tan(1/2*%d*x+1/2*c) ~2+1) ~3+385/16384*arctan (2*tan (
1/2%d*x+1/2%c)))

Maxima [A]
time = 0.49, size = 152, normalized size = 1.41

18 (71 sin(dz+c) , 416 sin(dz+c)3 656 sin(dz+c)5
cos(dz+c)+1 " (cos(dztc)+1)3 | (cos(dztc)+1)B 2 sin(dz+c)
12 sin(da:-H:)2 48 sin(dm+c)4 64 sin(dm+c)6 + 385 arCtan COS(d:t-I—C)+1
(cos(dz+c)+1)2 ' (cos(dz+c)+1)% " (cos(dz+c)+1)8

16384 d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5+3*cos(d*x+c))~4,x, algorithm="maxima")

[Out] 1/16384%(18*(71*sin(d*x + c)/(cos(d*x + c) + 1) + 416*sin(d*x + c)~3/(cos(d
*x + ¢c) + 1)73 + 656*sin(d*x + c)~5/(cos(d*x + c) + 1)75)/(12*sin(d*x + c)~
2/(cos(d*x + c) + 1)72 + 48*sin(d*x + c)~4/(cos(d*x + c) + 1)74 + 64*sin(dx*
X + ¢)76/(cos(d*x + c) + 1)76 + 1) + 385*arctan(2*sin(d*x + c)/(cos(d*x + ¢

) +1)))/d

Fricas [A]
time = 0.39, size = 121, normalized size = 1.12

385 (27 cos (dz + ¢)® — 135 cos (dz + ¢)* + 225 cos (dz + c) — 125) arctan (5:?‘2%::)53) + 36 (311 cos (dz + ¢)? — 1170 cos (dz + c) + 1143) sin (dz + ¢)
32768 (27 d cos (dz + ¢)* — 135 d cos (dz + ) + 225 d cos (dz + ¢) — 125 d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5+3*cos(d*x+c))~4,x, algorithm="fricas")

[Out] -1/32768%*(385*(27*cos(d*x + c)~3 - 135xcos(d*x + c)~2 + 225*cos(d*x + c) -
125)*xarctan(1/4*(5*%cos(d*x + ¢) - 3)/sin(d*x + c)) + 36%(311*cos(d*x + c)~2

- 1170*cos(d*x + c) + 1143)*sin(d*x + c))/(27*d*cos(d*x + c)~3 - 135*d*cos

(d*x + c)~2 + 225*d*cos(d*x + c) - 125%d)
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Sympy [C] Result contains complex when optimal does not.
time = 3.13, size = 597, normalized size = 5.53

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5+3*cos(d*x+c))**4,x)

[Out] Piecewise((x/(-5 + 3*cosh(2*atanh(1/2)))**4, Eq(c, -d*x - 2xIxatanh(1/2)) |
Eq(c, -d*x + 2xIxatanh(1/2))), (x/(3*cos(c) - 5)*x4, Eq(d, 0)), (24640*(at
an(2*tan(c/2 + d*x/2)) + pixfloor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 + d*x/2
)**6/(1048576*xd*tan(c/2 + d*x/2)*x6 + 786432*xd*tan(c/2 + d*x/2)**4 + 196608
xdxtan(c/2 + d*x/2)**2 + 16384*d) + 18480+ (atan(2*tan(c/2 + d*x/2)) + pix*fl
oor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 + d*x/2)*x4/(1048576*d*tan(c/2 + d*x/
2)**6 + 786432xd*xtan(c/2 + d*x/2)**4 + 196608*d*xtan(c/2 + d*x/2)**2 + 16384
*d) + 4620*(atan(2*tan(c/2 + d*x/2)) + pixfloor((c/2 + d*x/2 - pi/2)/pi))*t
an(c/2 + d*x/2)**x2/(1048576xd*xtan(c/2 + d*x/2)**6 + 786432*d*tan(c/2 + d*x/
2)*x4 + 196608*d*tan(c/2 + d*x/2)**2 + 16384*d) + 385*x(atan(2*tan(c/2 + d*x
/2)) + pi*floor((c/2 + d*x/2 - pi/2)/pi))/(1048576*d*tan(c/2 + d*x/2)**6 +
786432*%d*tan(c/2 + d*x/2)**4 + 196608*d*tan(c/2 + d*x/2)**2 + 16384x*d) + 11
808*tan(c/2 + d*x/2)*x5/(1048576*d*tan(c/2 + d*x/2)*x6 + 786432xd*tan(c/2 +
d*x/2)**4 + 196608*d*tan(c/2 + d*x/2)**2 + 16384*d) + 7488*tan(c/2 + d*x/2
)**3/(1048576*xd*tan(c/2 + d*x/2)*x6 + 786432*xd*tan(c/2 + d*x/2)**4 + 196608
xdxtan(c/2 + dxx/2)**2 + 16384*d) + 1278*tan(c/2 + d*x/2)/(1048576*d*tan(c/
2 + d*x/2)**6 + 786432*xd*tan(c/2 + d*x/2)**x4 + 196608*d*tan(c/2 + d*x/2)**2
+ 16384*xd), True))

Giac [A]
time = 0.45, size = 90, normalized size = 0.83

36 (656 tan(% dz+% c)5+416 tan(% d;z:+% c)3+71 tan(% dac+% c))

385dz + 385 ¢ + — 770 arctan (2t )

cos(dz+c)—3

<4 tan(% dw-}—% c)2+1)3

32768 d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5+3*cos(d*x+c))~4,x, algorithm="giac")

[Out] 1/32768*(385*%d*x + 385%c + 36*%(656*%tan(1/2xd*x + 1/2%c)”5 + 416*xtan(1/2*xd*x
+ 1/2*%c)”"3 + Tixtan(1/2*d*x + 1/2%c))/(4xtan(1/2*d*x + 1/2%c)"2 + 1)°3 - 7
70xarctan(sin(d*x + c)/(cos(d*x + ¢c) - 3)))/d
Mupad [B]
time = 0.00, size = 97, normalized size = 0.90
e ds e ds de 369tan(g+%“)5 117tan(%+d7’”)3 639 tan (5+%7)
385atan(2tan(§ + 7)) 38 (atan(tan(s + %)) — ) n 512 + 256 + 8192
3
16384 d 16384 d d (4tan (% " %)2 " 1)




144

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*cos(c + d*x) - 5)74,x)

[Out] (385*%atan(2*tan(c/2 + (d*x)/2)))/(16384xd) - (385*(atan(tan(c/2 + (d*x)/2))
- (d*x)/2))/(16384*d) + ((639*tan(c/2 + (d*x)/2))/8192 + (117xtan(c/2 + (d
xx)/2)~3) /256 + (369xtan(c/2 + (d*x)/2)75)/512)/(d*(4*tan(c/2 + (d*x)/2)"2

+ 1)73)
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1
3.30 —5—3 cos(c+dx) dz

Optimal. Leaf size=31

sin(c+dz)
_ f n ArcTan < 3+cos(c+dx) >
4 2d

[Out] -1/4%x+1/2*arctan(sin(d*x+c)/(3+cos(d*x+c)))/d

Rubi [A]
time = 0.01, antiderivative size = 31, normalized size of antiderivative = 1.00, number of
steps used = 1, number of rules used = 1, integrand size = 12, number of rules _ ) 4g3

integrand size ’
Rules used = {2737}

sin(c+dz)
ArcTan ( cos(cidm)+3 ) _

r
2d 4

Antiderivative was successfully verified.

[In] Int[(-5 - 3*Cos[c + d*x])~(-1),x]

[Out] -1/4*x + ArcTan[Sin[c + d*x]/(3 + Cos[c + d*x])]/(2xd)
Rule 2737

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{q = Rt[
a~2 - b™2, 21}, Simp[-x/q, x] - Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a -
q + bxSin[c + dx*x]1))], x1] /; FreeQ[{a, b, c, d}, x] && GtQ[a"2 - b2, 0] &
& NegQ[al

Rubi steps

-1 sin(c+dzx)
tan <3+cos(c+d:c) >

/ ! dr = -2 +
—5—3cos(c+dz) 4 2d

Mathematica [A]
time = 0.02, size = 20, normalized size = 0.65

ArcTan(2cot (3(c+ dz)))
2d

Antiderivative was successfully verified.

[In] Integrate[(-5 - 3*Cos[c + d*x])~(-1),x]
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[Out] ArcTan[2*Cot[(c + d*x)/2]1]1/(2%d)

Maple [A]
time = 0.05, size = 18, normalized size = 0.58

method result size
arctan (tan ( d?w +3 ) >

derivativedivides | — o 18
arctan (tan ( df +5 ) >

default — 5d 18

. iln(ei(dw+c)+3) z’ln(ei(dx’Lc)—i-l)

risch — 1 + y7 R 38

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-5-3%cos(d*x+c)) ,X,meth0d=_RETURNVERBOSE)
[Out] -1/2/d*arctan(1l/2*tan(1/2*d*x+1/2%c))

Maxima [A]
time = 0.48, size = 24, normalized size = 0.77
sin(dz+c)
B arctan <2 (cos(datc)+1) >
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5-3*cos(d*x+c)),x, algorithm="maxima")
[Out] -1/2*arctan(1/2*sin(d*x + c)/(cos(d*x + c) + 1))/d
Fricas [A]

time = 0.38, size = 26, normalized size = 0.84

5 cos(dz+c)+3
4 sin(dz+c)

4d

arctan (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5-3*cos(d*x+c)),x, algorithm="fricas")
[Out] 1/4*arctan(1/4*(5*cos(d*x + c) + 3)/sin(d*x + c))/d
Sympy [A]

time = 0.34, size = 44, normalized size = 1.42

t cdz cide_ 1
a‘can(an(j 7)>+7{2+i 2J

2

ford #0

. .
ey g otherwise
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5-3*cos(d*x+c)),x)
[Out] Piecewise((-(atan(tan(c/2 + d*x/2)/2) + pixfloor((c/2 + d*x/2 - pi/2)/pi))/
(2xd), Ne(d, 0)), (x/(-3*cos(c) - 5), True))

Giac [A]
time = 0.43, size = 30, normalized size = 0.97

dz + ¢ — 2 arctan (%)
- 4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5-3*cos(d*x+c)),x, algorithm="giac")
[Out] -1/4*(d*x + ¢ - 2*arctan(sin(d*x + c)/(cos(d*x + c) + 3)))/d

Mupad [B]
time = 0.25, size = 38, normalized size = 1.23

atan(tan(g + %z)) —dz

2d 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-1/(3*cos(c + d*x) + 5),x)
[Out] (atan(tan(c/2 + (d*x)/2)) - (d*x)/2)/(2*d) - atan(tan(c/2 + (d*x)/2)/2)/(2*

d)



148

1
3.31 f (—5—3 cos(c+dx))? dz

Optimal. Leaf size=56

sin(c+dx)
5z 5ArcTan <3+cos(c~|—dac)> B 3sin(c + dz)
64 32d 16d(5 + 3 cos(c + dz))

[Out] 5/64*x-5/32*arctan(sin(d*x+c)/(3+cos(d*x+c)))/d-3/16*sin(d*x+c)/d/ (5+3*cos(
d*xx+c))

Rubi [A]

time = 0.02, antiderivative size = 56, normalized size of antiderivative = 1.00, number of

number of rules _ ( 95
integrand size ’

steps used = 3, number of rules used = 3, integrand size = 12,
Rules used = {2743, 12, 2737}

sin(c+dx)
- 5ArcTan (W) 3sin(c + dx) oL

32d 16d(3cos(c + dz) +5) | 64

Antiderivative was successfully verified.
[In] Int[(-5 - 3*Cos[c + d*x])~(-2),x]

[Out] (5*x)/64 - (5*ArcTan[Sin[c + d*x]/(3 + Cos[c + d*x])])/(32xd) - (3*Sin[c +
d*x])/(16*xd*(5 + 3*Cos[c + d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2737

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{q = Rt[
a~2 - b™2, 2]}, Simp[-x/q, x] - Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a -
q + b*Sin[c + d*x]1))]1, x]] /; FreeQ[{a, b, c, d}, x] && GtQ[a"2 - b~2, 0] &
& NegQ[al

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + b*Sin[c + d*x])"(n + 1)/(d*(n + 1)*(a"2 - b2))), x] + Dist
[1/((n + 1)*(a"2 - b~2)), Int[(a + bxSin[c + d*x])~(n + 1)*Simp[a*(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]

Rubi steps
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)

/ 1 dr — — 3sin(c + dx) 1 / s
(=5 —3cos(c+dx))2 ~  16d(5+3cos(c+dzx)) 16 ) —5— 3cos(c+ dz)
3sin(c + dz) 5 / 1
- _ - = dx
16d(5 + 3cos(c+dz)) 16 )] —5— 3cos(c+ dz)

— sin(c+dx)
_ 5z 5 tan~! <3+cos(c+dz)> B 3sin(c + dz)
64 32d 16d(5 + 3 cos(c + dz))
Mathematica [A]
time = 0.02, size = 43, normalized size = 0.77
~ 5ArcTan(2cot (1(c+dz))) + —ﬁ;fé;gifgaO

32d
Antiderivative was successfully verified.
[In] Integrate[(-5 - 3*Cos[c + d*x])~(-2),x]
[Out] -1/32%(5xArcTan[2*Cot[(c + d*x)/2]] + (6*Sin[c + d*x])/(5 + 3*Cos[c + d*x])

)/d

Maple [A]
time = 0.06, size = 46, normalized size = 0.82

method result size
s . tan(de+%)
Stan(djm-kg) n arctamn 2
e e ~ 16(tan2 (1 5)+4 32
derivativedivides (tan(F+5)+¢) y 46
5 . tan %‘”4—%)
Stan(dTEJr%) " arctan| ———5——
" 16(tan2 (92 + )14 32
default (tan? (% +5) +4) < 46
. i(5ei(dzte) 1 3) 5iln(e!(d+9)+3)  5iln(efldot) 4 1)
rlSCh - 8d(3 e2i(dz+c) 110 ei(da+c) +3) + 64d - 64d 83

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-5-3*cos(d*x+c))~2,x,method=_RETURNVERBOSE)
[Out] 1/d*(-3/16xtan(1/2*d*x+1/2*c)/(tan(1/2*d*x+1/2%c) ~2+4)+5/32*arctan(1/2*tan(
1/2%d*x+1/2%c)))

Maxima [A]
time = 0.49, size = 68, normalized size = 1.21
Fsinldeto — 5 arctan (2(cii:((j;:cc))+1)>

- 2
<7(Cossl(n‘;zit;il)2 +4) (cos(dz+c)+1)

B 32d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5-3*cos(d*x+c))~2,x, algorithm="maxima")

[Out] -1/32%(6*sin(d*x + ¢)/((sin(d*x + c)~2/(cos(d*x + ¢c) + 1)72 + 4)*(cos(d*x +

c) + 1)) - 5xarctan(1/2*sin(d*x + c)/(cos(d*x + ¢c) + 1)))/d

Fricas [A]
time = 0.35, size = 59, normalized size = 1.05

4 sin(dz+c)
64 (3dcos (dz +¢c) + 54d)

5(3 cos (dz + ¢) + 5) arctan <w> + 12 sin (dz + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5-3*cos(d*x+c))~2,x, algorithm="fricas")

[Out] -1/64*(5%(3*cos(d*x + c) + 5)*arctan(1/4*x(5xcos(d*x + c) + 3)/sin(d*x + c))

+ 12xsin(d*x + c¢))/(3*d*cos(d*x + c) + 5%d)

Sympy [C] Result contains complex when optimal does not.
time = 0.88, size = 190, normalized size = 3.39

for ¢ = —dz — 2iatanh (2) V ¢ = —dz + 2i atanh (2)
ford=0

T
(—5—3cosh (2atanh (2)))2

(—3cos (c)—5)2

cyde cyde cide cydz_m
5<Wm (tan(22 3 ))JMF%ZD tan? (%JF%) 20(amn (w +”[2+IW IJ stan <£+ﬂ
2 2
+

otherwise

)
32dtan? (§+4)+128d 32dtan? (§+4 ) +128d 32dtan? (§+42 ) +128d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5-3*cos(d*x+c))**2,x)

[Out] Piecewise((x/(-5 - 3*cosh(2*atanh(2)))**2, Eq(c, -d*x - 2*I*atanh(2))
c, —d*x + 2+Ixatanh(2))), (x/(-3*cos(c) - 5)**2, Eq(d, 0)), (5*(atan(tan(c/
2 + dxx/2)/2) + pixfloor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 + d*x/2)**2/(32*
dxtan(c/2 + dxx/2)**2 + 128+%d) + 20*(atan(tan(c/2 + d*x/2)/2) + pi*floor((c
/2 + d*x/2 - pi/2)/pi))/(32*d*tan(c/2 + d*x/2)**2 + 128*d) - 6*tan(c/2 + d*
x/2)/(32xd*tan(c/2 + d*x/2)**2 + 128%d), True))

Giac [A]
time = 0.44, size = 59, normalized size = 1.05
_ 12tan(3detgzc) sin(dz+c) )
5 d.’L' + ¢ tan(% d;-i-% 0)22+4 10 arctan (cos(dw+0)+3
64d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5-3*cos(d*x+c))~2,x, algorithm="giac")

| Eq(
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[Out] 1/64*(5%d*x + 5*%c - 12xtan(1/2*d*x + 1/2%c)/(tan(1/2*d*x + 1/2%c)"2 + 4) -
10*xarctan(sin(d*x + c)/(cos(d*x + ¢c) + 3)))/d

Mupad [B]
time = 0.00, size = 67, normalized size = 1.20
o atan —tan(g+d71)
) sl -%)  swn(G+d)
82d 32d 16 (tan (5 +42)° +4)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*cos(c + d*x) + 5)72,x)
[Out] (5*atan(tan(c/2 + (d*x)/2)/2))/(32%d) - (5x(atan(tan(c/2 + (d*x)/2)) - (d*x
)/2))/(32xd) - (3*tan(c/2 + (d*x)/2))/(16xd*(tan(c/2 + (d*x)/2)"2 + 4))
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1
3.32 f (—5—3 cos(c+dx))3 dx

Optimal. Leaf size=81

sin(c+dz)
_ 59z N 59ArcTan <3+cos(c+dﬂc)> 3sin(c + dz) N 45sin(c + dz)
2048 10244 32d(5 + 3cos(c+ dx))? * 512d(5 + 3cos(c + dx))

[Out] -59/2048*x+59/1024*arctan(sin(d*x+c)/(3+cos(d*x+c)))/d+3/32*xsin(d*x+c)/d/ (5
+3*cos (d*x+c)) ~2+45/512*sin(d*x+c) /d/ (56+3*cos (d*x+c))

Rubi [A]
time = 0.04, antiderivative size = 81, normalized size of antiderivative = 1.00, number of

number of rules _ ( 333
integrand size ’

steps used = 4, number of rules used = 4, integrand size = 12,
Rules used = {2743, 2833, 12, 2737}

sin(c+dx)
59ArcTan (W) 45sin(c + dz) 3sin(c + dx) 59z

1024d 512d(3cos(c + dx) +5) = 32d(3cos(c+dz) +5)2 2048

Antiderivative was successfully verified.
[In] Int[(-5 - 3*Cos[c + d*x])~(-3),x]

[Out] (-59%x)/2048 + (59*ArcTan[Sin[c + d*x]/(3 + Cos[c + d*x])])/(1024xd) + (3%S
in[c + d*x])/(32%d*(5 + 3%Cos[c + d*x])~2) + (45%Sin[c + d*x])/(512%d*(5 +
3*Cos[c + d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQl[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQlb, x]]

Rule 2737

Int[((a_) + (b_.)*sinl(c_.) + (d_.)*(x_)1)"(-1), x_Symboll :> With[{q = Rt[
a”2 - b™2, 2]}, Simp[-x/q, x] - Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a -
q + bxSin[c + d*x]1))], x]]1 /; FreeQ[{a, b, c, d}, x] & GtQ[a"2 - b2, 0] &
& NegQ[al

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*xx]*((a + bxSin[c + d*x])"(n + 1)/(d*x(n + 1)*(a"2 - b"2))), x] + Dist
[1/((n + 1)*(@a"2 - b72)), Int[(a + b*Sin[c + d*x])~(n + 1)*Simp[ax(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]



153

Rule 2833

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(bxc - a*d))*Cos[e + fxx]*((a + b*Sin[e +
fxx])"(m + 1)/(f*(m + 1)*x(a”2 - b72))), x] + Dist[1/((m + 1)*x(a"2 - b~2)),
Int[(a + b*Sin[e + f*x])~"(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*xc - ax*d)*(m
+ 2)*Sin[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc -
axd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2+m]

Rubi steps
/ 1 s — 3sin(c + dx) 1 / 10 — 3 cos(c + dx) i
(=5 —3cos(c+dr))3 ~  32d(5+3cos(c+dx))? 32 ) (—5—3cos(c+ dzx))?
B 3sin(c + dx) 45sin(c + dx) 1 / 59
~ 32d(5+ 3cos(c+dz))?  512d(5+ 3cos(c+dz)) 512 ) —5—3cos(c+
. 3sin(c + dx) n 45sin(c + dx) N 59 / 1
~ 32d(5+ 3cos(c+dx))2 * 512d(5 + 3cos(c+dzx)) 512 ) —5— 3cos(c+
— sin(c+dz)

59z N 59 tan™! (3+cos(c+dm)> 3sin(c + dz) 45 sin(c -
© 2048 1024d 32d(5 + 3cos(c + dx))2  512d(5 + 3 co

Mathematica [A]
time = 0.07, size = 65, normalized size = 0.80

59ArcTan(2 cot (3(c +dz))) (5 + 3cos(c + dz))* + 546 sin(c + dz) + 135 sin(2(c + dz))
1024d(5 + 3 cos(c + dx))?

Antiderivative was successfully verified.

[In] Integrate[(-5 - 3*Cos[c + d*x])~(-3),x]

[Out] (59*%ArcTan[2*Cot[(c + d*x)/2]]1*(5 + 3*Cos[c + d*x])~2 + 546xSin[c + d*x] +
135%Sin[2*%(c + d*x)])/(1024*d*x(5 + 3*Cos[c + dx*xx])~2)

Maple [A]
time = 0.08, size = 62, normalized size = 0.77

method result size
dz | c
69(tan3(d72+% ) 51tan(d7x+%) 59arctan<ﬂ%+72)>
_Z 128 — 32 _
.. . . 4(tan2 (92 1 &) 44)? 1024
derivativedivides (tan? (% +5)+4) 62
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tan ( de —+ %)
69(tan3(d7m+%)) 51tan(d737+%) 59arctan | ———5—=%~
__ 128 - 32 _
4(tan2 (42 + ¢ +42 1024
default (ton? () +4) ; 62
isch 3i(59 e31(dz+e) 1 995 e2i(dzte) 941 ei(drte) 1 45)  59iln(ef(de+o) 1)  59iIn(ei(dr+e) 43) 105
Tise 256d(3 e2i(de+c) 410 ei(do+e) 4-3)? 20484 o 20484

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-5-3*cos(d*x+c))~3,x,method=_RETURNVERBOSE)

[Out] 1/d*(-1/4%(-69/128*tan(1/2*d*x+1/2%c) ~3-51/32*tan(1/2%d*x+1/2%c))/(tan(1/2%
dxx+1/2%c) ~2+4)~2-59/1024*arctan(1/2*xtan(1/2*d*x+1/2%c)))

Maxima [A]
time = 0.59, size = 111, normalized size = 1.37

6 (68 sin(dz+c) 23 sin(dw+c)3
cos(dzte)+1 T (cos(da+c)+1)3 sin(dz+c)
8 sin(dz+c)2 sin(dz+c)% - 59 arctan 2 (COS(d:I:+C)+1)
(cos(dz+c)+1)2 " (cos(dx+c)+1)%

1024d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5-3*cos(d*x+c))~3,x, algorithm="maxima")

[Out] 1/1024%(6*%(68*sin(d*x + c)/(cos(d*x + c) + 1) + 23*sin(d*x + c)~3/(cos(d*x
+ ¢c) + 1)°3)/(8*sin(d*x + c)~2/(cos(d*x + c) + 1)~2 + sin(d*x + c)~4/(cos(d

*x + c) + 1)74 + 16) - 59*arctan(1/2*sin(d*x + c)/(cos(d*x + c) + 1)))/d

Fricas [A]

time = 0.38, size = 90, normalized size = 1.11

59 (9 cos (dz + ¢)* + 30 cos (dz + ¢) + 25) arctan (%) + 12 (45 cos (dz + ¢) + 91) sin (dz + ¢)

2048 (9d cos (dz + ¢)* + 30 d cos (dz + c) + 25 d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5-3*cos(d*x+c))~3,x, algorithm="fricas")

[Out] 1/2048%(59*(9*cos(d*x + c)~2 + 30%cos(d*x + c) + 25)*arctan(1/4*(5*cos(d*x
+ c) + 3)/sin(d*x + c)) + 12*%(45%cos(d*x + c) + 91)*sin(d*x + c))/(9*d*cos(

d*x + c)~2 + 30*d*cos(d*x + c) + 25*d)

Sympy [C] Result contains complex when optimal does not.
time = 1.55, size = 362, normalized size = 4.47

for ¢ = —dx — 2iatanh (2) V ¢ = —dz + 2iatanh (2)
ford =0
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5-3*cos(d*x+c))**3,x)

[Out] Piecewise((x/(-5 - 3*cosh(2*atanh(2)))#*x3, Eq(c, -d*x - 2*xI*atanh(2)) | Eq(
c, —d*x + 2+I*atanh(2))), (x/(-3*cos(c) - 5)*x3, Eq(d, 0)), (-59*(atan(tan(
c/2 + d*x/2)/2) + pixfloor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 + d*x/2)**4/(1
024xd*xtan(c/2 + d*x/2)**4 + 8192*d*tan(c/2 + d*x/2)**2 + 16384*d) - 472*(at
an(tan(c/2 + d*x/2)/2) + pi*floor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 + d*x/2
)**x2/(1024*xd*xtan(c/2 + d*xx/2)**4 + 8192*d*tan(c/2 + d*x/2)**2 + 16384*d) -
944*(atan(tan(c/2 + d*x/2)/2) + pixfloor((c/2 + d*x/2 - pi/2)/pi))/(1024*dx*
tan(c/2 + d*x/2)**x4 + 8192*%d*tan(c/2 + d*x/2)**2 + 16384*d) + 138*tan(c/2 +
d*x/2)**x3/(1024*d*tan(c/2 + d*x/2)**4 + 8192xd*tan(c/2 + d*x/2)*x2 + 16384
*d) + 408*tan(c/2 + d*x/2)/(1024*d*tan(c/2 + d*x/2)**4 + 8192xd*tan(c/2 + d
*x/2)*%2 + 16384*d), True))

Giac [A]
time = 0.44, size = 75, normalized size = 0.93

12 (23 tan(% dz-l—% c)3+68 tan(% dz+% c))
(tan(% dx-l—% 12)2-|—4)2
2048 d

59dx +59¢c —

sin(dz+c)
— 118 arctan <m>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5-3*cos(d*x+c))~3,x, algorithm="giac")

[Out] -1/2048%(59*d*x + 59%c - 12*%(23*tan(1/2*d*x + 1/2%c)”3 + 68*tan(1/2*xd*x + 1
/2%c))/(tan(1/2*d*xx + 1/2%c)~2 + 4)~2 - 118*arctan(sin(d*x + c)/(cos(d*x +

c) + 3)))/d

Mupad [B]

time = 0.36, size = 95, normalized size = 1.17

@ an( 442 3 an( S+4z
59 (atan(tan(§ + 42)) — 42) B 59atan< 2 > .\ 69¢ (5:;;' ) n 51t 1(228‘*‘ =)
10244 1024d ¢i(tan(g—r%5)44—8tan(§—r%§)24—16>

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-1/(3%cos(c + d*x) + 5)73,x)

[Out] (59*(atan(tan(c/2 + (d*x)/2)) - (d*x)/2))/(1024%d) - (59*atan(tan(c/2 + (d*
x)/2)/2))/(1024%d) + ((51xtan(c/2 + (d*x)/2))/128 + (69%tan(c/2 + (d*x)/2)~
3)/512)/(d*(8*tan(c/2 + (d*x)/2)"2 + tan(c/2 + (d*x)/2)"4 + 16))
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1
3.33 f (—5—3 cos(c+dx))* dz

Optimal. Leaf size=106

sin(c+dz)
385y S85ArcTan ( 3+cos(c+dm)) sin(c + dx) 25sin(c + dz) 311sin(c + dz)

32768 16384d 16d(5 + 3cos(c + dz))?  512d(5 + 3cos(c + dz))?  8192d(5 + 3 cos(c +

[Out] 385/32768*xx-385/16384*arctan(sin(d*x+c)/(3+cos(d*x+c)))/d-1/16*xsin(d*x+c)/d
/ (5+3*cos (d*x+c) ) ~3-25/512*sin(d*x+c)/d/ (5+3*cos(d*x+c)) ~2-311/8192%sin(d*x
+c)/d/ (5+3*cos (d*x+c))

Rubi [A]
time = 0.06, antiderivative size = 106, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.333,

steps used = 5, number of rules used = 4, integrand size = 12,
Rules used = {2743, 2833, 12, 2737}

sin(ctdz)
3 385ArCTa'n(cos(c+dz)+3> 3 311sin(c + dx) B 25sin(c + dz) B sin(c + dz) 385z
16384d 8192d(3cos(c + dz) +5) 512d(3cos(c+dx) +5)2  16d(3cos(c+dx) +5)3 32768

Antiderivative was successfully verified.
[In] Int[(-5 - 3*Cos[c + d*x])~(-4),x]

[Out] (385%*x)/32768 - (385%ArcTan[Sin[c + d*x]/(3 + Cos[c + d*x])])/(16384xd) - S
in[c + d*x]/(16*%d*(5 + 3*Cos[c + d*x])~3) - (25%Sin[c + d*x])/(512*xd*(5 + 3
*Cos[c + d*x])~2) - (311xSin[c + d*x])/(8192*d*(5 + 3*Cos[c + d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2737

Int[((a_) + (b_.)*sinl(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{q = Rtl
a”2 - b°2, 2]}, Simp[-x/q, x] - Simp[(2/(d*q))*ArcTan[b*(Cos[c + d*x]/(a -
q + bxSin[c + d*x]))], x]] /; FreeQ[{a, b, c, d}, x] & GtQ[2a"2 - b2, 0] &
& NegQ[al

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + bxSin[c + d*x])"(n + 1)/(d*x(n + 1)*(a"2 - b"2))), x] + Dist
[1/((n + 1)*(a"2 - b~2)), Int[(a + b*Sin[c + d*x])~(n + 1)*Simp[a*x(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]
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Rule 2833

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(bxc - a*d))*Cos[e + fxx]*((a + b*Sin[e +
fxx])"(m + 1)/(f*(m + 1)*x(a”2 - b72))), x] + Dist[1/((m + 1)*x(a"2 - b~2)),
Int[(a + b*Sin[e + f*x])~"(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*xc - ax*d)*(m
+ 2)*Sin[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc -
axd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2+m]

Rubi steps
/ 1 Qo — — sin(c + dz) 1 / 15 — 6 cos(c + dzx) i
(=5 —3cos(c+dzx))*t ~  16d(5+3cos(c+dzx))3 48 ) (=5 — 3cos(c+dx))3
. sin(c + dx) B 25sin(c + dr) N / —(1_856__3?;;:(30&;;1;))2 d:
16d(5 + 3cos(c + dx))3  512d(5 + 3 cos(c + dx))? 1536
_ sin(c + dz) B 25sin(c + dx) 3 311sin(c + da
~ 16d(5+ 3cos(c+dz))®  512d(5+ 3cos(c+dz))?2  8192d(5 + 3 cos(c-
_ sin(c + dz) B 25sin(c + dx) B 311sin(c + da
~ 16d(5+3cos(c+dz))®  512d(5+ 3cos(c+dz))?2  8192d(5 + 3 cos(c-
_ sin(c+dzx)

_ 385z 385 tan~! (3+cos(c+dx)> B sin(c + dx) B 25 sin(c
32768 16384d 16d(5 + 3cos(c+dzx))3  512d(5 + 3 cc

Mathematica [A]
time = 0.02, size = 66, normalized size = 0.62

770ArcTan (2 cot (% (C + dl’))) + 9(4883 Sin(c+dx)+2(§)i?35102(5%£3_2f§gg+311 sin(3(c+dz)))
B 32768d

Antiderivative was successfully verified.

[In] Integrate[(-5 - 3*Cos[c + d*x])~(-4),x]

[Out] -1/32768*(770*xArcTan[2*Cot[(c + d*x)/2]] + (9%(4883*Sin[c + d*x] + 2340%*Sin
[2%x(c + d*x)] + 311*Sin[3*(c + d*x)]))/(5 + 3*Cos[c + d*x])~3)/d

Maple [A]
time = 0.09, size = 75, normalized size = 0.71

] method \ result
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n(dz ¢
639 (tan’ (42 +.§)) 117(san (4 1+5)) s69tan(dE1g) ssarctan M)
. . . o 8 (tanz (@fi)+4)3 o + 16384
derivativedivides 22 -
dz | ¢
639(tan5(4}+%)) 117(tan3(d71+%)) 369tan(d7z+%) 385arctan<ﬂ7+277)>
- 1024 — 32 - 64
(o (s 5) 4] T
default y
risch (10395 e5i(de+<) 186625 e*i(da+<) 4239470 e31(dv+0) 1218466 e2i(42+<) 4+ 73575 ¢'(do+e) 1.8397)  385iIn (4ot 4
122884 (3 e2i(de+e) 410 eildote) 13)° 327684

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-5-3*cos(d*x+c)) 4,x,method=_RETURNVERBOSE)

[Out] 1/d*(1/8%(-639/1024xtan(1/2*d*x+1/2*c) ~5-117/32%tan(1/2%d*x+1/2%c) ~3-369/64
xtan (1/2*%d*x+1/2*c) )/ (tan(1/2*d*x+1/2%c) ~2+4) ~3+385/16384*arctan(1/2xtan(1/
2%dxx+1/2%c)))

Maxima [A]

time = 0.50, size = 151, normalized size = 1.42

18 656 sin(dz+c) + 416 sin(dm-H:)3 71 sin(dm+c)5
cos(dz+c)+1 ' (cos(daz+c)+1)3 | (cos(dz+c)+1) _ 385 arctan < Sin(dw-}-c) >

48 sin(dz+c)? 12 sin(dz+c)? sin(dz+c)® 2 (COS(dCI)-i—C)-i—l)
_ (cos(dnv-}—c)-kl)2 (cos(d:c+c)+1)4 (cos(daz:-ﬁ-c)-&-l)6

16384 d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5-3*cos(d*x+c))~4,x, algorithm="maxima")

[Out] -1/16384*(18*(656*sin(d*x + c)/(cos(d*x + c) + 1) + 416*sin(d*x + c)~3/(cos
(d*x + c) + 1)73 + 71xsin(d*x + c)~5/(cos(d*x + c) + 1)75)/(48*sin(d*x + c)
~2/(cos(d*x + ¢c) + 1)72 + 12*sin(d*x + c)"4/(cos(d*x + c) + 1)74 + sin(d*x

+ ¢c)"6/(cos(d*x + c) + 1)76 + 64) - 385*arctan(1/2*sin(d*x + c)/(cos(d*x +

c) + 1)))/d

Fricas [A]
time = 0.36, size = 121, normalized size = 1.14

385 (27 cos (dz + ) + 135 cos (dz + ¢)* + 225 cos (dz + ¢) + 125) arctan (siﬁfﬁﬁga) +36 (311 cos (dz + ¢)* + 1170 cos (dz + ¢) + 1143) sin (dz + )
32768 (27 d cos (dz + ¢)® + 135 d cos (dz + ¢)* + 225 d cos (dz + c) + 125.d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5-3*cos(d*x+c))~4,x, algorithm="fricas")

[Out] -1/32768%(385%(27*cos(d*x + c)~3 + 136*cos(d*x + c)~2 + 225%cos(d*x + c) +
125)*arctan(1/4*(5*xcos(d*x + ¢c) + 3)/sin(d*x + c)) + 36%(311*xcos(d*x + c)~2
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+ 1170%cos(d*x + c) + 1143)*sin(d*x + c))/(27*d*xcos(d*x + c)~3 + 135xd*cos
(d*x + ¢)~2 + 225%d*cos(d*x + c) + 125%d)

Sympy [C] Result contains complex when optimal does not.
time = 3.28, size = 595, normalized size = 5.61

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5-3*cos(d*x+c))**4,x)

[Out] Piecewise((x/(-5 - 3*cosh(2*atanh(2)))**4, Eq(c, -d*x - 2*I*atanh(2)) | Eq(
c, —d*x + 2*I*xatanh(2))), (x/(-3*cos(c) - 5)**4, Eq(d, 0)), (385*(atan(tan(
c/2 + dxx/2)/2) + pixfloor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2 + d*x/2)**6/(1
6384xdxtan(c/2 + d*xx/2)**6 + 196608*d*tan(c/2 + d*x/2)**4 + 786432*d*tan(c/
2 + dxx/2)**2 + 1048576*d) + 4620*(atan(tan(c/2 + d*x/2)/2) + pixfloor((c/2
+ d*x/2 - pi/2)/pi))*tan(c/2 + d*x/2)**4/(16384xd*tan(c/2 + d*x/2)**6 + 19
6608xd*xtan(c/2 + d*xx/2)**4 + 786432+d*tan(c/2 + d*x/2)**2 + 1048576*d) + 18
480* (atan(tan(c/2 + d*x/2)/2) + pi*floor((c/2 + d*x/2 - pi/2)/pi))*tan(c/2
+ d*x/2)**x2/(16384*d*xtan(c/2 + d*xx/2)**6 + 196608*d*tan(c/2 + d*x/2)**x4 + 7
86432*xd*tan(c/2 + d*x/2)**2 + 1048576*d) + 24640*(atan(tan(c/2 + d*x/2)/2)
+ pi*floor((c/2 + d*x/2 - pi/2)/pi))/(16384*d*tan(c/2 + d*x/2)**6 + 196608
d*tan(c/2 + d*x/2)**x4 + 786432xdxtan(c/2 + d*xx/2)**2 + 1048576*d) - 1278%*ta
n(c/2 + dxx/2)**5/(16384*xd*tan(c/2 + d*x/2)*x6 + 196608*d*tan(c/2 + d*xx/2)*
*4 + 786432*xd*xtan(c/2 + dxx/2)**2 + 1048576%d) - 7488*tan(c/2 + d*x/2)*x3/(
16384x*d*tan(c/2 + d*x/2)**6 + 196608*d*tan(c/2 + d*x/2)**4 + 786432*xd*tan(c
/2 + dxx/2)**2 + 1048576*d) - 11808+*tan(c/2 + d*x/2)/(16384*d*tan(c/2 + d*x
/2)*x6 + 196608*d*tan(c/2 + d*xx/2)**4 + 786432*d*tan(c/2 + d*x/2)**2 + 1048
576*d), True))

Giac [A]
time = 0.44, size = 88, normalized size = 0.83

36 (71 tan(% dav—i—% c)5+416 tan(% dw-i—% c)3+656 tan(% dw-‘,—% c))
3
(tan(% dw-}—% c)2—|—4)
32768d

385dx + 385¢ —

in(dz+c)
— 770 arctan (W)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-5-3*cos(d*x+c))~4,x, algorithm="giac")

[Out] 1/32768*(385*d*x + 385%c — 36*%(71xtan(1/2*xd*x + 1/2%c)”5 + 416*xtan(1/2*d*x
+ 1/2%c)”"3 + 656xtan(1/2*%d*x + 1/2*c))/(tan(1/2xd*x + 1/2%c)”"2 + 4)~3 - 770
*arctan(sin(d*x + c)/(cos(d*x + c) + 3)))/d
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Mupad [B]
time = 0.00, size = 96, normalized size = 0.91
385 atan ton(5+7) 639tan(9+d—z)5 117tan<9+d—z>3 369 tan (§+42)
> _ 385 (atan(tan(5 + %)) — %) _ mog— + P I B3
16384d 16384d d(tan(9+d—“”)2+4)3
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3*cos(c + d*x) + 5)74,x)

[Out] (385+*atan(tan(c/2 + (d*x)/2)/2))/(16384*d) - (385*(atan(tan(c/2 + (d*x)/2))
- (d*x)/2))/(16384xd) - ((369*tan(c/2 + (d*x)/2))/512 + (117*tan(c/2 + (dx*
x)/2)~3)/256 + (639*tan(c/2 + (d*x)/2)75)/8192)/(d*(tan(c/2 + (d*x)/2)72 +

4)°3)
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1
3.34 3+5 cos(c+dx) dz

Optimal. Leaf size=65

_log (2cos (3(c+dz)) —sin (3(c+ dz))) N log (2 cos (3(c + dz)) + sin (3(c + dz)))
4d 4d

[Out] -1/4*1n(2*cos(1/2*d*x+1/2%c)-sin(1/2xd*x+1/2*c))/d+1/4*x1n(2*cos(1/2*d*x+1/2
*xc)+sin(1/2xd*x+1/2%c))/d

Rubi [A]
time = 0.01, antiderivative size = 65, normalized size of antiderivative = 1.00, number of

number of rules _ 167
’ integrand size ’

steps used = 2, number of rules used = 2, integrand size = 12
Rules used = {2738, 212}

log (sin (3(c + dz)) + 2cos (3(c + dz))) _ log (2cos (3(c+dz)) —sin (3(c+ dz)))
4d 4d

Antiderivative was successfully verified.
[In] Int[(3 + 5%Cos[c + d*x])~(-1),x]

[Out] -1/4%Log[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]]1/d + Log[2*Cos[(c + dx*x)/2]
+ 8in[(c + d*x)/2]]1/(4xd)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] Il LtQ[b, 01)

Rule 2738

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + b + (
a - b)*xe~2xx~2), x], x, Tan[(c + d*x)/2]1/e]l, x]1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rubi steps

/ 1 g — 2Subst (f 8—# dx, x,tan (%(c + dm)))

3+ 5cos(c + dx) ;

log(2cos(%(04—dx))‘-shl(%(0+—dw)))_+log(2cos(%(c+_dx)>_Fsh1<%(c4_
4d 2




Mathematica [A]

time = 0.02, size = 65, normalized size = 1.00
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_log (2cos (3(c+dz)) —sin (3(c+ dz))) N log (2 cos (3(c + dz)) + sin (3(c + dz)))

4d

Antiderivative was successfully verified.

[In] Integrate[(3 + 5*Cos[c + d*x])~(-1),x]

[Out] -1/4%Log[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]]1/d + Log[2*Cos[(c + dx*x)/2]

+ Sin[(c + d*x)/2]11/(4*d)
Maple [A]

time = 0.05, size = 34, normalized size = 0.52

4d

method result size
ln(tan(d{-}—%)ﬁ&) 1n(tan(4}+%)—2)

derivativedivides E = 1 34
ln(tan(d%+%)+2) 1n(tan(4}+%)—2)

default 4 - 4 34

In(tan( 92 4+<)—2 In(tan( 92 4+<)+2
norman — ( <Zd 2) ) + ( (Zd 2) ) 36
i(dz+c) 3 4 41 i(dz+c) 4 3 __4i
risch In (e 4d+ 5t+5 ) _ In (e 4d+ 55 ) 40

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3+5*cos(d*x+c)) ,x,method=_RETURNVERBOSE)

[Out] 1/d*x(1/4*1n(tan(1/2*d*x+1/2%c)+2)-1/4*1n(tan(1/2*d*x+1/2%c)-2))

Maxima [A]

time = 0.28, size = 48, normalized size = 0.74

sin(dz+c)

log ( cos(dz+c)+1

sin(dz+c)

+2> —10g(m—

?)

4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5%cos(d*x+c)),x, algorithm="maxima")

[Out] 1/4*(log(sin(d*x + c)/(cos(d*x + c) + 1) + 2) - log(sin(d*x + c)/(cos(d*x +

c) +1) - 2))/d
Fricas [A]

time = 0.35, size = 46, normalized size = 0.71

log (2 cos (dz + ¢) + 2 sin (dz + ¢) + 5) —log (3 cos (dz + ¢) — 2 sin (dz + ¢) + 3)

8d



163

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5%cos(d*x+c)),x, algorithm="fricas")
[Out] 1/8%(log(3/2*cos(d*x + c) + 2xsin(d*x + c) + 5/2) - log(3/2*cos(d*x + c) -
2+sin(d*x + c) + 5/2))/d

Sympy [A]

time = 0.32, size = 41, normalized size = 0.63

1 tan (492 ) _9 1 tan (€+92 )49
og(a (42;2) >+og< (42;-2)+) ford;éO
m otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5*cos(d*x+c)),x)
[Out] Piecewise((-log(tan(c/2 + d*x/2) - 2)/(4*d) + log(tan(c/2 + d*x/2) + 2)/(4x

d), Ne(d, 0)), (x/(56xcos(c) + 3), True))

Giac [A]
time = 0.41, size = 34, normalized size = 0.52
log (|tan (3 dz + 1c) +2|) —log (|tan (2 dz + 1 ¢) — 2)
4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5*cos(d*x+c)),x, algorithm="giac")
[Out] 1/4*(log(abs(tan(1/2*d*x + 1/2%c) + 2)) - log(abs(tan(1/2*d*x + 1/2%c) - 2)

))/d

Mupad [B]
time = 0.36, size = 17, normalized size = 0.26
atanh (M)
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5*cos(c + d*x) + 3),x)
[Out] atanh(tan(c/2 + (d*x)/2)/2)/(2*d)
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1
3.39 f (345 cos(c+dz))? dx

Optimal. Leaf size=90

3log (2cos (3(c +dz)) —sin (3(c+dz))) 3log (2cos (5(c+dz)) +sin (3(c +dz))) N 5sin(c + dz)
64d 64d 16d(3 + 5 cos(c + d

[Out] 3/64*x1n(2*cos(1/2*d*x+1/2%c)-sin(1/2xd*x+1/2*c))/d-3/64*1n(2*cos(1/2*xd*x+1/
2%c)+sin(1/2*d*x+1/2*c))/d+5/16*sin(d*x+c) /d/ (3+5*cos (d*x+c))

Rubi [A]
time = 0.03, antiderivative size = 90, normalized size of antiderivative = 1.00, number of

, number of rules _ ( 333
integrand size ’

steps used = 4, number of rules used = 4, integrand size = 12
Rules used = {2743, 12, 2738, 212}

5sin(c + dzx) 3log (2cos (3(c+ dz)) — sin (3(c + dz))) _ 3log (sin (3(c+dz)) +2cos (3(c + dz)))
16d(5 cos(c + dz) + 3) 64d 64d

Antiderivative was successfully verified.
[In] Int[(3 + 5*Cos[c + d*x])~(-2),x]

[Out] (3*Log[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]]1)/(64*d) - (3*Log[2*Cos[(c + d
*x)/2] + Sin[(c + d*x)/2]]1)/(64*d) + (5%Sin[c + d*x])/(16xd*(3 + 5*Cos[c +
d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 2738

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + b + (
a - b)*xe~2xx~2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a~2 - b2, 0]

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + b*Sinf[c + d*x])~(n + 1)/(d*(n + 1)*(a"2 - b~2))), x] + Dist
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[1/((n + 1)*(a"2 - b~2)), Int[(a + bxSin[c + d*x])"(n + 1)*Simp[a*(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]

Rubi steps
1 5sin(c + dz) 1 / 3
dz = +—= [ - dz
(3 4+ 5cos(c+ dx))? 16d(3 + 5cos(c+dz)) 16 3+ 5cos(c+ dzx)
5sin(c + dx) 3 / 1
— - = dx
16d(3 + 5cos(c+dx)) 16 ) 3+ 5cos(c+ dx)
_ 5sin(c + dz) _ 3Subst ([ 5= dz, z, tan (1 (c + dz)))
~ 16d(3 + 5 cos(c + dx)) 8d
_ 3log (2cos (3(c+dz)) —sin (3(c+dz))) 3log(2cos (3(c+dz)) +sin (3
- 64d - 64d

Mathematica [A]
time = 0.06, size = 143, normalized size = 1.59

9log (2cos (3(c+ dz)) —sin ((c+ dx))) + 15 cos(c + da) (log (2cos (3(c + dx)) — sin (3(c + dx))) — log (2cos (3(c + dx)) +sin (3(c+ dz)))) — 9log (2cos (3(c + dz)) + sin (3(c+ dz))) + 20sin(c + dz)
64d(3 + 5 cos(c + dz))

Antiderivative was successfully verified.

[In] Integrate[(3 + 5*Cos[c + d*x])~(-2),x]

[Out] (9xLog[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]] + 15%Cos[c + d*x]*(Log[2*Cos[
(c + d*x)/2] - Sin[(c + d*x)/2]] - Log[2*Cos[(c + dx*x)/2] + Sin[(c + d*x)/2

11) - 9%Log[2*Cos[(c + d*x)/2] + Sin[(c + d*x)/2]] + 20*Sin[c + d*x])/(64*d

*(3 + 5*Cos[c + d*x]))

Maple [A]
time = 0.06, size = 64, normalized size = 0.71

method result pr

— 5 _31n(tan(%+%)+2)_ 5 +31n(tan(4}+%)_2)
. . .. 32(tan( g +§)+2) 64 52 (an(%15)2) =z

derivativedivides _ 64
_ 5 _31n(tan(d7z+%)+2)_ 5 +3ln(tan(de+%)_2)

default 32(tan(%+%)+2) 64 _ 32(tan(i}+%)_2) 64 64

NOrman _ 5tan(d7z+%) " 3ln(tan d—;+§>—2) B 31n(ta,n(d2l+§)+2) 65

16d(tan2 (%jug) _4) 64d 61d
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. . 3ei(dz+c)+5 31ln ei(dx+c)+§+ﬂ 3In ei(dx+c)_|_§_ﬂ
risch 21.(d 4d) _ 31n( s+%) + ( :—%) 85
8d (5 e2idz+c) 6 eildote) 4 5) 64d 64d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3+5*cos(d*x+c))~2,x,method=_RETURNVERBOSE)

[Out] 1/d*x(-5/32/(tan(1/2*d*x+1/2*c)+2)-3/64*1n(tan(1/2*d*x+1/2*c)+2)-5/32/(tan(1
/2%d*x+1/2*%c)-2)+3/64*1n(tan (1/2*d*x+1/2%c)-2))

Maxima [A]
time = 0.28, size = 91, normalized size = 1.01
20 sin(dz+c) sin(dz+c) sin(dz+c)
| 3 g (sl 4 5) g log (i) o)
_ @JQ?éiiﬁffm —4> (cos(dz-+c)+1) & \ cos(dzte) T & \cos(izte 1
64d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5*cos(d*x+c))”2,x, algorithm="maxima")

[Out] -1/64*(20*sin(d*x + c)/((sin(d*x + c)~2/(cos(d*x + c) + 1)72 - 4)*(cos(d*x
+ ¢c) + 1)) + 3*xlog(sin(d*x + c)/(cos(d*x + c) + 1) + 2) - 3*log(sin(d*x + c
)/(cos(d*x + c) + 1) - 2))/d

Fricas [A]
time = 0.38, size = 88, normalized size = 0.98

3(5 cos (dz + c) + 3) log (£ cos (dz + ¢) + 2 sin (dz + ¢) + 2) — 3 (5 cos (dz + ¢) + 3) log (£ cos (dz + ¢) — 2 sin (dz + ¢) + ) — 40 sin (dz + ¢)
a 128 (5dcos (dz + ¢) + 3d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5*cos(d*x+c))~2,x, algorithm="fricas")

[Out] -1/128%(3*(5xcos(d*x + c) + 3)*log(3/2*cos(d*x + c) + 2*sin(d*x + c) + 5/2)
- 3x(b*cos(d*x + c) + 3)*log(3/2xcos(d*x + c) - 2*sin(d*x + c) + 5/2) - 40
*sin(d*x + c))/(5xdxcos(d*x + c) + 3xd)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 228 vs.

2(78) = 156.
time = 0.67, size = 228, normalized size = 2.53

m for ¢ = —dz — 2atan (2) V ¢ = —dz + 2atan (2)

(5cos (wc)Jrs)‘Z

3log (tan (§+42) —2) tan® (5+% ) _ 12log (tan (5+%)-2) _ Blog (ton (5+4)+2) tan? (5+%) + 1210g (tan (5+4) +2) - 2tan (5+4) otherwise
6adtan? (5+% ) -256d 64dtan? (5+% ) 2564 6adtan? (5+%)-256d 6adtan? (§+%)-256d  Gddtan? (§+%)—-256d

ford=0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5*cos(d*x+c))**2,x)
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[Out] Piecewise((x/(5*cos(2*atan(2)) + 3)**2, Eq(c, -d*x - 2xatan(2)) | Eq(c, -dx
x + 2#atan(2))), (x/(5*cos(c) + 3)*x2, Eq(d, 0)), (3xlog(tan(c/2 + d*x/2) -
2)*tan(c/2 + d*x/2)**2/(64*dxtan(c/2 + d*x/2)**2 - 256+d) - 12*log(tan(c/2

+ d*x/2) - 2)/(64*xd*tan(c/2 + d*x/2)**2 - 256xd) - 3*log(tan(c/2 + dx*x/2)
+ 2)xtan(c/2 + d*x/2)**2/(64*dxtan(c/2 + d*x/2)**2 - 256%d) + 12*log(tan(c/

2 + d*x/2) + 2)/(64*xd*tan(c/2 + d*x/2)**x2 - 256%d) - 20*tan(c/2 + d*x/2)/(6
4xdxtan(c/2 + d*x/2)**2 - 256%d), True))

Giac [A]
time = 0.46, size = 62, normalized size = 0.69

an(dz+2c
it g%+ 3 log (Jtan (o + o) +2]) ~ 3 log (Jtan (Jdo + ) ~2])
64 d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5*cos(d*x+c))~2,x, algorithm="giac")

[Out] -1/64*(20*tan(1/2xd*x + 1/2xc)/(tan(1/2*d*x + 1/2xc)”~2 - 4) + 3*log(abs(tan
(1/2%d*x + 1/2%c) + 2)) - 3xlog(abs(tan(1/2xd*x + 1/2xc) - 2)))/d

Mupad [B]
time = 0.32, size = 47, normalized size = 0.52
tan(%—k%})
3atanh(—2 ) 5tan(§ n de)
32d 16d (tan (§+d§)2—4)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5%cos(c + d*x) + 3)72,x%)

[Out] - (3*atanh(tan(c/2 + (d*x)/2)/2))/(32xd) - (5*tan(c/2 + (d*x)/2))/(16xd*(ta
n(c/2 + (d*x)/2)72 - 4))
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1
3.36 f (345 cos(c+dz))3 dx

Optimal. Leaf size=115

_ 43log (2cos (3(c + dz)) —sin (3(c + dz))) +43 log (2cos (1(c+ dz)) + sin (2 (c + dz))) N 5sin(c +
20484 20484 32d(3 + 5 cos(c

[Out] -43/2048%1n(2%cos(1/2*%d*x+1/2*c)-sin(1/2*xd*x+1/2%c))/d+43/2048*1n(2*cos(1/2
*d*x+1/2%c)+sin(1/2xd*x+1/2*c) ) /d+5/32*«sin(d*x+c) /d/ (3+5*cos (d*x+c)) ~2-45/5
12*sin(d*x+c)/d/ (3+5*cos (d*x+c))

Rubi [A]
time = 0.05, antiderivative size = 115, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.417,

steps used = 5, number of rules used = 5, integrand size = 12,
Rules used = {2743, 2833, 12, 2738, 212}

45sin(c + dz) 5sin(c + dz) 43log (2cos (3(c+ dz)) —sin (3(c +dz))) = 43log (sin (3(c + dz)) + 2cos (3(c + dz)))
" 512d(5cos(c+ dz) +3) | 32d(5cos(c+ dz) +3)2 2048d + 2048d
Antiderivative was successfully verified.
[In] Int[(3 + 5%Cos[c + d*x])~(-3),x]

[Out] (-43+*Log[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]])/(2048*d) + (43*Log[2*Cos[(
c + d*x)/2] + Sin[(c + d*x)/2]1]1)/(2048%d) + (5xSin[c + d*x])/(32*d*(3 + 5*C
osl[c + d*x])~2) - (45%Sin[c + d*x])/(512*d*(3 + 5*Cos[c + d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x1]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh([Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 2738

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + b + (
a - b)*e"2%x"2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + b*Sin[c + d*x])~(n + 1)/(d*(n + 1)*(a"2 - b"2))), x] + Dist
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[1/((a + D*(a"2 - b~2)), Int[(a + b*Sin[c + d*x])"(n + 1)*Simp[ax(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]

Rule 2833

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(bxc - a*d))*Cos[e + fxx]*((a + b*Sin[e +
fxx])"(m + 1)/(fx(m + 1)*(a”2 - b72))), x] + Dist[1/((m + 1)*(a"2 - b~2)),
Int[(a + b*Sin[e + f*x])~“(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*c - a*xd)*(m
+ 2)*Sinf[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2*m]

Rubi steps
1 dp — 5sin(c + dz) 1 / —6 + 5 cos(c + dz) s
(3 4+ 5cos(c+ dx))? 32d(3+ 5cos(c+dzx))? 32 ) (3+5cos(c+ dx))?

B 5sin(c + dx) 45sin(c + dx) 1 43
"~ 32d(3+5cos(c+dx))?  512d(3 + 5cos(c+ dz)) | 512 / 3+ 5cos(c+dz

_ 5sin(c + dz) B 45sin(c + dx) + 43 / 1
32d(3 + 5cos(c+dzx))? 512d(3+ 5cos(c+dz)) 512 ) 3+ 5cos(c+ dx
5sin(c + dx) 45sin(c + dx) 43Subst ([ 55 dz, 7, t

~ 32d(3+5cos(c+dz))?  512d(3 + 5 cos(c + dx))

_ 43log (2cos (5(c+dx)) —sin (3(c+dx)))  43log (2cos (5(c+ dzx)) +si
T 20484 * 20484

Mathematica [A]
time = 0.13, size = 217, normalized size = 1.89

43log (2cos ((c + dz)) — sin (3(c + dz))) . 43log (2cos (3(c + d)) +sin (3(c + dr))) . 5 _ 45sin (3(c+ dz)) _ 5 _ 45sin (3(c + dz))
2048d 2048d 512d (2cos (4(c + dz)) —sin (4(c+dx)))” 20484 (2cos (J(c + dz)) —sin (J(c +dz)))  512d (2cos (4(c+da)) +sin (3(c+da)))*  2048d (2cos (}(c + do)) +sin (§(c + da)))

Antiderivative was successfully verified.

[In] Integrate[(3 + 5*Cos[c + d*x])~(-3),x]

[Out] (-43*Log[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]]1)/(2048*d) + (43*Log[2*Cos[(
c + d*x)/2] + Sin[(c + d*x)/2]])/(2048*d) + 5/(512xd*x(2*Cos[(c + d*x)/2] -

Sin[(c + d*x)/2])72) - (45xSin[(c + d*x)/2])/(2048*d*(2*Cos[(c + d*x)/2] -
Sin[(c + d#*x)/2])) - 5/(512*xd*(2*Cos[(c + d*x)/2] + Sin[(c + d*x)/2])"2) -
(45*%Sin[(c + d*x)/2])/(2048*d* (2*%Cos[(c + d*x)/2] + Sin[(c + d*x)/2]))

Maple [A]
time = 0.08, size = 94, normalized size = 0.82
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method result
_35tan1(2§7:+§)+85(tan1;£:€+5)) 43ln(tan(%’”+§>—2> 431n(tan(%x+§>+2)
norman (tang ( do g) _ 4) 2 - 20484 20484
2 2
_ 25 S+ ( (s; 79 n 431n (ta“z( df;‘*%)“) n 25 , ( (sd5 =
.. . . 512(tan(9f +§)+2)"  1024(tan( G +5)+2 0 512(tan(4g +§)—2)°  1024(van (% +5) 2
derivativedivides v
- 25 5+ ( (8,15 752) 431“(““(%”‘%)"'2)_,_ 25 o+ ( (sds =
512(tan(d7z+%)+2) 1024 (tan TZ+% +2 2048 512(tan(d7”3+%)—2) 1024 (tan Tz+% 5
default p
isch i(215 3(dz+0) 1 387 e2i(dote) 1 305 ei(drte) 1 995) | 43In(ef(dete) 434 4)  43In(eildete) 43 _4)
T1s¢ N 256d (5 e2i(de-+c) 46 eildz+c) 4 5)7 + 2048d o 20484

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3+5*cos(d*x+c))~3,x,method=_RETURNVERBOSE)

[Out] 1/d*(-25/512/(tan(1/2*%d*x+1/2*c)+2) "2+85/1024/ (tan(1/2*xd*x+1/2*c)+2)+43/204
8x1ln(tan(1/2*xd*x+1/2*c)+2)+25/512/ (tan(1/2*xd*x+1/2*c)-2) ~2+85/1024/ (tan(1/2
*d*x+1/2%c)-2)-43/2048*1n (tan (1/2*d*x+1/2%c)-2))

Maxima [A]
time = 0.29, size = 135, normalized size = 1.17

28 sin(dz+c) 17 sin(dm+c)3
sin(dz+c)

20 .
Ca e +43 log (—Sm(d”c) + 2) — 43 log <—cOs<dz+c>+1 - 2)

8 sin(dz+c)? _ sin(dz+c)4 _ COS(d.’E+C)+1
(cos(dm+c)+1)2 (cos(da:+c)+l)4

2048d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5*cos(d*x+c))~3,x, algorithm="maxima")

[Out] 1/2048%(20*(28*sin(d*x + c)/(cos(d*x + c) + 1) - 17*sin(d*x + c)~3/(cos(d*x
+ ¢c) + 1)7°3)/(8*sin(d*x + c)~2/(cos(d*x + c) + 1)72 - sin(d*x + c)~4/(cos(

d*xx + c) + 1)74 - 16) + 43xlog(sin(d*x + c)/(cos(d*x + c) + 1) + 2) - 43xlo
g(sin(d*x + c)/(cos(d*x + c) + 1) - 2))/d

Fricas [A]
time = 0.36, size = 129, normalized size = 1.12

43 (25 cos (dz + ¢)* + 30 cos (dz + c) +9) log (2 cos (dz + ¢) + 2 sin (dz + ¢) + 3) — 43 (25 cos (dz + ¢)° + 30 cos (dz + c) + 9) log (2 cos (dz + ¢) — 2 sin (dz + ¢) + 3) — 40 (45 cos (dz + ¢) + 11) sin (dz + c)

4096 (25 d cos (dz + ¢)* + 30 d cos (dz + ) + 9d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5*cos(d*x+c))~3,x, algorithm="fricas")

[Out] 1/4096%(43*(25%cos(d*x + c)~2 + 30*cos(d*x + c) + 9)*log(3/2*cos(d*x + c) +
2*sin(d*x + c) + 5/2) - 43%(25*%cos(d*x + c)~2 + 30*cos(d*x + c) + 9)*1log(3
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/2xcos(d*x + ¢) - 2*sin(d*x + c) + 5/2) - 40%(45%cos(d*x + c¢) + 11)*sin(d*x
+ ¢))/(25xd*xcos(d*x + c)~2 + 30*d*cos(d*x + c) + 9%*d)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 474 vs.
2(102) = 204.
time = 1.24, size = 474, normalized size = 4.12

(%?iwmgmwmw;$wz@waxﬁwmwwﬂV

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5%cos(d*x+c))**3,x)

[Out] Piecewise((x/(5*cos(2*atan(2)) + 3)**3, Eq(c, -d*x - 2xatan(2)) | Eq(c, -dx
x + 2¥atan(2))), (x/(5*cos(c) + 3)*x3, Eq(d, 0)), (-43*log(tan(c/2 + d*x/2)
- 2)xtan(c/2 + d*xx/2)**4/(2048*d*tan(c/2 + d*x/2)*x4 - 16384*d*tan(c/2 + d
*xx/2)**%2 + 32768%d) + 344xlog(tan(c/2 + d*x/2) - 2)*tan(c/2 + d*x/2)**2/(20
48*%d*tan(c/2 + d*x/2)**4 - 16384*d*tan(c/2 + d*x/2)**2 + 32768*d) - 688*log
(tan(c/2 + d*x/2) - 2)/(2048*d*tan(c/2 + d*x/2)**4 - 16384*d*tan(c/2 + d*xx/
2)*x2 + 32768*d) + 43*log(tan(c/2 + d*x/2) + 2)*tan(c/2 + d*x/2)**4/(2048*d
xtan(c/2 + dxx/2)**4 - 16384*d*tan(c/2 + d*x/2)**2 + 32768+d) - 344x*log(tan
(c/2 + d*x/2) + 2)*tan(c/2 + d*x/2)**x2/(2048*d*tan(c/2 + d*x/2)**4 - 16384x*
dxtan(c/2 + d*x/2)**2 + 32768*d) + 688+log(tan(c/2 + d*x/2) + 2)/(2048xd*ta
n(c/2 + d*x/2)**4 - 16384*d*tan(c/2 + d*x/2)**2 + 32768*d) + 340*xtan(c/2 +
d*x/2) *x3/(2048*d*tan(c/2 + d*x/2)**4 - 16384*d*tan(c/2 + d*x/2)**2 + 32768
*d) - 560*tan(c/2 + d*x/2)/(2048+d*tan(c/2 + d*x/2)**4 - 16384*d*tan(c/2 +
d*xx/2)**x2 + 32768*d), True))
Giac [A]
time = 0.54, size = 78, normalized size = 0.68

Lgptle)do an(i dz+1c
20 (17 tan(§ da+5 o 28; (§d+2 ) + 43 log ([tan (§ dz + 1 ) +2|) — 43 log (|tan (§ dz + L c) — 2|)
(tan(%dz—i—%c) —4)

2048d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5%cos(d*x+c))~3,x, algorithm="giac")

[Out] 1/2048%(20*(17*tan(1/2*d*x + 1/2%c)~3 - 28*tan(1/2*xd*x + 1/2xc))/(tan(1/2*d
*x + 1/2%c)”2 - 4)72 + 43%log(abs(tan(1/2xd*x + 1/2xc) + 2)) - 43*log(abs(t
an(1/2xd*x + 1/2xc) - 2)))/d

Mupad [B]
time = 0.67, size = 76, normalized size = 0.66

43 atanh(ﬂ) sstan(§+47)  85tan

1024d d <tan (
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5*cos(c + d*x) + 3)73,x)

[Out] (43*atanh(tan(c/2 + (d*x)/2)/2))/(1024%d) - ((35%tan(c/2 + (d*x)/2))/128 -
(85*tan(c/2 + (d*x)/2)"3)/512)/(d*(tan(c/2 + (d*x)/2)"4 - 8+tan(c/2 + (d*x)
/2)°2 + 16))
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3.37 [ e 9T

3+5 cos(c+dx))

Optimal. Leaf size=140

2791og (2 cos (3(c+dz)) —sin (3(c+dz))) 279log (2cos (3(c+ dz)) + sin (3 (c+ dz))) 5sin(c -
32768d - 32768d T 1843+ B cos

[Out] 279/32768*1n(2%cos(1/2*d*x+1/2*c)-sin(1/2*%d*x+1/2%c))/d-279/32768*1n (2*cos(
1/2*d*x+1/2%c)+sin(1/2*d*x+1/2%c) ) /d+5/48*sin(d*x+c) /d/ (3+5*xcos (d*x+c)) ~3-2
5/512*sin(d*x+c) /d/ (3+5xcos (d*xx+c)) ~2+995/24576*sin (d*x+c)/d/ (3+5*cos (d*x+c

))

Rubi [A]
time = 0.08, antiderivative size = 140, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.417,

steps used = 6, number of rules used = 5, integrand size = 12,
Rules used = {2743, 2833, 12, 2738, 212}

995 sin(c + dz) _ 25sin(c + dz) . 5sin(c + dz) 279log (2 cos (3(c+ dz)) — sin (3(c + dx))) ~ 279log (sin (3(c + dz)) + 2cos (3(c + dz)))
24576d(5 cos(c + dx) +3)  512d(5cos(c+ dx) 4+ 3)% * 48d(5 cos(c + dz) + 3)3 32768d 32768d

Antiderivative was successfully verified.
[In] Int[(3 + 5*Cos[c + d*x])~(-4),x]

[Out] (279%Log[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]]1)/(32768*d) - (279*Log[2*Cos
[(c + d*x)/2] + Sin[(c + d*x)/2]1]1)/(32768*d) + (5*Sin[c + d*x])/(48*d*(3 +
5%Cos[c + d*x])~3) - (25%Sin[c + d*x])/(512*d*(3 + 5*Cos[c + d*x])~2) + (99
5%Sin[c + d*x])/(24576%d*(3 + 5*Cos[c + d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b )*(v_ ) /; FreeQ[b, x]]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*#Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 2738

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + b + (
a - b)*xe~2xx~2), x], x, Tan[(c + d*x)/2]1/e]l, x1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rule 2743
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Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + b*Sin[c + d*x])"(n + 1)/(d*(n + 1)*(a"2 - b~2))), x] + Dist
[1/((n + 1)*(a"2 - b~2)), Int[(a + bxSin[c + d*x])~(n + 1)*Simp[a*(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]

Rule 2833

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(b*xc - ax*d))*Cos[e + f*xx]*((a + b*Sin[e +
fxx])"(m + 1)/(f*(m + 1)*(a"2 - b72))), x] + Dist[1/((m + 1)*(a"2 - b~2)),
Int[(a + b*Sin[e + f*x])~(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*c - axd)*(m
+ 2)xSin[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2*m]

Rubi steps
1 dp — 5sin(c + dz) 1 / —9+ 10 cos(c + dzx) i
(3 + 5cos(c+dx))* 48d(3 + 5cos(c+dx))® 48 ) (3+ 5cos(c+ dx))3

_ 5sin(c + dz) B 25sin(c + dx) N / g:zz—m dx
48d(3 + 5cos(c+dz))?  512d(3 + 5cos(c + dz))? 1536

_ 5sin(c + dx) B 25sin(c + dzx) 995 sin(c + dx)
48d(3 4+ 5cos(c+dz))?  512d(3+ 5cos(c+dx))?2 = 24576d(3 + 5 cos(c + dzx

_ 5sin(c + dx) B 25sin(c + dx) 995 sin(c + dx)
48d(3 + 5cos(c+dx))®  512d(3 + 5cos(c+dx))?  24576d(3 + 5 cos(c + dx

5sin(c + dx) 25sin(c + dx) 995 sin(c + dx)

- 48d(3 + 5cos(c+ dz))®  512d(3 + 5cos(c+ dz))2 | 24576d(3 + 5 cos(c + dx
_ 279log (2cos (3(c+dx)) —sin (3(c+dx)))  279log (2cos (3(c+ dx)) + sin
B 32768d 32768d

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 296 vs. 2(140) =
280.
time = 0.20, size = 296, normalized size = 2.11

Antiderivative was successfully verified.

[In] Integratel[(3 + 5*Cos[c + d*x])~(-4),x]

[Out] (467046%xLog[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]] + 104625%Cos[3*(c + d*x)
1*Log[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]] + 765855%Cos[c + d*x]*(Log[2*C
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os[(c + d*x)/2] - Sin[(c + d*x)/2]] - Log[2*Cos[(c + d*x)/2] + Sin[(c + d*x
)/2]]1) + 376650%Cos[2*(c + d*x)]*(Log[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]
1 - Log[2*Cos[(c + d*x)/2] + Sin[(c + d*x)/2]]) - 467046*Log[2*Cos[(c + d*x
)/2] + Sin[(c + d*x)/2]] - 104625%Cos[3*(c + d*x)]*Log[2*Cos[(c + d*x)/2] +
Sin[(c + d*x)/2]] + 226140%Sin[c + d*x] + 190800*Sin[2*(c + d*x)] + 99500%
Sin[3*%(c + d*x)])/(393216*d*(3 + 5*Cos[c + d*x])~3)

Maple [A]
time = 0.10, size = 124, normalized size = 0.89

method result
295tan( 2L+ S)  265(tan3 (41 S 745 (tan® (42 + ¢ d d
norman — a5$212i 2) + ( . 76(8d2 2)) — ( amgzi 2)) 2791n(tan(7”+§)—2) _ 2791n(tan(7“”+§>+2)
(tan2 < da +£) _ 4>3 32768d 32768d
_ 125 - 175 - ( 7(45 =) _279In (tan(F+5)+2) _ 125 !
e . . 6144(tan (%€ +§)+2)” 4096 (tan( 4 +§)+2)"  16384(tan (%P +5)+2 32768 o144 (van(%15)2)
derivativedivides p
_ 125 3+ 175 - ( E4d5 ) )_2791n(tan(j67m8+%)+2)_ 125 ;
6144(tan(%£+%)+2) 4096 (tan(%@-k%)-kZ) 16384 ( tan §l+% +2 32 6144(tan(d71+%) _2)
default 7
isch (20925 5¥(dz+e) 162775 eH(d2+¢) 1111042 €34(42+0) 1119310 24 (d2+¢) 1 68625 e7(42+0) 124875) n 279 In(e(dz+e) 4
rsc 122884 (5 e2i(dz+0) 1.6 ei(d:v+c)+5)3 32768d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3+5*cos(d*x+c))~4,x,method=_RETURNVERBOSE)

[Out] 1/dx(-125/6144/(tan(1/2*d*x+1/2*c)+2) ~3+175/4096/ (tan(1/2*xd*xx+1/2*xc)+2) ~2-7
45/16384/ (tan(1/2*d*x+1/2%c)+2)-279/32768*1n(tan (1/2*d*x+1/2*c)+2)-125/6144
/(tan(1/2*%d*x+1/2*c)-2) ~3-175/4096/ (tan(1/2*d*x+1/2*c)-2) ~2-745/16384/ (tan(
1/2%d*x+1/2%c)-2)+279/32768*1n(tan(1/2*d*x+1/2%c)-2))

Maxima [A]
time = 0.30, size = 174, normalized size = 1.24

20 (2832 sin(dz+c) _ 1696 sin(dz+c)3 | 447 sin(dz+c)®

cos(da+o) 1 (cos(dtc)+1)3 (cos(dz+c)+1)54> + 837 log ( sin(do+e) 4 2) — 837 log ( sin(dz+c) 2)

48 sin(dz+c)? 12 sin(dz+c)4 sin(dz+c)® COS(dI—|—C)+1 COS(dI-‘rC)-‘rl

_ (cos(dz+c)+1)2  (cos(dw+c)+1)% (cos(dx+c)+1)6_

98304 d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5*cos(d*x+c))~4,x, algorithm="maxima")

[Out] -1/98304#*(20*(2832*sin(d*x + c)/(cos(d*x + c) + 1) - 1696*sin(d*x + c)~3/(c
os(d*x + ¢c) + 1)73 + 447+sin(d*x + c)~5/(cos(d*x + c) + 1)75)/(48*sin(d*x +
c)"2/(cos(d*x + c) + 1)72 - 12*¢sin(d*x + c)~4/(cos(d*x + c) + 1)74 + sin(d

*x + ¢)76/(cos(d*x + c) + 1)76 - 64) + 837*log(sin(d*x + c)/(cos(d*x + c) +

1) + 2) - 837*log(sin(d*x + c)/(cos(d*x + c) + 1) - 2))/d
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Fricas [A]
time = 0.38, size = 170, normalized size = 1.21

837 (125 cos (dz + ¢)° + 225 cos (dz + c)? + 135 cos (dz + c) + 27) log (§ cos (dz + c) + 2 sin (dz + c) + §) — 837 (125 cos (dz + ¢)° + 225 cos (dz + ¢)” + 135 cos (dz + c) + 27) log (3 cos (dz + ¢) — 2 sin (dz + c) + §) — 40 (4975 cos (dz + ¢)* + 4770 cos (dz + c) + 1583) sin (dz + c)
196608 (125 d cos (dz + ¢)* + 225 d cos (dz + )’ + 135 d cos (dz + c) + 27d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5*cos(d*x+c))”4,x, algorithm="fricas")

[Out] -1/196608%*(837*(125*%cos(d*x + c)~3 + 225*%cos(d*x + c)~2 + 135*cos(d*x + c)
+ 27)*log(3/2*cos(d*x + c) + 2xsin(d*x + c) + 5/2) - 837*(125*cos(d*x + c)~

3 + 226xcos(d*x + c)~2 + 135*cos(d*x + c) + 27)*log(3/2*cos(d*x + c) - 2*si
n(d*x + c) + 5/2) - 40*(4975*cos(d*x + c)~2 + 4770*cos(d*x + c) + 1583)*sin
(d*x + ¢))/(125*%d*cos(d*x + c)~3 + 225*%d*cos(d*x + c)~2 + 135*d*cos(d*x + ¢

) + 27*d)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 813 vs.
2(126) = 252.
time = 2.76, size = 813, normalized size = 5.81

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5*cos(d*x+c))**4,x)

[Out] Piecewise((x/(5*cos(2*atan(2)) + 3)**4, Eq(c, -d*x - 2xatan(2)) | Eq(c, -dx
x + 2¥atan(2))), (x/(6xcos(c) + 3)*x4, Eq(d, 0)), (837*log(tan(c/2 + d*x/2)
- 2)*tan(c/2 + dxx/2)*x6/(98304*d*tan(c/2 + d*x/2)**6 - 1179648*d*tan(c/2
+ dxx/2)**4 + 4718592*xd*tan(c/2 + d*x/2)**2 - 6291456*d) - 10044xlog(tan(c/
2 + d*x/2) - 2)*tan(c/2 + d*x/2)**4/(98304*d*tan(c/2 + d*x/2)**x6 — 1179648
d*tan(c/2 + d*x/2)*x4 + 4718592xd*tan(c/2 + d*x/2)**x2 - 6291456*d) + 40176%
log(tan(c/2 + d*x/2) - 2)*tan(c/2 + d*x/2)**x2/(98304*d*tan(c/2 + d*x/2)**6
- 1179648*d*tan(c/2 + d*xx/2)**4 + 4718592+d*tan(c/2 + d*x/2)**2 - 6291456*d
) - 53568xlog(tan(c/2 + d*x/2) - 2)/(98304*d*tan(c/2 + d*x/2)**6 - 1179648
d*tan(c/2 + d*x/2)**x4 + 4718592*d*tan(c/2 + d*xx/2)**2 - 6291456%d) - 837*1lo
g(tan(c/2 + d*x/2) + 2)xtan(c/2 + d*x/2)**6/(98304*d*tan(c/2 + d*x/2)**6 -
1179648*d*xtan(c/2 + d*x/2)**4 + 4718592xd*xtan(c/2 + d*x/2)**2 - 6291456%d)
+ 10044xlog(tan(c/2 + d*x/2) + 2)*tan(c/2 + d*x/2)*+*4/(98304*d*tan(c/2 + dx
x/2)*x6 - 1179648xd*tan(c/2 + d*xx/2)**4 + 4718592*d*tan(c/2 + d*x/2)**2 - 6
291456*d) - 40176xlog(tan(c/2 + d*x/2) + 2)*tan(c/2 + d*x/2)**2/(98304*d*ta
n(c/2 + dxx/2)**6 - 1179648*d*tan(c/2 + d*x/2)**4 + 4718592*d*tan(c/2 + d*x
/2)*x2 - 6291456xd) + 53568*log(tan(c/2 + d*x/2) + 2)/(98304*d*tan(c/2 + dx*
x/2)*x6 - 1179648*d*tan(c/2 + d*x/2)**4 + 4718592*d*tan(c/2 + d*x/2)**2 - 6
291456%d) - 8940*tan(c/2 + d*x/2)**5/(98304*xd*tan(c/2 + d*x/2)**6 - 1179648
xdxtan(c/2 + dxx/2)**4 + 4718592*d*tan(c/2 + d*x/2)**2 - 6291456*d) + 33920
xtan(c/2 + dxx/2)**3/(98304*xd*tan(c/2 + d*x/2)*x6 — 1179648*d*xtan(c/2 + d*x
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/2)*x4 + 4718592xd*tan(c/2 + d*x/2)**x2 - 6291456xd) - 56640%*tan(c/2 + d*x/2
)/ (98304*d*xtan(c/2 + d*x/2)**6 — 1179648*d*tan(c/2 + d*x/2)**4 + 4718592*d*
tan(c/2 + d*x/2)*x2 - 6291456*d), True))

Giac [A]

time = 0.50, size = 91, normalized size = 0.65

20 (447 tan(} da+1 ¢)°~1696 tan(§ da+1 )°+2832 tan(} da+1 o) )

(tan(% dz+3 0)2—4)3

+ 837 log (|tan (2 dz + 1 c) 4+ 2|) — 837 log (|tan (2 dz + 3 ¢) — 2|)

98304 d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3+5*cos(d*x+c))~4,x, algorithm="giac")

[Out] -1/98304x*(20*(447*tan(1/2*d*x + 1/2%c)~5 - 1696*tan(1/2*d*x + 1/2%c)~3 + 28
32+tan(1/2xd*x + 1/2xc))/(tan(1/2*d*x + 1/2*%c)"2 - 4)~3 + 837*log(abs(tan(1l
/2%d*x + 1/2%c) + 2)) - 837xlog(abs(tan(1/2*d*x + 1/2%c) - 2)))/d

Mupad [B]
time = 1.97, size = 102, normalized size = 0.73
tan<%+d7w) RN az\3 d
279 atanh | —5—>~ 745tan<%+7‘”> 265tan(§+72) 295tan<%+7$)
_ _ 8192 — 768 + 512
16384 d d (tan (£+ %)6 —12tan (£ + %)4 + 48tan (£ + %)2 - 64)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5%cos(c + d*x) + 3)74,x)

[Out] - (279*atanh(tan(c/2 + (d*x)/2)/2))/(16384*d) - ((295*tan(c/2 + (d*x)/2))/5
12 - (265*tan(c/2 + (d*x)/2)73)/768 + (745*tan(c/2 + (d*x)/2)75)/8192)/(d*(
48xtan(c/2 + (d*x)/2)"2 - 12xtan(c/2 + (d*x)/2)"4 + tan(c/2 + (d*x)/2)°6 -

64))
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1
3.38 3—5 cos(c+dx) dz

Optimal. Leaf size=63

log (cos (3(c +dz)) — 2sin (3(c + dz))) _ log (cos (3(c+ dz)) + 2sin (3(c + dz)))
4d 4d

[Out] 1/4*1n(cos(1/2*d*x+1/2%c)-2%sin(1/2*d*x+1/2*c))/d-1/4*1n(cos(1/2*d*x+1/2%c)
+2xsin (1/2%d*x+1/2%c))/d

Rubi [A]
time = 0.01, antiderivative size = 63, normalized size of antiderivative = 1.00, number of

number of rules _ ( 167
’ integrand size ’

steps used = 2, number of rules used = 2, integrand size = 12
Rules used = {2738, 213}

log (cos (3(c+dz)) — 2sin (3(c + dz))) _log (2sin (3(c +dz)) + cos (3(c + dz)))
4d 4d

Antiderivative was successfully verified.
[In] Int[(3 - 5%Cos[c + d*x])~(-1),x]

[Out] Logl[Cos[(c + d*x)/2] - 2xSin[(c + d*x)/2]]1/(4*d) - Logl[Cos[(c + d*x)/2] + 2
*Sin[(c + dxx)/2]]1/(4*d)

Rule 213

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1)) *ArcTanh [Rt [b, 2]1*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] &&
(LtQ[a, 0] || GtQ[b, 0])

Rule 2738

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + b + (
a - b)*xe~2xx~2), x], x, Tan[(c + d*x)/2]1/e]l, x]1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rubi steps

1 4o 2Subst ([ —te— dx, z,tan (3(c + dx)))
/3—5cos(c+d1:) v d
_log (cos (3(c+dzx)) — 2sin (5(c+dx))) log(cos (3(c+ dx)) + 2sin (3(c+ dz
- 4d B 4d




Mathematica [A]

time = 0.02, size = 63, normalized size = 1.00

log (cos (3(c +dz)) — 2sin (3(c + dz))) _ log (cos (3(c+ dz)) + 2sin (3(c + dz)))

4d

Antiderivative was successfully verified.

[In] Integrate[(3 - 5*Cos[c + d*x])~(-1),x]

[Out] Logl[Cos[(c + d*x)/2] - 2xSin[(c + d*x)/2]]1/(4*d) - Logl[Cos[(c + d*x)/2] + 2

*Sin[(c + dxx)/2]11/(4%d)
Maple [A]

time = 0.05, size = 38, normalized size = 0.60

4d

method result size
1n(2tan(d71+%)—1) 1n(2tan(%§+%)+l)

derivativedivides 4 = 4 38
1n(2tan(i}+g)—1) 1n(2tan(i}+§)+1)

default 4 < 4 38
In(2tan(4&+¢)-1 In(2tan( %&+&)+1

norman ( < 42 2) ) — ( ( 43 2> ) 40

. ln(ei(dz+c)_§_ﬂ) ln(ei(dm+c)_§+ﬁ)

risch o — TR 40

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3-5*cos(d*x+c)) ,x,method=_RETURNVERBOSE)
[Out] 1/d*(1/4*1n(2%tan(1/2*%d*x+1/2*%c)-1)-1/4%1n(2*%tan(1/2*d*x+1/2%c)+1))

Maxima [A]

time = 0.28, size = 50, normalized size = 0.79

log (

2 sin(dz+c)

cos(dz+c)+1

+1)—1og(

2 sin(dz4c)
cos(dz+c)+1

)

4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3-5%cos(d*x+c)),x, algorithm="maxima")

[Out] -1/4%(log(2*sin(d*x + c)/(cos(d*x + c) + 1) + 1) - log(2*sin(d*x + c)/(cos(

dxx + ¢c) + 1) - 1))/d
Fricas [A]

time = 0.38, size = 46, normalized size = 0.73

179

log (—2 cos (dz + ¢) + 2 sin (dz + ¢) + 2) — log (=2 cos (dz + ¢) — 2 sin(dz + ¢) + )

8d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3-5%cos(d*x+c)),x, algorithm="fricas")
[Out] -1/8%(log(-3/2*cos(d*x + c) + 2*sin(d*x + c) + 5/2) - log(-3/2*cos(d*x + c)
- 2*sin(d*x + c) + 5/2))/d

Sympy [A]

time = 0.36, size = 44, normalized size = 0.70

log (2tan ($+%)-1 log (2tan ( S+492) 41
og( angz-‘rz) )_ og< an£;+2> ) ford;é()
#os(c) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3-5*cos(d*x+c)),x)
[Out] Piecewise((log(2*tan(c/2 + d*x/2) - 1)/(4%d) - log(2*tan(c/2 + d*x/2) + 1)/

(4%d), Ne(d, 0)), (x/(3 - 5xcos(c)), True))

Giac [A]
time = 0.44, size = 38, normalized size = 0.60
log (|2 tan (3 dz+1c) +1|) —log (|2 tan (3 dz + 1 ¢) — 1))
B 4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3-5*cos(d*x+c)),x, algorithm="giac")
[Out] -1/4%(log(abs(2*tan(1/2*d*x + 1/2%c) + 1)) - log(abs(2*tan(1/2*d*x + 1/2%c)

- 1))/d
Mupad [B]
time = 0.33, size = 17, normalized size = 0.27
atanh(2tan (£ + 42))

2d
Verification of antiderivative is not currently implemented for this CAS.

[In] int(-1/(5*cos(c + d*x) - 3),x)
[Out] -atanh(2*tan(c/2 + (d*x)/2))/(2*d)
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1
3.39 f (3—5 cos(c+dz))? dx

Optimal. Leaf size=88

_ 3log (cos (3(c +dz)) — 2sin (3(c + d))) +310g (cos (3(c +dz)) +2sin (3(c +dz))) 5sin(c + d.
64d 64d 16d(3 — 5cos(c

[Out] -3/64*1n(cos(1/2*%d*x+1/2*c)-2*sin(1/2*d*x+1/2*c))/d+3/64*1n(cos(1/2*d*x+1/2
*c)+2*sin(1/2*%d*x+1/2*c))/d-5/16*sin(d*x+c)/d/ (3-5*cos (d*x+c))

Rubi [A]
time = 0.03, antiderivative size = 88, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.333,

steps used = 4, number of rules used = 4, integrand size = 12
Rules used = {2743, 12, 2738, 213}

3 5sin(c + dz) _ 3log (cos (3(c+dz)) — 2sin (3(c + dz))) N 3log (2sin (3(c + dz)) + cos (3(c + dz)))
16d(3 — 5 cos(c + dz)) 64d 64d

Antiderivative was successfully verified.
[In] Int[(3 - 5*Cos[c + d*x])~(-2),x]

[Out] (-3*Logl[Cos[(c + d*x)/2] - 2*Sin[(c + dx*x)/2]])/(64*d) + (3*Logl[Cos[(c + dx
x)/2] + 2xSin[(c + d*x)/2]])/(64*d) - (5%Sin[c + d*x])/(16*d*(3 - 5*Cos[c +
d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQlb, x]]

Rule 213

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1))*ArcTanh[Rt [b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] &&
(LtQ[a, 0] |l GtQ[b, 01)

Rule 2738

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + b + (
a - b)*xe~2xx~2), x], x, Tan[(c + d*x)/2]1/e], x]1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a"2 - b~2, 0]

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + b*Sin[c + d*x])~(n + 1)/(d*x(n + 1)*(a"2 - b"2))), x] + Dist
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[1/((n + 1)*(a"2 - b~2)), Int[(a + bxSin[c + d*x])"(n + 1)*Simp[a*(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2#n]

Rubi steps
1 5sin(c + dz) 1 3
dr = — +—= [ - dz
(3 — 5cos(c+ dz))? 16d(3 — 5cos(c+dz)) 16 3 — 5cos(c+ dx)
_ 5sin(c + dx) 3 / 1 s
~ 16d(3 —5cos(c+dz)) 16 ) 3 —5cos(c+ dx)
___ 5sin(c+da) _ 3Subst (| —5-gz de, z, tan (3(c + dx)))
~ 16d(3 — 5cos(c + dz)) 8d
3log (cos (3(c+dz)) — 2sin (3(c+dz)))  3log (cos (3(c+ dz)) + 2sin (3
- 64d - 64d

Mathematica [A]
time = 0.06, size = 139, normalized size = 1.58

9log (cos (2(c+ dz)) — 2sin (2(c+ dz))) — 15cos(c + dz) (log (cos (3(c + dx)) — 2sin (§(c + dx))) — log (cos (3(c + dz)) + 2sin (3(c+ dz)))) — 9log (cos (§(c + dx)) + 2sin (3(c + dz))) + 20sin(c + dz)
64d(—3 + 5 cos(c + dz))

Antiderivative was successfully verified.

[In] Integrate[(3 - 5*Cos[c + d*x])~(-2),x]

[Out] (9%Logl[Cos[(c + d*x)/2] - 2*Sin[(c + d*x)/2]] - 15%Cos[c + d*x]*(Log[Cos[(c
+ d*x)/2] - 2xSin[(c + d*x)/2]] - Logl[Cos[(c + d*x)/2] + 2*Sin[(c + d*x)/2

11) - 9%Logl[Cos[(c + d*x)/2] + 2xSin[(c + d*x)/2]] + 20*Sin[c + d*x])/(64*d

*(-3 + 5xCos[c + d*x]))

Maple [A]
time = 0.07, size = 72, normalized size = 0.82

method result size
5tan( 92 4¢ 3In(2tan( 2 42)-1 3In(2tan( %@ 4+2)41
norman — 2< zm 26) — ( g;i 2) ) + ( §4¢21 2) ) 71
16d(4(tan? (% +5))-1)
_ 5, _31“(2tan(6‘17w+%)—1)_ 5 +31n(2tan(617x+%)+1)
T c)_ x| C
derivativedivides 64(2tan(F +5) 1) . 64(2tan(%F+5)+1) 79
_ 5 _31n(2tan(i}+%)—1)_ 5 31n(2tan(i}+%)+1)
default 64(2ton(F+5)-1) o ] 64(2tan(F+5)+1) o 79
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isch i(3 ei(dz+c)_5) 31n(ei(dm+c)_%_%) 31n(ei(dm+c)_%+%) 85
risc T 8d(5Pde T _gedztayy) 64d + 64d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3-5*cos(d*x+c))~2,x,method=_RETURNVERBOSE)

[Out] 1/d*x(-5/64/(2*xtan(1/2*d*xx+1/2%c)-1)-3/64*1n(2*tan(1/2xd*x+1/2*c)-1)-5/64/(2
*tan (1/2*%d*x+1/2%c)+1)+3/64*1n(2*xtan (1/2*d*x+1/2*c)+1))

Maxima [A]
time = 0.30, size = 94, normalized size = 1.07

' 20 sin(dz+c) —31lo < 2 sin(dz+c) + 1) +31lo < 2 sin(dz4c) 1>
(il dh ) contdatoyt) & \oos(dzre)+1 & \eos(dote)+1
64 d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3-5*cos(d*x+c))”2,x, algorithm="maxima")

[Out] -1/64%(20*sin(d*x + c)/((4*sin(d*x + c)~2/(cos(d*x + c) + 1)72 - 1)*(cos(dx*
x +c) + 1)) - 3*log(2*xsin(d*x + c)/(cos(d*x + c) + 1) + 1) + 3xlog(2*sin(d

xx + c)/(cos(d*x + ¢c) + 1) - 1))/d

Fricas [A]

time = 0.37, size = 88, normalized size = 1.00

3(5 cos (dz + c) — 3)log (—32 cos(dz + ¢) + 2 sin (dz + c) + 2) — 3(5 cos (dz + ¢) — 3)log (—3 cos (dz + ¢) — 2 sin (dz + ¢) + 2) + 40 sin (dz +¢)
128 (5 d cos (dz + ¢) — 3d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3-5*cos(d*x+c))~2,x, algorithm="fricas")

[Out] 1/128%(3*%(5*cos(d*x + c) - 3)*log(-3/2*cos(d*x + c) + 2*sin(d*x + c) + 5/2)
- 3*(b*cos(d*x + c) - 3)*log(-3/2*cos(d*x + c) - 2*sin(d*x + c) + 5/2) + 4
O*sin(d*x + c))/(5*dxcos(d*x + c) - 3xd)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 240 vs.
2(78) = 156.
time = 0.70, size = 240, normalized size = 2.73

(3—pcos (fotan(%)))z for ¢ = —dz — 2atan (3) V¢ = —dz + 2atan (3)
(375& ©)? ford=0
12log (Ztan (g#‘%)ﬂ) tan? (§+%) 3log (na.u(§+%)—1) 4 12log (ZLan (‘5‘+%)+1)mn2 (§+%) 3log (Ztan (§+%)+1) 20tan (§+%)

256dtan? (§+4 ) —64d 256dtan? (5+4) —64d 256dtan? (§+%) —64d 256dtan? (5+%5)-64d  256dtan? (§+%)—64d otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3-5%cos(d*x+c))**2,x)
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[Out] Piecewise((x/(3 - 5*cos(2*atan(1/2)))**2, Eq(c, -d*x - 2xatan(1/2)) | Eq(c,
-d*x + 2*atan(1/2))), (x/(3 - 5*cos(c))**2, Eq(d, 0)), (-12xlog(2*tan(c/2

+ d*x/2) - 1)*tan(c/2 + d*x/2)**x2/(256*d*tan(c/2 + d*x/2)**2 - 64*d) + 3*lo

g(2xtan(c/2 + d*x/2) - 1)/(256xd*tan(c/2 + d*x/2)**2 - 64*d) + 12%log(2+*tan

(c/2 + d*x/2) + 1)*tan(c/2 + d*x/2)*x2/(256xd*tan(c/2 + d*x/2)**2 - 64%d) -
3xlog(2*tan(c/2 + d*x/2) + 1)/(256*d*tan(c/2 + d*x/2)**2 - 64*d) - 20x*tan(

c/2 + d*x/2)/(256xd*xtan(c/2 + d*x/2)**2 - 64*d), True))

Giac [A]
time = 0.52, size = 68, normalized size = 0.77

an(de+2c
_42:;;(;((;1;5211 —3log (|2 tan (3dz +1c) +1|) + 3 log (|2 tan (3 dz + 3 ¢) — 1])
64 d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3-5%*cos(d*x+c))~2,x, algorithm="giac")

[Out] -1/64*(20*tan(1/2xd*x + 1/2%c)/(4*tan(1/2*d*x + 1/2%c)”"2 - 1) - 3x*log(abs(2
*xtan(1/2xd*x + 1/2%c) + 1)) + 3xlog(abs(2xtan(1/2xd*x + 1/2xc) - 1)))/d

Mupad [B]
time = 0.34, size = 47, normalized size = 0.53
3atanh(2tan(§ + 42)) 5 tan (£ + 42)
32d 64d (tan (§+d2—x)2—i>

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5%cos(c + d*x) - 3)72,x)
[Out] (3*atanh(2*tan(c/2 + (d*x)/2)))/(32%d) - (5xtan(c/2 + (d*x)/2))/(64*d*(tan(
c/2 + (d*x)/2)"2 - 1/4))
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1
3.40 f (3—5 cos(c+dz))3 dx

Optimal. Leaf size=113

431og (cos (3(c + dz)) — 2sin (3(c + dz))) _ 43log (cos (5(c +dz)) +2sin (3(c + dz))) B 5sin(c +
20484 20484 32d(3 — 5 cos(c

[Out] 43/2048*1n(cos(1/2*d*xx+1/2%c)-2*sin(1/2*d*xx+1/2%c))/d-43/2048*1n(cos (1/2*dx*
x+1/2%c)+2*%sin(1/2%d*xx+1/2%c))/d-5/32*%sin(d*x+c) /d/ (3-5*cos (d*x+c)) ~2+45/51
2%sin(d*x+c)/d/ (3-5*cos(d*x+c))

Rubi [A]
time = 0.05, antiderivative size = 113, normalized size of antiderivative = 1.00, number of

number of rules _ 417
integrand size ’

steps used = 5, number of rules used = 5, integrand size = 12,
Rules used = {2743, 2833, 12, 2738, 213}

45sin(c + dz) 3 5sin(c + dz) 431og (cos (3(c + dz)) — 2sin (3(c + dx))) _ 43log (2sin (3(c+dx)) + cos (3(c+ da)))
512d(3 — 5cos(c +dzx))  32d(3 — 5cos(c+ dx))? 20484 2048d

Antiderivative was successfully verified.
[In] Int[(3 - 5*Cos[c + d*x])~(-3),x]

[Out] (43*Logl[Cos[(c + d*x)/2] - 2*Sin[(c + d*x)/2]])/(2048%d) - (43*Log[Cos[(c +
d*x) /2] + 2xSin[(c + d*x)/2]]1)/(2048*d) - (5*Sin[c + d#*x])/(32*d*(3 - 5*Co
slc + d*x])~2) + (45%Sin[c + d*x])/(512%d*(3 - 5*Cos[c + d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQl[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 213

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1))*ArcTanh[Rt [b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] &&
(LtQ[a, 0] |l GtQ[b, 01)

Rule 2738

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + b + (
a - b)*xe~2xx~2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + b*Sin[c + d*x])~(n + 1)/(d*x(n + 1)*(a"2 - b"2))), x] + Dist
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[1/((a + D*(a"2 - b72)), Int[(a + b*Sin[c + d*x])"(n + 1)*Simp[ax(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -

b~2, 0] && LtQ[n, -1] && IntegerQ[2#n]

Rule 2833

Int[((a_) + (b_.)*sinl(e_.) + (£_)*(x_)1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(bxc - a*d))*Cos[e + fxx]*((a + b*Sin[e +
fxx])"(m + 1)/(E*x(m + 1)*(a”2 - b72))), x] + Dist[1/((m + 1)*(a"2 - b~2)),
Int[(a + b*Sin[e + f*x])~“(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*c - axd)*(m

+ 2)xSin[e + fx*x], x], x], x] /; FreeQ[{a, b,

c, d, e, £}, x] && NeQ[bxc -

axd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2*m]
Rubi steps
1 dp — — 5sin(c + dx) + 1 [ —6—5cos(c+dz) i
(3 — 5cos(c+ dx))? 32d(3 —5cos(c+dzx))? 32 /) (3—5cos(c+ dx))?
B 5sin(c + dx) 45sin(c + dx) 1 43
~ 32d(3—5cos(c+dx))? | 512d(3 — 5cos(c+ dz)) | 512 / 3 — 5cos(c+ da
_ 5sin(c + dx) 45sin(c + dx) n 43 / 1
32d(3 — 5cos(c+dx))?  512d(3 —5cos(c+dzx)) 512 ) 3 —5cos(c+ da
B 5sin(c + dz) 45sin(c + dz) 43Subst ([ —5g da, @
~32d(3 —5cos(c+dx))? | 512d(3 — 5 cos(c + dz)) 256d

_ 43log (cos (2(c+dz)) — 2sin (3(c+ dz))) _ 43log (cos (2(c+ dz)) + 2sin (;

2048d

Mathematica [A]
time = 0.10, size = 211, normalized size = 1.87

4310 (cos (3(c+ do)) — 2sin ((c + dz))) _ 43log (cos (3(c+dz)) + 2sin ((c +dz))) 5 45sin ((c +dz))

2048d

5 45sin (3(c + dz))

2048d 20484 512d (cos (L(c + dz)) — 2sin (3(c+ dz)))*  1024d (cos (3(c+ dz)) — 2sin (3(c + da))) * 52 (cos (3(c+dz)) + 2sin (Lc+dz)))° 1024 (cos (3(c + d)) + 2sin ((c + dz)))

Antiderivative was successfully verified.

[In] Integrate[(3 - 5*Cos[c + d*x])~(-3),x]

[Out] (43*Logl[Cos[(c + d*x)/2] - 2*Sin[(c + d*x)/2]])/(2048%d) - (43*Log[Cos[(c +
d*xx) /2] + 2xSin[(c + d*x)/2]1]1)/(2048*d) - 5/(512*d*(Cos[(c + d*x)/2] - 2%S
in[(c + d*x)/2]1)"2) - (45%Sin[(c + d*x)/2]1)/(1024%d*x(Cos[(c + d*x)/2] - 2%S

in[(c + d*x)/2])) + 5/(512*d*(Cos[(c + d*x)/2]
45xSin[(c + d*x)/2])/(1024*xd*(Cos[(c + dx*xx)/2]

Maple [A]
time = 0.08, size = 106, normalized size = 0.94

+ 2xSin[(c + d*x)/2])"2) - (
+ 2%Sin[(c + d*x)/2]1))
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method result
- _85tan5(1‘217:+%)+35(tanslg:€+%)> N 43n(2tan( g +5)-1) B 431n(2tan (% +£)+1)
<4(tan2( %z +%)>_1)2 2048d 2048d

_ 25 2+ ( g5 ) )+431n(2tan(g}+%)—l)+ 25 2+ ( :(35 )
derivativedivides i

3 25 o+ : 83 : )+431n(2tar;g:7:+%)—1) o + : Z’f’i )

2048(2tan(d71+%)—1) 2048(2tan( %E+§ )1 2048(2tan(d7z+%)+1) 2048(2tan( 4E+§
default y
isch i(215 e3(dzte) 387 e2i(dete) 1 395 eildate) _995)  43In(ef(dete)_3_2)  43In(eildete) 34 %)

T1s¢ 256d (5 e2i(dz+c) 6 eildz+c) 4 5)? + 20484 o 2048d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3-5*cos(d*x+c))~3,x,method=_RETURNVERBOSE)

[Out] 1/d*(-25/2048/(2*tan(1/2*d*x+1/2%c)-1)"2+35/2048/ (2*tan(1/2*d*x+1/2*c)-1)+4
3/2048*1n(2*xtan(1/2*d*xx+1/2%c)-1)+25/2048/ (2*xtan(1/2*d*x+1/2%c)+1) ~2+35/204
8/ (2xtan(1/2*d*xx+1/2%c)+1)-43/2048%1n (2*xtan(1/2*d*x+1/2*c)+1))

Maxima [A]
time = 0.30, size = 137, normalized size = 1.21

17 sin(dz+c) _ 28 sin(dm+c)3

20 (cos(dz+c)+1 (cos(dm+c)+1)3> _ 43 10g ( 2 sin(dz+c) + 1) +43 10g ( 2 sin(dz+c) 1)

8 sin(dz+c)? _ 16 sin(do+c)? _ COS(dIE+C)+1 COS(d:l:+C)+1 -
(cos(d:r:-ﬁ-c)-}—l)2 (cos(dz+c)+l)4

2048d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3-5*cos(d*x+c))~3,x, algorithm="maxima")

[Out] 1/2048*(20*(17*sin(d*x + c)/(cos(d*x + c) + 1) - 28*sin(d*x + c)~3/(cos(d*x
+ c) + 1)73)/(8*sin(d*x + c)~2/(cos(d*x + c) + 1)72 - 16*sin(d*x + c)~4/(c
os(d*x + c) + 1)74 - 1) - 43xlog(2*sin(d*x + c)/(cos(d*x + c) + 1) + 1) + 4
3*log(2*sin(d*x + c)/(cos(d*x + c) + 1) - 1))/d

Fricas [A]

time = 0.41, size = 129, normalized size = 1.14

43 /(25 cos (dz + c)® — 30 cos (dz + ) +9) log (—32 cos (dz +¢) + 2 sin (dz + ¢) + 3) — 43 (25 cos (dz + ¢)* — 30 cos (dz + c) +9) log (=2 cos (dz + c) — 2 sin (dz + ¢) + 3) + 40 (45 cos (dz + ¢) — 11)sin (dz + )
4096 (25 d cos (dz + ¢)* — 30 d cos (dz + c) + 9d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3-5*cos(d*x+c))~3,x, algorithm="fricas")

[Out] -1/4096%(43%(25*%cos(d*x + c)~2 - 30*cos(d*x + c) + 9)*log(-3/2*cos(d*x + c)
+ 2xsin(d*x + c) + 5/2) - 43%(25*cos(d*x + c)~2 - 30*cos(d*x + c) + 9)*log
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(-3/2*cos(d*x + c) - 2*sin(d*x + c) + 5/2) + 40%(45*cos(d*x + c) - 11)*sin(
d*x + c))/(25*%d*cos(d*x + c)~2 - 30*d*cos(d*x + c) + 9*d)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 490 vs.
2(102) = 204.

time = 1.26, size = 490, normalized size = 4.34

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3-5%cos(d*x+c))**3,x)

[Out] Piecewise((x/(3 - b*cos(2*atan(1/2)))**3, Eq(c, -d*x - 2*atan(1/2)) | Eq(c,
-d*x + 2*atan(1/2))), (x/(3 - 5*cos(c))**3, Eq(d, 0)), (688xlog(2*tan(c/2
+ d*x/2) - 1)*tan(c/2 + d*x/2)**4/(32768*d*tan(c/2 + d*x/2)**4 - 16384*d*ta
n(c/2 + dxx/2)**2 + 2048*d) - 344xlog(2xtan(c/2 + d*x/2) - 1)*tan(c/2 + d*x
/2)*%2/(32768*d*xtan(c/2 + d*x/2)**4 - 16384*xd*xtan(c/2 + d*x/2)**2 + 2048%d)
+ 43+1log(2*tan(c/2 + d*x/2) - 1)/(32768xd*tan(c/2 + d*x/2)*x4 - 16384xd*ta
n(c/2 + dxx/2)**2 + 2048*d) - 688xlog(2*tan(c/2 + d*x/2) + 1)*tan(c/2 + d*x
/2)*x4/(32768*d*tan(c/2 + d*x/2)**4 - 16384*d*tan(c/2 + d*x/2)**2 + 2048%d)
+ 344xlog(2xtan(c/2 + d*x/2) + 1)*tan(c/2 + dxx/2)**2/(32768xd*tan(c/2 + d
*xx/2)*x4 - 16384*xd*tan(c/2 + d*x/2)**2 + 2048xd) - 43xlog(2xtan(c/2 + d*x/2
) + 1)/(32768*d*tan(c/2 + d*x/2)*x4 - 16384*d*tan(c/2 + d*x/2)**2 + 2048%d)
+ 560*tan(c/2 + d*x/2)**3/(32768*d*tan(c/2 + d*x/2)**4 - 16384*d*tan(c/2 +
d*x/2)**x2 + 2048xd) - 340*tan(c/2 + d*x/2)/(32768*d*tan(c/2 + d*x/2)**4 -

16384xd*xtan(c/2 + d*x/2)**2 + 2048%d), True))

Giac [A]

time = 0.46, size = 84, normalized size = 0.74

3
0 (28 tnh et o) 17 w3 drt}O) a0 (19 tam (Ldo 4+ 1) + 1)) + 43 log (|2 tan (Sdz+ Lc) — 1))

(4 tan(% dm—i—% 0)2—1)2

2048d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3-5%cos(d*x+c))~3,x, algorithm="giac")

[Out] 1/2048+%(20*(28*tan(1/2*d*x + 1/2xc)~3 - 17xtan(1/2xd*x + 1/2%c))/(4*tan(1/2
*xd*xx + 1/2%c)”2 - 1)72 - 43xlog(abs(2*tan(1/2xd*x + 1/2%c) + 1)) + 43*log(a
bs(2*tan(1/2xd*x + 1/2%c) - 1)))/d

Mupad [B]

time = 0.67, size = 76, normalized size = 0.67

3
43 atanh (2 tan (g + 42)) 8 tans(lz;'dT> 3 tanggg%)

1024d B n(csde)?
o (i (5 - =07 )
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(-1/(5*cos(c + d*x) - 3)73,x%)

[Out] - (43*atanh(2*tan(c/2 + (d*x)/2)))/(1024%d) - ((85*tan(c/2 + (d*x)/2))/8192
- (35xtan(c/2 + (d*x)/2)°3)/2048)/(d*(tan(c/2 + (d*x)/2)"4 - tan(c/2 + (d*
x)/2)°2/2 + 1/16))
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1
3.41 f (3—5 cos(c+dz))* dx

Optimal. Leaf size=138

_ 2791og (cos (3(c +dz)) — 2sin (3(c + dz))) +279 log (cos (3(c +dz)) + 2sin (3(c +dz))) 5sin(c
32768d 32768d 48d(3 — 5co

[Out] -279/32768*1n(cos(1/2*%d*x+1/2*%c)-2%sin(1/2*d*x+1/2*c))/d+279/32768*1n(cos (1
/2xd*x+1/2*xc)+2*xsin (1/2*d*x+1/2*c)) /d-5/48*sin(d*x+c) /d/ (3-5*%cos (d*x+c)) "3+
25/512*sin(d*x+c)/d/ (3-5*cos (d*x+c)) ~2-995/24576*sin (d*x+c) /d/ (3-5*cos (d*x+

c))

Rubi [A]
time = 0.08, antiderivative size = 138, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.417,

steps used = 6, number of rules used = 5, integrand size = 12,
Rules used = {2743, 2833, 12, 2738, 213}

995 sin(c + dz) 25 sin(c + dz) _ 5sin(c + dz) _ 2791og (cos (3(c + dz)) — 2sin (5(c + dz))) . 279log (2sin ((c + dz)) + cos (2(c+ dz)))
24576d(3 — 5cos(c +dz))  512d(3 — 5cos(c+ dz))?  48d(3 — 5cos(c + dz))? 32768d 32768d

Antiderivative was successfully verified.
[In] Int[(3 - 5*Cos[c + d*x])~(-4),x]

[Out] (-279*Log[Cos[(c + d*x)/2] - 2*Sin[(c + d*x)/2]11)/(32768*d) + (279*Log[Cos[
(c + d*xx)/2] + 2*Sin[(c + d*x)/2]]1)/(32768*d) - (5*Sin[c + d*x])/(48%d*(3 -
5xCos[c + d*x])~3) + (25*%Sin[c + d*x])/(512xd*(3 - 5xCos[c + d*x])~2) - (9
95%Sin[c + d*x])/(24576%d*(3 - 5*Cos[c + d*xx]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b )*(v_ ) /; FreeQ[b, x]]

Rule 213

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~ (-
1)) *ArcTanh [Rt [b, 2]1*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] &&
(LtQ[a, 01 Il GtQlb, 01)

Rule 2738

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + b + (
a - b)*xe~2xx~2), x], x, Tan[(c + d*x)/2]1/e]l, x1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rule 2743



Int[((a_) + (b_.)*sin[(c_

D+ (@_)*(xx)1)"(n), x_Symboll]
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:> Simp[(-b)*Cos

[c + d*x]*((a + b*Sin[c + d*x])~(n + 1)/(d*(n + 1)*(a"2 - b"2))), x] + Dist
Int[(a + b*Sin[c + d*x])~(n + 1)*Simp[ax(n + 1) -

[1/((n + D*(a"2 - b72)),
bx(n + 2)*Sin[c + d*x],

b~2, 0] && LtQ[n,

Rule 2833

Int[((a_) + (b_.)*sin[(e_

(£_.)*(x_)]), x_Symbol]

fxx]1)"(m + 1)/(E*x(m + 1)*(a"2 - b72))),

x], x1,
-1] && IntegerQ[2+n]

Do+ (E_D*0D " (m ) *((c_
:> Simp[(-(b*c - axd))*Cos[e + f*x]*((a + b*Sin[e +
x] + Dist[1/((m + 1)*(a"2 - b72)),

x] /; FreeQ[{a, b,

.) + (d_.)*sin[(e

c, d}, x] && NeQ[a~2 -

_)

Int[(a + b*Sin[e + f*x])~(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*c - axd)*(m
+ 2)*Sin[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*xc -
axd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2*m]

Rubi steps

1 J—
(3 — 5cos(c+ dx))*

5sin(c + dz)

48d(3 — 5 cos(c + dx))3

5sin(c + dx)

48
25sin(c + dx)

1 / —9 — 10cos(c + dz)
(3 — 5cos(c+dz))?

dz

[ It costesda) g,
(3—5 cos(c+dx))?

~ 48d(3 — 5cos(c+ dz))® | 512d(3 — 5 cos(c + dx))? 1536
B 5sin(c + dx) 25sin(c + dzx) B 995 sin(c + dx)
48d(3 — 5cos(c+dz))®  512d(3 — 5cos(c+ dx))?  24576d(3 — 5 cos(c 4
5sin(c + dx) 25sin(c + dzx) B 995 sin(c + dx)
48d(3 — 5cos(c+dz))®  512d(3 — 5cos(c+ dx))?  24576d(3 — 5 cos(c +
5sin(c + dx) 25sin(c + dx) 995 sin(c + dx)

~ 48d(3 — 5cos(c + dz))?
2791log (cos (3(c+ dz)) — 2sin (3(c+ dz)))

512d(3 — 5 cos(c + dz))?

~ 24576d(3 — 5 cos(c +
N 2791og (cos (3(c + dz)) + 2

32768d

32768d

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 288 vs. 2(138) =

276.

time = 0.16, size = 288, normalized size = 2.09

Antiderivative was successfully verified.

[In] Integrate[(3 - 5*Cos[c + d*x])~(-4),x]

[Out] (467046%xLog[Cos[(c + d*x)/2] - 2xSin[(c + d*x)/2]] - 104625%Cos[3*(c + d*x)
1*Log[Cos[(c + d*x)/2] - 2*Sin[(c + dx*x)/2]] - 765855*Cos[c + d*x]*(Log[Cos
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[(c + d*x)/2] - 2*Sin[(c + d*x)/2]] - Logl[Cos[(c + d*x)/2] + 2xSin[(c + d*x
)/2]]1) + 376650%Cos[2*(c + d*x)]*(Log[Cos[(c + d*x)/2] - 2xSin[(c + d*x)/2]
] - Logl[Cos[(c + d*x)/2] + 2xSin[(c + d*x)/2]]) - 467046*Log[Cos[(c + d*x)/
2] + 2xSin[(c + d*x)/2]] + 104625%Cos[3*(c + d*x)]*Log[Cos[(c + d*x)/2] + 2
*Sin[(c + d*x)/2]] + 226140*Sin[c + d*x] - 190800%Sin[2*(c + d*x)] + 99500%
Sin[3*(c + d*x)])/(393216%d*(-3 + 5*Cos[c + d*x])~3)

Maple [A]

time = 0.10, size = 140, normalized size = 1.01

method result
_745tan(d72+%) 265(tan3(d—22+%))_295(tan5(d7x+%)) 2791n<2tan(d7“”+§>—1> 2791n<2tan(d7x+§>+1)
norman 81924 768d . 5124 _ e e
(o (55

(20925 e5i(de+e) _62775 edi(dete) £111042 e3i(do+e) _119310 ?(d+¢) 68625 ei(d+) —24875) 279 In(et(deFe)

risch 122884 (5 2i(de-+) _6 eildate) 1 5)3 32768d
e T e T e T )

derivativedivides | —22(2ten(F+§)-1)" swe(2ean(dp+§)-) 32168(2tan (% +5) 1) 3 49152(2 tan (4 +
B ST SO

default 49152 (20an (G +5) -1)"  8192(20an (G 5)-1)" 32708(20en(F45) 1) y 49152 (2 tan (42 +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(3-5*cos(d*x+c))~4,x,method=_RETURNVERBOSE)

[Out] 1/d*x(-125/49152/ (2*tan(1/2*d*x+1/2*c)-1)"3+25/8192/ (2*tan(1/2*d*x+1/2*c)-1)
~2-295/32768/ (2xtan(1/2xd*x+1/2%c)-1)-279/32768*1n(2xtan (1/2*xd*x+1/2%c)-1) -
125/49152/ (2%tan (1/2*d*x+1/2*c)+1) ~3-25/8192/ (2*tan (1/2*d*x+1/2*c)+1) ~2-295
/32768/ (2xtan (1/2*d*x+1/2%c)+1)+279/32768*1n (2*tan (1/2*d*x+1/2*c)+1))

Maxima [A]
time = 0.28, size = 177, normalized size = 1.28

9 (447 sin(de+c) _ 1696 sin(de+c)3 | 2832 sin(dz+c)®

cos(dz+c)+1 (cos(dz+c)+1)3 (cos(dz+C)+1)5> _ 837 10g < 2 sin(dac+c) + 1) + 837 log ( 2 sin(dm+c) 1)

12 sin(dx+c)? 48 sin(dz+c)? 64 sin(dz+c)® cos(dz+c)+1 cos(dz+c)+1

_ (cos(dz+c)+1)2 (cos(dar:-‘—c)+1)4 (cos(dz+c)+1)6 -

98304 d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3-5%cos(d*x+c))~4,x, algorithm="maxima")

[Out] -1/98304#*(20*(447*sin(d*x + c)/(cos(d*x + c) + 1) - 1696*sin(d*x + c)~3/(co
s(dxx + ¢c) + 1)7°3 + 2832*sin(d*x + c)~5/(cos(d*x + c) + 1)75)/(12*sin(d*x +
c)"2/(cos(d*x + c) + 1)72 - 48*sin(d*x + c)~4/(cos(d*x + c) + 1)74 + 64x*si
n(d*x + c)”6/(cos(d*x + c) + 1)76 - 1) - 837xlog(2*sin(d*x + c)/(cos(d*x +

c) + 1) + 1) + 837*xlog(2*sin(d*x + c)/(cos(d*x + c) + 1) - 1))/d
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Fricas [A]
time = 0.37, size = 170, normalized size = 1.23

837 (125 cos (dz + ¢)° — 225 cos (dz + ¢)* + 135 cos (dz + c) — 27) log (=} cos (dz + ¢) + 2 sin (dz + ¢) + §) — 837 (125 cos (dz + ¢)® — 225 cos (dz + ¢)* + 135 cos (dz + ¢) = 27) log (=3 cos (dz + ¢) = 2 sin (dz + c) + 3) + 40 (4975 cos (dz + ¢)? — 4770 cos (dz + c) + 1583) sin (dz + c)
196608 (125 d cos (dz + ¢)° — 225 d cos (dz + ¢)” + 135 d cos (dz + c) — 27d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3-5*cos(d*x+c))”4,x, algorithm="fricas")

[Out] 1/196608%*(837*(125*%cos(d*x + c)~3 - 225*%cos(d*x + c)~2 + 135*cos(d*x + c) -
27)*1log(-3/2*cos(d*x + c) + 2*sin(d*x + c) + 5/2) - 837*(125%cos(d*x + c)~

3 - 226xcos(d*x + c)~2 + 135*cos(d*x + c) - 27)*log(-3/2xcos(d*x + c) - 2xs
in(d*x + c) + 5/2) + 40*(4975*cos(d*x + c)~2 - 4770*cos(d*x + c) + 1583)*si
n(d*x + c))/(125*%d*cos(d*x + c)~3 - 225*%d*cos(d*x + c)~2 + 135*d*cos(d*x +

c) - 27%d)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 831 vs.
2(126) = 252.
time = 2.74, size = 831, normalized size = 6.02

[==

e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3-5%cos(d*x+c))**4,x)

[Out] Piecewise((x/(3 - 5*cos(2*atan(1/2)))**4, Eq(c, -d*x - 2xatan(1/2)) | Eq(c,
-d*x + 2xatan(1/2))), (x/(3 - 5xcos(c))**4, Eq(d, 0)), (-53568*log(2*tan(c
/2 + d*x/2) - 1)*tan(c/2 + d*x/2)**6/(6291456*d*tan(c/2 + d*x/2)**6 - 47185
92xdxtan(c/2 + d*x/2)**4 + 1179648*d*tan(c/2 + d*x/2)**2 - 98304*d) + 40176
xlog(2*tan(c/2 + d*x/2) - 1)*tan(c/2 + d*x/2)*x4/(6291456*d*tan(c/2 + d*x/2
Y*xk6 — 4718592*%d*tan(c/2 + d*x/2)*x4 + 1179648*d*xtan(c/2 + d*xx/2)**2 - 9830
4xd) - 10044x*log(2*tan(c/2 + d*x/2) - 1)*tan(c/2 + d*x/2)**2/(6291456*d*tan
(c/2 + d*x/2)*x6 - 4718592*xd*tan(c/2 + d*x/2)**4 + 1179648*d*tan(c/2 + d*x/
2)*x2 - 98304*d) + 837xlog(2*tan(c/2 + d*x/2) - 1)/(6291456*d*tan(c/2 + d*x
/2)*x6 — 4718592xdxtan(c/2 + d*xx/2)**4 + 1179648+d*tan(c/2 + d*x/2)**2 - 98
304xd) + 53568*log(2xtan(c/2 + d*x/2) + 1)xtan(c/2 + d*x/2)**6/(6291456*d*t
an(c/2 + d*xx/2)*x6 - 4718592*d*tan(c/2 + d*xx/2)**x4 + 1179648+*d*tan(c/2 + dx
x/2)*%2 - 98304+*d) - 40176*log(2xtan(c/2 + d*x/2) + 1)*tan(c/2 + d*x/2)**4/
(6291456*d*tan(c/2 + d*x/2)**6 - 4718592*d*tan(c/2 + d*x/2)**x4 + 1179648*dx*
tan(c/2 + d*x/2)**2 - 98304*d) + 10044*log(2*tan(c/2 + d*x/2) + 1)*tan(c/2
+ d*x/2)**2/(6291456*xd*tan(c/2 + d*x/2)*x6 — 4718592xd*xtan(c/2 + d*xx/2)**4
+ 1179648*d*tan(c/2 + d*x/2)**2 - 98304*d) - 837*xlog(2*tan(c/2 + d*x/2) + 1
)/(6291456*d*tan(c/2 + d*x/2)**6 - 4718592xd*tan(c/2 + d*x/2)*x4 + 1179648%
d*tan(c/2 + d*x/2)**x2 - 98304*d) - 56640*tan(c/2 + d*x/2)**5/(6291456*d*tan
(c/2 + d*x/2)**6 — 4718592*d*tan(c/2 + d*x/2)**x4 + 1179648*d*xtan(c/2 + d*x/
2)*x2 — 98304*d) + 33920*tan(c/2 + d*x/2)**3/(6291456*d*tan(c/2 + d*x/2)**6
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- 4718592xd*tan(c/2 + d*xx/2)*x4 + 1179648*d*xtan(c/2 + d*xx/2)**2 - 98304%*d)
- 8940*tan(c/2 + d*x/2)/(6291456*d*tan(c/2 + d*x/2)**6 — 4718592*d*tan(c/2
+ d*x/2)**4 + 1179648*d*tan(c/2 + d*x/2)**x2 - 98304*d), True))

Giac [A]

time = 0.43, size = 97, normalized size = 0.70

20 (2832 tan (2 dz+1 ¢)°—1696 tan (L dz+1 c)®+447 tan(L dz+1 c)
(el ool et emGenbo) st tog (2 an (ke + ) +1]) 597 bog (2 an (4 ) 1)

h 98304 d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(3-5*cos(d*x+c))~4,x, algorithm="giac")

[Out] -1/98304*(20*(2832*%tan(1/2*d*x + 1/2%c)~5 - 1696*tan(1/2*d*x + 1/2%c)~3 + 4
47xtan(1/2*d*x + 1/2xc))/(4xtan(1/2xd*x + 1/2xc)"2 - 1)~3 - 837xlog(abs (2t
an(1/2*xd*x + 1/2%c) + 1)) + 837*log(abs(2*tan(1/2xd*x + 1/2xc) - 1)))/d

Mupad [B]
time = 2.01, size = 102, normalized size = 0.74

295tan<%+d7’>5 265tan<%+d7m>3 745 tan 5+ )

279 atanh (2 tan(g + d?x)) _ 32768 - 49152 524288
16384 d o erde)  an(eide)?
d@w@+%f—“(fz>+“(£2)—é>

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5%cos(c + d*x) - 3)74,x)

[Out] (279*atanh(2*tan(c/2 + (d*x)/2)))/(16384*d) - ((745xtan(c/2 + (d*x)/2))/524
288 - (265%tan(c/2 + (d*x)/2)~3)/49152 + (295%tan(c/2 + (d*x)/2)"5)/32768)/
(d*((3*tan(c/2 + (d*x)/2)"2)/16 - (3*tan(c/2 + (d*x)/2)~4)/4 + tan(c/2 + (d

*x)/2)76 - 1/64))
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1
3.42 —3+5 cos(c+dx) dzx

Optimal. Leaf size=63

log (cos (3(c + dz)) — 2sin (3(c + dz))) N log (cos (3(c + dz)) + 2sin (3(c + dz)))
4d 4d

[Out] -1/4*1n(cos(1/2*d*x+1/2%c)-2*sin(1/2xd*x+1/2*c))/d+1/4*x1n(cos(1/2*d*x+1/2*c
)+2%sin (1/2*d*x+1/2*c))/d

Rubi [A]
time = 0.01, antiderivative size = 63, normalized size of antiderivative = 1.00, number of

number of rules _ 167
’ integrand size ’

steps used = 2, number of rules used = 2, integrand size = 12
Rules used = {2738, 212}

log (2sin (3(c +dz)) +cos (3(c+dx)))  log (cos (3(c+dx)) — 2sin (5(c +dz)))
4d 4d

Antiderivative was successfully verified.
[In] Int[(-3 + 5*Cos[c + d*x])~(-1),x]

[Out] -1/4%Logl[Cos[(c + d*x)/2] - 2xSin[(c + d*x)/2]]1/d + Logl[Cos[(c + dx*x)/2] +
2%Sin[(c + d*x)/2]1]1/(4*d)

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] Il LtQ[b, 01)

Rule 2738

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + b + (
a - b)*xe~2xx~2), x], x, Tan[(c + d*x)/2]1/e]l, x]1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rubi steps

—3 + 5cos(c + dz) d
log (cos (3(c +dz)) — 2sin (3(c +dz))) log (cos (5(c+dz)) + 2sin (5(c
4d " 4d

/ 1 4o 2Subst ([ 55— dz, z, tan (3 (c + dz)))
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Mathematica [A]
time = 0.02, size = 63, normalized size = 1.00
log (cos (3(c + dz)) — 2sin (3(c + dz)))
B 4d

log (cos (3(c + dz)) + 2sin (3(c + dz)))
4d

+

Antiderivative was successfully verified.

[In] Integrate[(-3 + 5%Cos[c + d*x])~(-1),x]

[Out] -1/4%Logl[Cos[(c + d*x)/2] - 2xSin[(c + d*x)/2]]1/d + Logl[Cos[(c + dx*x)/2] +
2%Sin[(c + d*x)/2]1]1/(4*d)

Maple [A]
time = 0.05, size = 38, normalized size = 0.60

method result size
1n(2tan(%@+%)—l)+1n(2tan(d7z+%)+l)

derivativedivides 4 = 4 38
1n(2tan(4}+%)—l)+ln(2tan(d77:+%)+l)

default 4 < 4 38
In(2tan( 4= +<)—1 In(2tan( 2= +<)+1

norman — ( ( 43 2) ) + ( <4f1 2> > 40

. ln(ei(dz+c)—§+ﬂ) ln(ei(dm+c)—§—ﬁ)

risch o — yr 40

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-3+5*cos(d*x+c)),x,method=_RETURNVERBOSE)
[Out] 1/d*(-1/4x1n(2*%tan(1/2*d*x+1/2*c)-1)+1/4*x1n(2*%tan(1/2*%d*x+1/2*%c)+1))

Maxima [A]
time = 0.28, size = 50, normalized size = 0.79

2 sin(dz+c)
+ 1) — log (m -

4d

2 sin(dz+c)
log (coss(d:c—i-c)-i—l

Y

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3+5*cos(d*x+c)),x, algorithm="maxima")
[Out] 1/4*(log(2*sin(d*x + c)/(cos(d*x + c) + 1) + 1) - log(2*sin(d*x + c)/(cos(d
*¥x + ¢c) +1) - 1))/d
Fricas [A]
time = 0.37, size = 46, normalized size = 0.73
log (—2 cos (dz + ¢) + 2 sin (dz + ¢) + 5) —log (=3 cos (dz + ¢) — 2 sin (dz +¢) + 3)
8d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3+5*cos(d*x+c)),x, algorithm="fricas")
[Out] 1/8%(log(-3/2*cos(d*x + c) + 2*sin(d*x + c) + 5/2) - log(-3/2xcos(d*x + c)
- 2xsin(d*x + c) + 5/2))/d

Sympy [A]

time = 0.33, size = 44, normalized size = 0.70

log (2tan (S+22)—1 log (2tan (S+22)+1
dl §Z+2> >—l— dl S;+2>+> ford # 0

x .
508 (03 otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3+5*cos(d*x+c)),x)
[Out] Piecewise((-log(2*tan(c/2 + d*x/2) - 1)/(4*d) + log(2*tan(c/2 + d*x/2) + 1)

/(4‘*d)’ Ne(d’ 0)), (X/(S*COS(C) - 3)’ True))

Giac [A]
time = 0.49, size = 38, normalized size = 0.60
log (|2 tan (3dz+1c) +1|) —log (|2 tan (3 dz + 1 ¢) — 1])
4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3+5xcos(d*x+c)),x, algorithm="giac")
[Out] 1/4*(log(abs(2*tan(1/2xd*x + 1/2%c) + 1)) - log(abs(2*tan(1/2xd*x + 1/2%c)
- 1))/d
Mupad [B]
time = 0.26, size = 17, normalized size = 0.27
atanh (2 tan (£ + 42))
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5*cos(c + d*x) - 3),x)
[Out] atanh(2*tan(c/2 + (d*x)/2))/(2*d)
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1
3.43 f (=345 cos(c+dx))? dz

Optimal. Leaf size=88

_ 3log (cos (3(c +dz)) — 2sin (3(c + dz))) +310g (cos (3(c +dz)) + 2sin (3(c +dz))) 5sin(c + dz)
64d 64d 16d(3 — 5 cos(c +

[Out] -3/64*1n(cos(1/2*%d*x+1/2*c)-2*sin(1/2*xd*x+1/2*c))/d+3/64*1n(cos(1/2*d*x+1/2
*c)+2*sin(1/2*%d*x+1/2*c))/d-5/16*sin(d*x+c)/d/ (3-5*cos (d*x+c))

Rubi [A]
time = 0.03, antiderivative size = 88, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.333,

steps used = 4, number of rules used = 4, integrand size = 12
Rules used = {2743, 12, 2738, 212}

3 5sin(c + dz) _ 3log (cos (3(c+dz)) — 2sin (3(c + d))) N 3log (2sin (3(c + dz)) + cos (3(c + dz)))
16d(3 — 5 cos(c + dz)) 64d 64d

Antiderivative was successfully verified.
[In] Int[(-3 + 5%Cos[c + d*x])~(-2),x]

[Out] (-3*Logl[Cos[(c + d*x)/2] - 2*Sin[(c + dx*x)/2]])/(64%d) + (3*Logl[Cos[(c + dx
x)/2] + 2xSin[(c + d*x)/2]])/(64*d) - (5%Sin[c + d*x])/(16*d*(3 - 5*Cos[c +
d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQlb, x]]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 2738

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + b + (
a - b)*xe~2xx~2), x], x, Tan[(c + d*x)/2]1/e], x]] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a"2 - b~2, 0]

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + b*Sin[c + d*x])~(n + 1)/(d*(n + 1)*(a"2 - b"2))), x] + Dist



199

[1/((n + 1)*(a"2 - b~2)), Int[(a + bxSin[c + d*x])"(n + 1)*Simp[a*(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]

Rubi steps
1 5sin(c + dz) 1 3
dr = — + = dz
(—3 + 5cos(c+ dz))? 16d(3 — 5cos(c+dz)) 16 /] —3+ 5cos(c+ dx)
_ 5sin(c + dx) n 3 / 1 s
~ 16d(3 —5cos(c+dz)) 16 ) —3+ 5cos(c+ dx)
__ b5sin(c+dx) 3Subst( [ 5+ dz, z, tan (1(c + dz)))
~ 16d(3 — 5cos(c + dz)) 8d
_ 3log (cos (2(c+ dz)) — 2sin (3(c + dz))) N 3log (cos (3(c+ dz)) + 2si
- 64d 64d
Mathematica [A]
time = 0.02, size = 139, normalized size = 1.58
9log (cos (2(c+ dz)) — 2sin (2(c+ dz))) — 15cos(c + d) (log (cos (3(c + dx)) — 2sin (§(c + dx))) — log (cos (3(c + dz)) + 2sin (3(c+ dz)))) — 9log (cos (3(c + dx)) + 2sin (3(c + dz))) + 20sin(c + dz)

64d(—3 + 5 cos(c + dz))

Antiderivative was successfully verified.

[In] Integrate[(-3 + 5xCos[c + d*x])~(-2),x]

[Out] (9%Logl[Cos[(c + d*x)/2] - 2xSin[(c + d*x)/2]] - 15%Cos[c + d*x]*(Log[Cos[(c
+ d*x)/2] - 2xSin[(c + d*x)/2]] - Logl[Cos[(c + d*x)/2] + 2*Sin[(c + d*x)/2

11) - 9%Logl[Cos[(c + d*x)/2] + 2xSin[(c + d*x)/2]] + 20*Sin[c + d*x])/(64*d

*(-3 + 5xCos[c + d*x]))

Maple [A]
time = 0.06, size = 72, normalized size = 0.82

method result size
Stan( 92 4¢ 3In(2tan( 2 42)-1 3In(2tan( 2 4+2)41
norman — 2< zm 20) _ ( g;l 2) ) + ( §4¢21 z) ) 71
16d(4(tan? (% +5))-1)
_ 5 _31“(2tan(d7w+%)—1)_ 5 +31n(2tan(d7x+%)+1)
derivativedivides | — 2 (F+8)-1) i ~ 64(2tan (4 +5)+1) - 72
B s _31n(2tan(i}+g)—1)_ s 3In(2tan (92 +§)+1)
default 64(2tan(d7z+%)—1) 64 _ 64(2tan(d7w+%)+1) 64 7
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isch i(3 ei(dz+c)_5) 31n(ei(dm+c)_%_%) 31n(ei(dm+c)_%+%) 85
risc T 8d(5 P At _gedtayy) 64d + 64d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-3+5*cos(d*x+c))~2,x,method=_RETURNVERBOSE)

[Out] 1/d*x(-5/64/(2*xtan(1/2*d*x+1/2%c)-1)-3/64*1n(2*tan(1/2xd*x+1/2*c)-1)-5/64/(2
*tan (1/2*%d*x+1/2%c)+1)+3/64*1n(2*xtan (1/2*d*x+1/2*c)+1))

Maxima [A]
time = 0.27, size = 94, normalized size = 1.07

' 20 sin(dz+c) —31lo < 2 sin(dz+c) + 1) +31lo < 2 sin(dz4c) 1>
(el dh 1) contdat o)) & \oos(dzre)+1 & \eos(dore)+1
64 d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3+5*cos(d*x+c))~2,x, algorithm="maxima")

[Out] -1/64*(20*sin(d*x + c)/((4*sin(d*x + c)~2/(cos(d*x + c) + 1)72 - 1)*(cos(d*
x + c) + 1)) - 3*log(2*xsin(d*x + c)/(cos(d*x + c) + 1) + 1) + 3xlog(2*sin(d

*x + c)/(cos(d*x + ¢) + 1) - 1))/d

Fricas [A]
time = 0.38, size = 88, normalized size = 1.00

3(5 cos (dz + c) — 3)log (—32 cos(dz + ¢) + 2 sin (dz + c) + 2) — 3(5 cos (dz + ¢) — 3)log (—3 cos (dz + ¢) — 2 sin (dz + ¢) + 2) + 40 sin (dz +¢)
128 (5 d cos (dz + ¢) — 3d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3+5*cos(d*x+c))~2,x, algorithm="fricas")

[Out] 1/128%(3*%(5*cos(d*x + c) - 3)*log(-3/2*cos(d*x + c) + 2*sin(d*x + c) + 5/2)
- 3x(b*cos(d*x + c) - 3)*log(-3/2*cos(d*x + c) - 2*sin(d*x + c) + 5/2) + 4
Oxsin(d*x + c))/(5*dxcos(d*x + c) - 3%d)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 240 vs.
2(78) = 156.
time = 0.69, size = 240, normalized size = 2.73

(C3+bcos (:m"(%)))z for ¢ = —dz — 2atan (3) V¢ = —dz + 2atan (})
(Beos (Ic)—.“&)? ford=0
1210g (2tan (§+%)-1) tan? (§+%) | 3log (2tan (§+%)-1) | 1210g (2tan (5+%)+1) tan® (5+%)  3log (2tan (§+%)+1) 20tan (§+%) herwi

256dtan? (§+4) 644 256d tan? (§+4 ) -64d + 256dtan? (§5+%)-61d 7 s6dtan® (5% ) 614 256dtan? (§+% ) —64d otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3+5*cos(d*x+c))**2,x)
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[Out] Piecewise((x/(-3 + b*cos(2*atan(1/2)))#**2, Eq(c, -d*x - 2*atan(1/2)) | Eq(c
, —d*x + 2*atan(1/2))), (x/(56xcos(c) - 3)**2, Eq(d, 0)), (-12xlog(2*tan(c/2

+ d*x/2) - 1)*tan(c/2 + d*x/2)**x2/(256*d*tan(c/2 + d*x/2)**2 - 64*xd) + 3*1
og(2xtan(c/2 + d*x/2) - 1)/(256*d*tan(c/2 + d*x/2)**2 - 64*d) + 12*log(2*ta
n(c/2 + d*x/2) + 1)*tan(c/2 + d*x/2)**2/(256*d*tan(c/2 + d*x/2)**2 - 64xd)

- 3xlog(2*tan(c/2 + d*x/2) + 1)/(256*d*tan(c/2 + d*x/2)**2 - 64*%d) - 20%*tan

(c/2 + d*x/2)/(256%d*tan(c/2 + d*x/2)**x2 - 64*d), True))

Giac [A]
time = 0.45, size = 68, normalized size = 0.77

an l XL lc
_42:;;(;((;1;5211 —3log (|2 tan (3 dz+ 3 ¢) + 1‘) + 3 log (’2 tan (1 dz + 3 ¢) — 1‘)
64d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3+5*cos(d*x+c))~2,x, algorithm="giac")

[Out] -1/64*(20*tan(1/2xd*x + 1/2%c)/(4*tan(1/2*d*x + 1/2%c)”"2 - 1) - 3*log(abs(2
*xtan(1/2xd*x + 1/2%c) + 1)) + 3xlog(abs(2xtan(1/2xd*x + 1/2xc) - 1)))/d

Mupad [B]
time = 0.00, size = 47, normalized size = 0.53

3atanh(2tan(§ + 42)) 5tan($
32d 64d (tan (¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5%cos(c + d*x) - 3)72,x%)

[Out] (3*atanh(2*tan(c/2 + (d*x)/2)))/(32%d) - (5%tan(c/2 + (d*x)/2))/(64*d*(tan(
c/2 + (d*x)/2)"2 - 1/4))
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1
3.44 f (—3+5cos(c+dx))? dz

Optimal. Leaf size=113

_ 431log (cos (5(c+dz)) — 2sin (3(c + dz))) +43 log (cos (3(c+ dz)) + 2sin (2 (c + dz))) 5sin(c +
20484 20484 32d(3 — 5 cos(c

[Out] -43/2048*%1n(cos(1/2*d*xx+1/2%c)-2*sin(1/2%d*xx+1/2%c))/d+43/2048*1n(cos(1/2*d
*x+1/2%c)+2*%sin(1/2*xd*x+1/2*c) ) /d+5/32*%sin(d*x+c) /d/ (3-5*cos (d*x+c)) ~2-45/5
12*sin(d*x+c)/d/ (3-5%cos (d*x+c))

Rubi [A]
time = 0.05, antiderivative size = 113, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.417,

steps used = 5, number of rules used = 5, integrand size = 12,
Rules used = {2743, 2833, 12, 2738, 212}

45sin(c + dz) 5sin(c + dz) 43log (cos (3(c+ dx)) — 2sin (3(c +dz))) . 43log (2sin (3(c+ da)) + cos (3(c + dz)))
" 512d(3 — 5cos(c+dz)) | 32d(3 — 5eos(c + dzx))? 2048d + 2048d
Antiderivative was successfully verified.
[In] Int[(-3 + 5*Cos[c + d*x])~(-3),x]

[Out] (-43+*Log[Cos[(c + d*x)/2] - 2*Sin[(c + d*x)/2]]1)/(2048*d) + (43+*Log[Cos[(c
+ d*x)/2] + 2*Sin[(c + d*x)/2]11)/(2048*d) + (5*Sin[c + d*x])/(32*d*(3 - 5xC
oslc + d*x])~2) - (45%Sin[c + d*x])/(512*d*(3 - 5*Cos[c + d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x1]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh([Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 2738

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + b + (
a - b)*e™2%x"2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a"2 - b~2, 0]

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + b*Sinf[c + d*x])~(n + 1)/(d*(n + 1)*(a"2 - b~2))), x] + Dist
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[1/((a + D*(a"2 - b~2)), Int[(a + b*Sin[c + d*x])"(n + 1)*Simp[ax(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]

Rule 2833

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(bxc - a*d))*Cos[e + fxx]*((a + b*Sin[e +
fxx])"(m + 1)/(fx(m + 1)*(a”2 - b72))), x] + Dist[1/((m + 1)*(a"2 - b~2)),
Int[(a + b*Sin[e + f*x])~“(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*c - a*xd)*(m
+ 2)*Sinf[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2*m]

Rubi steps
1 B 5sin(c + dz) 1 6 + 5 cos(c + dzx) p
(—3+ 5cos(c+dz))® " 32d(3 — 5cos(c +dz))? | 32 / (=3 + 5cos(c+da))2 "

B 5sin(c + dx) 45sin(c + dx) 1
" 32d(3—5cos(c+dz))2  512d(3 — 5cos(c+dx)) | 512 / —3 + 5cos(c +
. 5sin(c + dx) 45sin(c + dx) 43 1
"~ 32d(3 — 5cos(c+dz))®  512d(3 — 5cos(c+ dz)) | 512 / —3 + 5cos(c +
B 5sin(c + dz) 45sin(c + dz) 43Subst( [ 5= dz, 1
"~ 32d(3—5cos(c+dz))2  512d(3 — 5cos(c + dx)) 256¢

_ 43log (cos (3(c+dz)) — 2sin (3(c + dz)))

431og (cos (3(c +dz)) + 2
+ 2048d

2048d

Mathematica [A]
time = 0.09, size = 211, normalized size = 1.87

sin (3o + da))

45sin (3(c+ dz)) 5 45
(e +dn)))* * 1001 (cos (3(c+ dz)) + 2sin (§(c+ dz)))

4810g (cos (3(c + do)) — 2sin (3(c+dr)) | 4310g (cos (3(c + da)) +2sin (3(e+dr))) 5 . _
512d (cos (3(c + dz)) — 2sin (L(c +dz)))°  1024d (cos (S(c+dz)) — 2sin (S(c+dz)))  512d (cos ((c + da)) + 2sin

2048d 2048d

Antiderivative was successfully verified.

[In] Integrate[(-3 + 5%Cos[c + d*x])~(-3),x]

[Out] (-43%Logl[Cos[(c + d*x)/2] - 2xSin[(c + d*x)/2]]1)/(2048*d) + (43*Log[Cos[(c
+ d#*x)/2] + 2+%Sin[(c + d*x)/2]]1)/(2048+d) + 5/(512*%d*(Cos[(c + d*x)/2] - 2%
Sin[(c + d*x)/2])"2) + (45%Sin[(c + d*x)/2])/(1024*d*(Cos[(c + d*xx)/2] - 2%
Sin[(c + d*x)/2])) - 5/(512%d*(Cos[(c + d*x)/2] + 2%Sin[(c + d*x)/2])~2) +
(45%Sin[(c + d*x)/2])/(1024*d*(Cos[(c + d*x)/2] + 2xSin[(c + d*x)/2]))

Maple [A]
time = 0.08, size = 106, normalized size = 0.94
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method result
norman 85““5(127:*%)_35(““3:?*%)) B 431 (2tan( % +5)-1) N 431n(2tan (% +5)+1)
(4<tan2(dz—“”+%))—1)2 20484 20484
25 . ( 65 ) )_431n(2tan(4}+%)—1)_ 25 - ( 25 -
. . .. 2048(2tan(4}+%)—1) 2048(2tan(4E+5) -1 2048 2048(2tan(d7z+%)+1) 2048(2tan(4E+§)+1
derivativedivides v
25 o ( Es ) )_43ln(2tan(d7z+%)—1)_ 25 . ( ?5 ) )
2048 (2tan(gp+§)-1)° 2048(2¢an(fF+5)-1 2048 2048(2tan (4@ 4+ §)+1)"  2048(2tan( G +5)+1
default d
risch _i(215e3i(dz+6)_387ezi(dz+6)+325ei(dz+C)_225) _ 431n(ei(dz+c)_%_%) + 43ln(ei(dz+c)—%+%)
256d (5 e2i(dz-+c) _6 eildz+c) 4 5)? 20484 20484

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-3+5*cos(d*x+c)) 3,x,method=_RETURNVERBOSE)

[Out] 1/d*(25/2048/(2*tan(1/2*d*x+1/2%c)-1)"2-35/2048/ (2*tan(1/2*xd*x+1/2%c)-1)-43
/2048*1n(2*xtan(1/2*d*x+1/2%c)-1)-25/2048/ (2*xtan(1/2*d*x+1/2*c)+1) ~2-35/2048
/(2xtan(1/2*xd*x+1/2*c)+1)+43/2048%1n(2*xtan(1/2*d*x+1/2*c)+1))

Maxima [A]
time = 0.27, size = 137, normalized size = 1.21

20 ( 17 sin(dz)—kc) _ 28 sin(da:-H:)33 )
cos(dz+c)+1  (cos(dz+c)+1) 2 sin(dm+c) 2 sin(d:c+c)
8 sin(dz+c)? _ 16 sin(dz+c)% _ - 43 ].Og <cos(dw+c)+1 + 1 + 43 ].Og COS(d.’E+C)+1 - 1
_ (cos(dac-H:)-kl)2 (cos(dm+c)+1)4

2048d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3+5*cos(d*x+c))~3,x, algorithm="maxima")

[Out] -1/2048*(20*(17*sin(d*x + c)/(cos(d*x + c) + 1) - 28xsin(d*x + c)~3/(cos(dx*
X + ¢c) + 1)73)/(8xsin(d*x + c)~2/(cos(d*x + c) + 1)72 - 16*sin(d*x + c)~4/(
cos(d*x + c) + 1)74 - 1) - 43xlog(2*sin(d*x + c)/(cos(d*x + c) + 1) + 1) +
43%log(2*sin(d*x + c)/(cos(d*x + c) + 1) - 1))/d

Fricas [A]

time = 0.39, size = 129, normalized size = 1.14

43 (25 cos (dz + ¢)® — 30 cos (dz + ¢) +9) log (—2 cos (dz + c) + 2 sin (dz + ¢) + 3) — 43 (25 cos (dz + c)® — 30 cos (dz + c) + 9) log (—2 cos (dz + c) — 2 sin (dz + ¢) + 3) +40 (45 cos (dz + ¢) — 11) sin (dz + c)
4096 (25 d cos (dz + ¢)? —30dcos (dz +c) + 9d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3+5*cos(d*x+c))~3,x, algorithm="fricas")

[Out] 1/4096%(43*(25%cos(d*x + c)~2 - 30*cos(d*x + c) + 9)*log(-3/2xcos(d*x + c)
+ 2xsin(d*x + c) + 5/2) - 43x(25*cos(d*x + c)~2 - 30*cos(d*x + c) + 9)*log(
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-3/2xcos(d*x + c) - 2*sin(d*x + c) + 5/2) + 40%(45xcos(d*x + c) - 11)*sin(d
*x + c))/(26xd*cos(d*x + c)”2 - 30*d*xcos(d*x + c) + 9%*d)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 490 vs.
2(102) = 204.
time = 1.27, size = 490, normalized size = 4.34

E

Verification of antiderivative is not currently implemented for this CAS.

(((((((((((((

[In] integrate(1/(-3+5*cos(d*x+c))**3,x)

[Out] Piecewise((x/(-3 + 5*cos(2*atan(1/2)))**3, Eq(c, -d*x - 2*atan(1/2)) | Eq(c
, —d*x + 2*xatan(1/2))), (x/(56xcos(c) - 3)**3, Eq(d, 0)), (-688*log(2*tan(c/
2 + d*x/2) - 1)*tan(c/2 + d*x/2)**4/(32768*xd*tan(c/2 + d*x/2)**x4 - 16384*d*
tan(c/2 + d*x/2)*x2 + 2048*d) + 344xlog(2*tan(c/2 + d*x/2) - 1)*tan(c/2 + d
*x/2)*%%2/(32768*d*tan(c/2 + d*x/2)**4 - 16384*d*tan(c/2 + d*x/2)**x2 + 2048%
d) - 43*log(2xtan(c/2 + d*x/2) - 1)/(32768xd*tan(c/2 + dxx/2)**4 - 16384*dx*
tan(c/2 + d*x/2)**2 + 2048*d) + 688xlog(2*tan(c/2 + d*x/2) + 1)*tan(c/2 + d
*x/2) **4/(32768*d*tan(c/2 + d*x/2)**x4 - 16384*d*tan(c/2 + d*x/2)**2 + 2048x%
d) - 344xlog(2*tan(c/2 + d*x/2) + 1)*tan(c/2 + d*x/2)*%2/(32768*d*tan(c/2 +
d*x/2)**4 - 16384*d*tan(c/2 + d*x/2)**2 + 2048%d) + 43*log(2*xtan(c/2 + d*x
/2) + 1)/(32768*d*tan(c/2 + d*x/2)**4 - 16384*d*tan(c/2 + d*xx/2)**2 + 2048%
d) - 560*tan(c/2 + d*xx/2)**3/(32768*d*tan(c/2 + d*x/2)**x4 - 16384*d*xtan(c/2
+ d*x/2)**2 + 2048*d) + 340xtan(c/2 + d*x/2)/(32768*d*tan(c/2 + d*xx/2)**4
- 16384x*d*tan(c/2 + d*x/2)**2 + 2048%d), True))

Giac [A]
time = 0.42, size = 84, normalized size = 0.74
20 (28 tan(3 do+3 c)3—17 tan(3 dz+3 c))

(et aor} 1)’ — 43 log (|2 tan (3 dz + 3 ¢) +1|) + 43 log (|2 tan (3 dz + 3 ¢) — 1|)

2048d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3+5*cos(d*x+c))~3,x, algorithm="giac")
[Out] -1/2048%(20*(28*tan(1/2*d*x + 1/2%c)~3 - 17*tan(1/2*d*x + 1/2%c))/(4xtan(1/
2xd*x + 1/2%c)”2 - 1)72 - 43*log(abs(2*tan(1/2*d*x + 1/2%c) + 1)) + 43*log(
abs(2+tan(1/2%d*x + 1/2xc) - 1)))/d
Mupad [B]
time = 0.65, size = 75, normalized size = 0.66
c " 85tan( £4 22 35tan<£+d—”3>3
Batanh(2tan(s + %)) W) ol
1024d

dz 2

o (i (5 - =070 )
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5*%cos(c + d*x) - 3)73,x)

[Out] (43xatanh(2*tan(c/2 + (d*x)/2)))/(1024*d) + ((85*tan(c/2 + (d*x)/2))/8192 -
(36xtan(c/2 + (d*x)/2)~3)/2048)/(d*(tan(c/2 + (d*x)/2)"4 - tan(c/2 + (d*x)
/2)°2/2 + 1/16))
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1
3.45 f (—3+5cos(c+dx))* dz

Optimal. Leaf size=138

_ 2791og (cos (3(c +dz)) — 2sin (3(c + dz))) +279 log (cos (3(c +dz)) + 2sin (3(c +dz))) 5 sin(
32768d 32768d 48d(3 — 5¢

[Out] -279/32768*1n(cos(1/2*%d*x+1/2*%c)-2*sin(1/2*d*x+1/2*c))/d+279/32768*1n(cos (1
/2xd*x+1/2*xc)+2*xsin (1/2*d*x+1/2*c)) /d-5/48*sin (d*x+c) /d/ (3-5*%cos (d*x+c)) "3+
25/512*sin(d*x+c)/d/ (3-5*cos (d*x+c)) ~2-995/24576*sin (d*x+c) /d/ (3-5*cos (d*x+

c))

Rubi [A]
time = 0.07, antiderivative size = 138, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.417,

steps used = 6, number of rules used = 5, integrand size = 12,
Rules used = {2743, 2833, 12, 2738, 212}

995 sin(c + dz) 25 sin(c + dz) _ 5sin(c + dz) _ 2791og (cos (3(c + dz)) — 2sin (5(c + dz))) . 279log (2sin (3(c + dz)) + cos (2(c+ dz)))
24576d(3 — 5cos(c + dz)) ~ 512d(3 —5cos(c+dz))?  48d(3 — 5cos(c + dz))? 32768d 32768d

Antiderivative was successfully verified.
[In] Int[(-3 + 5*Cos[c + d*x])~(-4),x]

[Out] (-279*Log[Cos[(c + d*x)/2] - 2*Sin[(c + d*x)/2]11)/(32768*d) + (279*Log[Cos[
(c + d*x)/2] + 2*Sin[(c + d*x)/2]1]1)/(32768*d) - (5*Sin[c + d*x])/(48*d*(3 -
5xCos[c + d*x])~3) + (25*%Sin[c + d*x])/(512xd*(3 - 5xCos[c + d*x])~2) - (9
95%Sin[c + d*x])/(24576%d*(3 - 5*Cos[c + d*xx]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b )*(v_ ) /; FreeQ[b, x]]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*#Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 2738

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + b + (
a - b)*xe~2xx~2), x], x, Tan[(c + d*x)/2]1/e]l, x1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rule 2743



208

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + b*Sin[c + d*x])"(n + 1)/(d*(n + 1)*(a"2 - b~2))), x] + Dist
[1/((n + 1)*(a"2 - b~2)), Int[(a + bxSin[c + d*x])~(n + 1)*Simp[a*(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]

Rule 2833

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(b*xc - ax*d))*Cos[e + f*xx]*((a + b*Sin[e +
fxx])"(m + 1)/(f*(m + 1)*(a"2 - b72))), x] + Dist[1/((m + 1)*(a"2 - b~2)),
Int[(a + b*Sin[e + f*x])~(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*c - axd)*(m
+ 2)xSin[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2*m]

Rubi steps

1
(=34 5cos(c+ dx))4 v

3 5sin(c + dz) 1 9 + 10 cos(c + dx) i
48d(3 — 5cos(c+dz))® 48 /] (=3 + 5cos(c+ dx))3
_ 5sin(c + dx) 25sin(c + dx) + / % dx
48d(3 — 5cos(c+dz))?  512d(3 — 5cos(c + dx))? 1536
_ 5sin(c + dz) 25sin(c + dx) B 995 sin(c + dx)
48d(3 — 5cos(c+dz))?  512d(3 — 5cos(c+dx))?  24576d(3 — 5 cos(c
B 5sin(c + dz) 25sin(c + dx) B 995 sin(c + dx)
48d(3 — 5cos(c+dz))?  512d(3 — 5cos(c+dx))?  24576d(3 — 5 cos(c
5sin(c + dx) 25sin(c + dx) 995 sin(c + dx)

T 48d(3 — 5cos(c + dx))?
2791og (cos (2(c+ dz)) — 2sin (3 (c + dz))) N 2791og (cos (1 (c+ dz)) +:

512d(3 — 5cos(c + dz))?  24576d(3 — 5 cos(c

32768d

32768d

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 288 vs. 2(138) =

276.

time = 0.02, size = 288, normalized size = 2.09

Antiderivative was successfully verified.

[In] Integrate[(-3 + 5xCos[c + dxx])~(-4),x]

[Out] (467046xLog[Cos[(c + d*x)/2] - 2xSin[(c + d*x)/2]] - 104625%Cos[3*(c + d*x)
1*Log[Cos[(c + d*x)/2] - 2*Sin[(c + d*x)/2]] - 765855*Cos[c + d*x]*(Log[Cos
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[(c + d*x)/2] - 2*Sin[(c + d*x)/2]] - Logl[Cos[(c + d*x)/2] + 2xSin[(c + d*x
)/2]]1) + 376650%Cos[2*(c + d*x)]*(Log[Cos[(c + d*x)/2] - 2xSin[(c + d*x)/2]
] - Logl[Cos[(c + d*x)/2] + 2xSin[(c + d*x)/2]]) - 467046*Log[Cos[(c + d*x)/
2] + 2xSin[(c + d*x)/2]] + 104625%Cos[3*(c + d*x)]*Log[Cos[(c + d*x)/2] + 2
*Sin[(c + d*x)/2]] + 226140*Sin[c + d*x] - 190800%Sin[2*(c + d*x)] + 99500%
Sin[3*(c + d*x)])/(393216%d*(-3 + 5*Cos[c + d*x])~3)

Maple [A]
time = 0.09, size = 140, normalized size = 1.01
)
method result
745tan( 2L+ S)  265(tan3 (41 S 295 (tan® (42 + ¢ d d
norman — am(tnzd 2) + ( i 76(8d2 2)) - ( - 51(2(12 2)) _ 2791n<2tan(7z+§>—1> 2791n<2tan(7x+§>+1)
<4(tan2< do _,_%))_1)3 32768d 32768d
isch i(20925 e5i(de+e) _62775 edi(dote) £111042 e3i(do+e) 119310 e2i(do+<) 168625 ei(do+e) —24875)  279In(ei(d=Fe
risc - 12288d(5 eQi(dw+c)_6ei(dw+c)+5)3 32768
_ 125 - 25 - ( 2?3 ) )_2791“(2w“(d7z+%)_1)_ 125
. . s 49152(2tan(i}+5)—1) 8192(2tan(4§+g)—1) 32768(2tan( % +5)—1 32768 49152(2tan(d7m
derivativedivides P
_ 125 - 25 - ( 25(35 = _2791“(2“’“(1}‘*%)_1) _ 125
49152(2tan(d7z+%)71) 8192(2tan(d72+%)71) 32768 (2tan( 4E+§) -1 32768 49152(“&“(%1
default y

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-3+5*cos(d*x+c))~4,x,method=_RETURNVERBOSE)

[Out] 1/d*x(-125/49152/ (2*tan(1/2*d*x+1/2*c)-1)"3+25/8192/ (2*tan(1/2*d*x+1/2*c)-1)
~2-295/32768/ (2xtan(1/2xd*x+1/2%c)-1)-279/32768*1n(2xtan (1/2*xd*x+1/2%c)-1) -
125/49152/ (2%tan (1/2*d*x+1/2*c)+1) ~3-25/8192/ (2*tan (1/2*d*x+1/2*c)+1) ~2-295
/32768/ (2%tan (1/2*d*xx+1/2%c)+1)+279/32768*1n (2*tan (1/2*d*x+1/2*c)+1))

Maxima [A]

time = 0.29, size = 177, normalized size = 1.28

447 sin(dz+c) _ 1696 sin(dz+c)3 | 2832 sin(de+c)®

12 sin(dx+c)? 48 sin(dz+c)? 64 sin(dz+c)b

cos(dz+c)+1 cos(dz+c)+1

20 ( cos(da+c)F1  (cos(dztc)+1)3 (cos(dz+c)+1)5> — 837 log < 2 sin(dz+c) n 1) + 837 log < 2 sin(dz+c) 1)

_ (cos(dz+c)+1)2 (cos(dar:-‘—c)+1)4 (cos(dz+c)+1)8 -

98304 d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3+5*cos(d*x+c))~4,x, algorithm="maxima")

[Out] -1/98304#*(20*(447*sin(d*x + c)/(cos(d*x + c) + 1) - 1696*sin(d*x + c)~3/(co
s(dxx + ¢c) + 1)7°3 + 2832*sin(d*x + c)~5/(cos(d*x + c) + 1)75)/(12*sin(d*x +
c)"2/(cos(d*x + c) + 1)72 - 48*sin(d*x + c)~4/(cos(d*x + c) + 1)74 + 64xsi
n(d*x + c)76/(cos(d*x + c) + 1)76 - 1) - 837xlog(2*sin(d*x + c)/(cos(d*x +

c) +1) + 1) + 837*xlog(2*sin(d*x + c)/(cos(d*x + c) + 1) - 1))/d
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Fricas [A]
time = 0.41, size = 170, normalized size = 1.23

837 (125 cos (dz + ¢)° — 225 cos (dz + ¢)* + 135 cos (dz + c) — 27) log (=} cos (dz + ¢) + 2 sin (dz + ¢) + 5) — 837 (125 cos (dz + ¢)” — 225 cos (dz + ¢)* + 135 cos (dz + c) — 27) log (=3 cos (dz +¢) = 2 sin (dz + c) + 3) + 40 (4975 cos (dz + ¢)? — 4770 cos (dz + ) + 1583) sin (dz + c)
196608 (125 d cos (dz + ¢)° — 225 d cos (dz + ¢)* + 135 d cos (dz + c) — 27d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3+5*cos(d*x+c))~4,x, algorithm="fricas")

[Out] 1/196608%*(837*(125*%cos(d*x + c)~3 - 225*%cos(d*x + c)~2 + 135*cos(d*x + c) -
27)*1log(-3/2*cos(d*x + c) + 2*sin(d*x + c) + 5/2) - 837*(125%cos(d*x + c)~

3 - 226xcos(d*x + c)~2 + 135*cos(d*x + c) - 27)*log(-3/2xcos(d*x + c) - 2xs
in(d*x + c) + 5/2) + 40*(4975*cos(d*x + c)~2 - 4770*cos(d*x + c) + 1583)*si
n(d*x + c))/(125*%d*cos(d*x + c)~3 - 225%d*cos(d*x + c)~2 + 135*d*cos(d*x +

c) - 27%d)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 831 vs.
2(126) = 252.
time = 2.79, size = 831, normalized size = 6.02

==

e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3+5*cos(d*x+c))**4,x)

[Out] Piecewise((x/(-3 + 5*cos(2*atan(1/2)))**4, Eq(c, -d*x - 2*atan(1/2)) | Eq(c
, —d*x + 2*atan(1/2))), (x/(bxcos(c) - 3)**4, Eq(d, 0)), (-53568xlog(2*tan(
c/2 + d*x/2) - 1)*tan(c/2 + d*x/2)*x6/(6291456*d*tan(c/2 + d*x/2)*x6 - 4718
592xd*xtan(c/2 + d*xx/2)**4 + 1179648*d*tan(c/2 + d*x/2)**2 - 98304*d) + 4017
6*xlog(2*tan(c/2 + d*x/2) - 1)*tan(c/2 + d*x/2)*x4/(6291456*d*tan(c/2 + d*x/
2)*x6 — 4718592xd*tan(c/2 + d*x/2)**4 + 1179648*d*tan(c/2 + d*x/2)**2 - 983
04xd) - 10044*log(2*tan(c/2 + d*x/2) - 1)*tan(c/2 + d*x/2)**x2/(6291456*d*ta
n(c/2 + dxx/2)**6 - 4718592*d*tan(c/2 + d*x/2)**4 + 1179648*d*xtan(c/2 + d*x
/2)**%2 - 98304*d) + 837*log(2*tan(c/2 + d*x/2) - 1)/(6291456*d*tan(c/2 + d*
x/2)*x6 — 4718592xd*tan(c/2 + d*x/2)**4 + 1179648*d*tan(c/2 + d*x/2)**2 - 9
8304*d) + 53568xlog(2*tan(c/2 + d*x/2) + 1)*tan(c/2 + d*x/2)**6/(6291456%d*
tan(c/2 + d*x/2)**%6 - 4718592*d*tan(c/2 + d*x/2)**4 + 1179648*d*tan(c/2 + d
*x/2)*%%2 - 98304*d) - 40176xlog(2xtan(c/2 + d*x/2) + 1)*tan(c/2 + dxx/2)**4
/(6291456*d*tan(c/2 + d*x/2)*x6 — 4718592xd*tan(c/2 + d*x/2)**4 + 1179648*d
xtan(c/2 + dxx/2)**2 - 98304*d) + 10044xlog(2*tan(c/2 + d*x/2) + 1)*tan(c/2
+ d*x/2)**2/(6291456*xd*tan(c/2 + d*x/2)*x6 — 4718592xd*tan(c/2 + d*xx/2)**4
+ 1179648*d*tan(c/2 + d*x/2)**2 - 98304*d) - 837*xlog(2*tan(c/2 + d*x/2) +
1)/(6291456*d*tan(c/2 + d*x/2)**6 — 4718592*d*tan(c/2 + d*x/2)**4 + 1179648
*dxtan(c/2 + dxx/2)**2 - 98304*d) - 56640*tan(c/2 + d*x/2)*x5/(6291456*d*ta
n(c/2 + dxx/2)**6 - 4718592*d*tan(c/2 + d*x/2)**4 + 1179648*d*tan(c/2 + d*x
/2)*x2 — 98304*d) + 33920*tan(c/2 + d*x/2)**3/(6291456*xd*tan(c/2 + d*x/2)*x*
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6 — 4718592xd*tan(c/2 + d*x/2)**x4 + 1179648*d*tan(c/2 + d*x/2)**x2 — 98304x*d
) - 8940*tan(c/2 + d*x/2)/(6291456*d*tan(c/2 + d*x/2)**6 — 4718592*d*tan(c/
2 + dxx/2)**4 + 1179648*d*tan(c/2 + d*x/2)**2 - 98304*d), True))

Giac [A]
time = 0.45, size = 97, normalized size = 0.70

20 (2832 tan(} da+} ¢)°~1696 tan(} do+ ) *+447 tan(} do+1 o) )

[t aor 1)’ — 837 log (|2 tan (3 dz + 3 ¢) +1|) + 837 log (|2 tan (3 dz + 3 ¢) — 1|)

98304d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3+5*cos(d*x+c))~4,x, algorithm="giac")

[Out] -1/98304*(20*(2832*%tan(1/2*d*x + 1/2%c)~5 - 1696*tan(1/2*d*x + 1/2%c)~3 + 4
47xtan(1/2*d*x + 1/2xc))/(4xtan(1/2xd*x + 1/2xc)"2 - 1)~3 - 837xlog(abs (2t
an(1/2*xd*x + 1/2%c) + 1)) + 837*log(abs(2*tan(1/2xd*x + 1/2xc) - 1)))/d

Mupad [B]
time = 0.00, size = 102, normalized size = 0.74
5 3
e du 295 tan £+d—m> 265tan<9+d—m 745 tan £+d—1)
279 atanh (2 tan(§ + ?)) 32<7268 - — 491252 : ) + 5252288 :

16384d erde)  amn(eidz)?
o (sn (g ) - 2 () )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5%cos(c + d*x) - 3)74,x)

[Out] (279*atanh(2*tan(c/2 + (d*x)/2)))/(16384xd) - ((745*tan(c/2 + (d*x)/2))/524
288 - (265xtan(c/2 + (d*x)/2)"3)/49152 + (295%tan(c/2 + (d*x)/2)°5)/32768)/
(d*x((3xtan(c/2 + (d*x)/2)"2)/16 - (3*tan(c/2 + (d*x)/2)~4)/4 + tan(c/2 + (d
*xx)/2)"6 - 1/64))
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1
3.46 —3—5cos(c+dr) dz

Optimal. Leaf size=65

log (2 cos (3(c + dz)) — sin (3(c + dz))) _ log (2cos (3(c +dz)) +sin (3(c + dz)))
4d 4d

[Out] 1/4*1n(2*cos(1/2*d*x+1/2%c)-sin(1/2*d*x+1/2*c))/d-1/4*1n(2%cos(1/2*xd*x+1/2*
c)+sin(1/2xd*x+1/2%c))/d

Rubi [A]
time = 0.01, antiderivative size = 65, normalized size of antiderivative = 1.00, number of

number of rules _ ( 167
’ integrand size ’

steps used = 2, number of rules used = 2, integrand size = 12
Rules used = {2738, 213}

log (2 cos (3(c+ dz)) —sin (3(c + dz))) _log (sin (2(c+ dz)) + 2cos (3(c + dz)))
4d 4d

Antiderivative was successfully verified.
[In] Int[(-3 - 5*Cos[c + d*x])~(-1),x]

[Out] Log[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]]1/(4*d) - Logl[2*Cos[(c + d*x)/2] +
Sinl(c + dxx)/2]1/(4*d)

Rule 213

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1)) *ArcTanh [Rt [b, 2]1*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] &&
(LtQ[a, 0] || GtQ[b, 0])

Rule 2738

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + b + (
a - b)*xe~2xx~2), x], x, Tan[(c + d*x)/2]1/e]l, x]1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rubi steps

1 4o 2Subst ( [ —gl5 da, z, tan (§(c + dz)))
/—3—5cos(c—|—dw) v d
_log (2cos (5(c+dx)) —sin (5(c+dx))) log(2cos (5(c+dx)) +sin (3(c+
- 4d - 4d




213

Mathematica [A]
time = 0.02, size = 65, normalized size = 1.00
log (2cos (3(c+dz)) —sin (3(c+dz))) log(2cos (3(c+dz)) +sin (3(c+ dz)))
4d 4d

Antiderivative was successfully verified.

[In] Integrate[(-3 - 5%Cos[c + d*x])~(-1),x]

[Out] Log[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]]1/(4*d) - Logl[2*Cos[(c + d*x)/2] +
Sin[(c + d*x)/2]11/(4xd)

Maple [A]
time = 0.05, size = 34, normalized size = 0.52

method result size
1n(tan(4}+%)+2) " ln(tan(d{-ﬁ-%) —2)
derivativedivides 4 = 4 34
1n(tan(4}+%)+2) n ln(tan(de-ﬁ-%) —2)
default 4 < 4 34
In(tan( 42 4+£)—2 In(tan( 9 4+<)+2
norman < <Zd 2) ) — ( <zd 2) ) 36
. ln(ei(dm+c)+§_ﬁ) ln(ei(dac+c)+§+ﬁ)
risch = yrEm— 40

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-3-5%cos(d*x+c)),x,method=_RETURNVERBOSE)
[Out] 1/d*(-1/4*1n(tan(1/2*d*x+1/2*c)+2)+1/4x1n(tan(1/2*d*x+1/2%c)-2))
Maxima [A]
time = 0.30, size = 48, normalized size = 0.74
sin(dz+c) sin(dz+c)
_log (cos(dz+c)+1 + 2) - ]'Og (cos(dac—i—c)-i—l - 2)
4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3-5*cos(d*x+c)),x, algorithm="maxima")
[Out] -1/4%(log(sin(d*x + c)/(cos(d*x + c) + 1) + 2) - log(sin(d*x + c)/(cos(d*x
+c¢)+1) -2))/d
Fricas [A]
time = 0.38, size = 46, normalized size = 0.71
log (2 cos (dz + ¢) + 2 sin (dz + ¢) + 2) —log (2 cos (dz + ¢) — 2 sin (dz +¢) + 3)
- 8d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3-5%cos(d*x+c)),x, algorithm="fricas")
[Out] -1/8%(log(3/2*cos(d*x + c) + 2*sin(d*x + c) + 5/2) - log(3/2*cos(d*x + c) -
2xsin(d*x + c) + 5/2))/d

Sympy [A]

time = 0.33, size = 42, normalized size = 0.65

log (tan ( S+92)—2 log (tan ( S+9%2 )42
cliom(55)8) _mfon(59)53) g

x .
5 cos (c)—3 otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3-5*cos(d*x+c)),x)
[Out] Piecewise((log(tan(c/2 + d*x/2) - 2)/(4xd) - log(tan(c/2 + d*x/2) + 2)/(4xd
), Ne(d, 0)), (x/(-5%cos(c) - 3), True))
Giac [A]
time = 0.41, size = 34, normalized size = 0.52
log (|tan (3 dz + 1c) +2|) —log (|tan (3 dz + 1 ¢) — 2)
a 4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3-5xcos(d*x+c)),x, algorithm="giac")
[Out] -1/4*(log(abs(tan(1/2*d*x + 1/2%c) + 2)) - log(abs(tan(1/2*d*x + 1/2%c) - 2

)))/d

Mupad [B]
time = 0.26, size = 17, normalized size = 0.26
atanh <—tan(§2+d;> >
B 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-1/(5*cos(c + d*x) + 3),x)
[Out] -atanh(tan(c/2 + (d*x)/2)/2)/(2%d)
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1
3.47 f (—3—5 cos(c+dx))? dz

Optimal. Leaf size=90

3log (2cos (5(c +dz)) —sin (3(c+dz))) 3log (2cos (5(c+dz)) +sin (3(c +dz))) N 5sin(c + dz)
64d 64d 16d(3 + 5 cos(c +

[Out] 3/64*x1n(2*cos(1/2*d*x+1/2%c)-sin(1/2xd*x+1/2*c))/d-3/64*1n(2*cos(1/2xd*x+1/
2%c)+sin(1/2*d*x+1/2*c))/d+5/16*sin(d*x+c)/d/ (3+5*cos (d*x+c))

Rubi [A]
time = 0.03, antiderivative size = 90, normalized size of antiderivative = 1.00, number of

, number of rules _ ( 333
integrand size ’

steps used = 4, number of rules used = 4, integrand size = 12
Rules used = {2743, 12, 2738, 213}

5sin(c + dz) 3log (2cos (3(c+ dz)) — sin (3(c + dz))) _ 3log (sin (3(c+dz)) +2cos (3(c + dz)))
16d(5 cos(c + dz) + 3) 64d 64d

Antiderivative was successfully verified.
[In] Int[(-3 - 5%Cos[c + d*x])~(-2),x]

[Out] (3*Log[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]1]1)/(64*d) - (3*Log[2*Cos[(c + d
*x)/2] + Sin[(c + d*x)/2]]1)/(64*d) + (5%Sin[c + d*x])/(16xd*(3 + 5*Cos[c +
d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 213

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1))*ArcTanh[Rt[b, 2]*(x/Rt[-a, 21)]1, x] /; FreeQ[{a, b}, x] && NegQl[a/bl &&
(LtQ[a, 0] Il GtQlb, 01)

Rule 2738

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + b + (
a - b)*xe~2xx~2), x], x, Tan[(c + d*x)/2]1/e]l, x]1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a~2 - b2, 0]

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + b*Sinf[c + d*x])~(n + 1)/(d*(n + 1)*(a"2 - b~2))), x] + Dist



[1/((n + D*(@"2 - b2)), Int[(a + b*Sin[c +
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ
b~2, 0] && LtQ[n, -1] && IntegerQ[2#n]

Rubi steps
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d*x])~(n + 1)*Simp[ax(n + 1) -
[{a, b, c, d}, x] && NeQ[a"2 -

/ 1 dp — 5sin(c + dz) 1 / 3 i
(—3 — 5 cos(c+ dz))? 16d(3 + 5cos(c+dz)) 16 / —3 — 5cos(c+ dx)
_ 5sin(c + dx) 3 / 1 s
16d(3 + 5cos(c+dz)) 16/ —3 — 5cos(c+ dzx)
B 5sin(c + dz) 3Subst (| —g555 da, z, tan (3(c + dx)))
~ 16d(3 + 5 cos(c + dx)) 8d
3log (2cos (3(c+ dz)) —sin (3(c+dz))) 3log (2cos (3(c+ dz)) + sin (3
- 64d N 64d
Mathematica [A]
time = 0.02, size = 143, normalized size = 1.59
910g (2005 (3(c-+ ) sin (4e-+ de)) + 15 os(c + d) (log (2005 (e-+ ) —sin (3o + d))) ~log (20 (3e+ d)) +si (3(c + do)))) — 910 (2c0s (3 + o)) +sin (3(c + o)) + sin(c + do)

64d(3 + 5 cos(c + dz))
Antiderivative was successfully verified.

[In] Integrate[(-3 - 5*Cos[c + d*x])~(-2),x]

[Out] (9xLog[2*Cos[(c + d*x)/2] - Sin[(c + d
(c + d*x)/2] - Sin[(c + d*x)/2]] - Log[2*Cos

*x)/2]] + 15%Cos[c + d*x]*(Log[2*Cos[
[(c + d*x)/2] + Sin[(c + d*x)/2

11) - 9%Log[2*Cos[(c + d*x)/2] + Sin[(c + d*x)/2]] + 20*Sin[c + d*x])/(64*d

*(3 + 5%Cos[c + dx*xx]))

Maple [A]
time = 0.06, size = 64, normalized size = 0.71

method result pr
5 31n(tan(4}+%)+2) 5 31n(tan(4}+%)_2)
derivativedivides | — (ton (% +5)+2) * _ 32 (tan (9 +5)-2) o4 64
_ 5 _31n(tan(d7z+%)+2)_ 5 3ln(tan(de+%)_2)
default 32 (tan(%+%)+2) 64 _ 32 (tan(i}-g-%) _2) 64 64
dz | ¢ dz | ¢ de | ¢
norman _ 5tan(7+§) 3ln(tan 7+§>—2) B 31n(ta,n(7+§)+2) 65
16d (tan2 (%jug) _4) 64d 61d
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. . 3ei(dz+c)+5 31ln ei(dx+c)+§+ﬂ 3ln ei(dx+c)_|_§_ﬂ
risch 21.(d 4d) _ 31 s+%) + ( :—%) 85
8d (5 e2idzte) 6 eildote) 4 5) 64d 64d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-3-5*cos(d*x+c))~2,x,method=_RETURNVERBOSE)
[Out] 1/d*x(-5/32/(tan(1/2*d*x+1/2%c)+2)-3/64x1n(tan(1/2xd*x+1/2*c)+2)-5/32/(tan(1
/2xd*x+1/2%c)-2)+3/64*x1n(tan(1/2*d*x+1/2%c)-2))

Maxima [A]
time = 0.29, size = 91, normalized size = 1.01

20 sin(dz+c) sin(dz+c) sin(dz+c)
. +3 log (2EE 4+ 2) — 3 log (et —2)
(s ) osderary \lderT & \oos(dete)+1
64 d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3-5*cos(d*x+c))~2,x, algorithm="maxima")

[Out] -1/64*(20*sin(d*x + c)/((sin(d*x + c)~2/(cos(d*x + c) + 1)72 - 4)*(cos(d*x
+¢c) + 1)) + 3*xlog(sin(d*x + c)/(cos(d*x + c) + 1) + 2) - 3*log(sin(d*x + c
)/(cos(d*x + c) + 1) - 2))/d

Fricas [A]
time = 0.35, size = 88, normalized size = 0.98

3(5 cos (dz + c) + 3) log (£ cos (dz + ¢) + 2 sin (dz + ¢) + 2) — 3 (5 cos (dz + ¢) + 3) log (£ cos (dz + ¢) — 2 sin (dz + ¢) + 3) — 40 sin (dz + ¢)
a 128 (5 d cos (dz + ¢) + 3d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3-5%cos(d*x+c))~2,x, algorithm="fricas")

[Out] -1/128%(3*(5xcos(d*x + c) + 3)*log(3/2*cos(d*x + c) + 2*sin(d*x + c) + 5/2)
- 3x(b*cos(d*x + c) + 3)*log(3/2xcos(d*x + c) - 2*sin(d*x + c) + 5/2) - 40
*sin(d*x + c))/(5xdxcos(d*x + c) + 3x%d)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 231 vs.

2(78) = 156.
time = 0.69, size = 231, normalized size = 2.57

m for ¢ = —dz — 2atan (2) V ¢ = —dz + 2atan (2)
(—ScosI(c)—B){ ford=0
3log (tan (§+%)-2) tan? (5+%)  12log (tan (344 )-2)  3log (tan (§+%)+2) tan? (5+%) | 1210g (tan (5+%)+2) 20tan (5+4) therwi

6adtan? (5+% ) -256d " oadtan? (545 ) 200 6adtan? (§+%)-256d T cadtam (5+%) 2560 6adtan? (5+%) 2564 otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3-5%cos(d*x+c))**2,x)



218

[Out] Piecewise((x/(-3 - 5*cos(2*atan(2)))#**2, Eq(c, -d*x - 2*atan(2)) | Eq(c, -d
*x + 2*atan(2))), (x/(-5xcos(c) - 3)**x2, Eq(d, 0)), (3*log(tan(c/2 + d*x/2)

- 2)xtan(c/2 + d*x/2)**2/(64*xd*tan(c/2 + d*x/2)**2 - 256%d) - 12*log(tan(c

/2 + d*x/2) - 2)/(64xd*tan(c/2 + d*x/2)**2 - 256xd) - 3*log(tan(c/2 + d*x/2

) + 2)*tan(c/2 + dxx/2)**x2/(64*xd*tan(c/2 + dxx/2)**2 - 256+d) + 12*xlog(tan(

c/2 + d*x/2) + 2)/(64*d*tan(c/2 + d*x/2)**2 - 256xd) - 20*tan(c/2 + d*x/2)/
(64xd*tan(c/2 + d*xx/2)**2 - 256xd), True))

Giac [A]
time = 0.46, size = 62, normalized size = 0.69

an(%dz+2c
it g%+ 3 log (Jtan (do + o) +2]) ~ 3 log (Jtan (Jdo + ) ~2])
64 d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3-5%cos(d*x+c))~2,x, algorithm="giac")

[Out] -1/64*(20*tan(1/2xd*x + 1/2xc)/(tan(1/2*d*x + 1/2xc)”~2 - 4) + 3*log(abs(tan
(1/2xd*x + 1/2%c) + 2)) - 3xlog(abs(tan(1/2xd*x + 1/2xc) - 2)))/d

Mupad [B]
time = 0.00, size = 47, normalized size = 0.52
tan(%—k%})
3atanh(—2 ) 5tan(§ n de)
32d 16d (tan (§+d§)2—4)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5%cos(c + d*x) + 3)72,x%)

[Out] - (3*atanh(tan(c/2 + (d*x)/2)/2))/(32xd) - (5*tan(c/2 + (d*x)/2))/(16xd*(ta
n(c/2 + (d*x)/2)72 - 4))
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1
3.48 f (—3—5cos(c+dx))? dx

Optimal. Leaf size=115

431og (2 cos (3(c + dz)) —sin (3(c + dz))) _ 43log (2cos (3(c +dw)) +sin (3(c + dz))) B 5sin(c +
2048d 2048d 32d(3 + 5 cos(c

[Out] 43/2048*1n(2*cos(1/2xd*x+1/2*c)-sin(1/2*d*x+1/2%c))/d-43/2048*1n(2*cos(1/2*
dxx+1/2*%c)+sin(1/2%d*xx+1/2%c))/d-5/32*%sin(d*x+c)/d/ (3+5*cos (d*x+c)) ~2+45/51
2xsin(d*x+c)/d/ (3+5*cos (d*x+c))

Rubi [A]
time = 0.05, antiderivative size = 115, normalized size of antiderivative = 1.00, number of

number of rules _ 417
integrand size ’

steps used = 5, number of rules used = 5, integrand size = 12,
Rules used = {2743, 2833, 12, 2738, 213}

45sin(c + dz) B 5sin(c + dz) 43log (2 cos (3(c+ dz)) —sin (4(c + dx))) _ 43log (sin (3(c+ dz)) + 2cos (2(c+ dx)))
512d(5cos(c+dz) +3)  32d(5cos(c+ dz) + 3)? 2048d 2048d

Antiderivative was successfully verified.
[In] Int[(-3 - 5*Cos[c + d*x])~(-3),x]

[Out] (43*Log[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]1])/(2048%d) - (43*Log[2*Cos[(c
+ d*x)/2] + Sin[(c + d*x)/2]1]1)/(2048*%d) - (5*Sin[c + d*x])/(32*d*(3 + 5*Co
slc + d*x])"2) + (45%Sin[c + d*x])/(512%d*(3 + 5*Cos[c + d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQl[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQlb, x]]

Rule 213

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1))*ArcTanh[Rt [b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQl[{a, b}, x] && NegQ[a/b] &&
(LtQ[a, 0] || GtQ[b, 01)

Rule 2738

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + b + (
a - b)*xe~2xx~2), x], x, Tan[(c + d*x)/2]1/e], x]1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + b*Sin[c + d*x])~(n + 1)/(d*x(n + 1)*(a"2 - b"2))), x] + Dist
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[1/((a + D*(a"2 - b72)), Int[(a + b*Sin[c + d*x])"(n + 1)*Simp[ax(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2#n]

Rule 2833

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(bxc - a*d))*Cos[e + fxx]*((a + b*Sin[e +
fxx])"(m + 1)/(fx(m + 1)*(a"2 - b72))), x] + Dist[1/((m + 1)*(a"2 - b~2)),
Int[(a + b*Sin[e + f*x])~“(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*c - axd)*(m
+ 2)*Sinf[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[b*c -
axd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2*m]

Rubi steps
/ 1 dr — — 5sin(c + dz) 1 / 6 — 5 cos(c + dx) i
(—3 — 5cos(c+ dx))? 32d(3+ 5cos(c+dx))? 32 ) (—3 —5cos(c+ dz))?
B 5sin(c + dx) 45sin(c + dx) 1 43
"~ 32d(3+ 5cos(c+dx))? | 512d(3 + 5cos(c+dx)) | 512 / —3 — 5cos(c-
_ 5sin(c + dzx) 45sin(c + dx) n 43 / 1
32d(3 + 5cos(c+dzx))?  512d(3+ 5cos(c+dz)) 512 ) —3 —5cos(c-

B 5sin(c + dzx) 45sin(c + dx) 43Subst ( [ =552 dz,
~32d(3+ 5cos(c+ dx))? | 512d(3 + 5 cos(c + dx)) 25¢

_ 43log (2cos (3(c+dz)) —sin (3(c + dz))) _ 43log (2cos (3(c+dz)) + sin

2048d 2048d

Mathematica [A]
time = 0.07, size = 217, normalized size = 1.89

431og (2cos (3(c + dx)) —sin (§(c + dz))) _ 43log (2cos ((c +da)) +sin (3(c+dw))) 5 . 45sin (3(c + dx)) . 5 . 45sin (3(c + dz))
2048d 20484 512d (2cos (3(c + dz)) — sin (3(c+da)))”  2048d (2cos ((c + dz)) —sin (3(c +dz))) * 512d (2cos (3(c+ d)) +sin (4(c+dx)))’  2048d (2cos (§(c + da)) +sin (J(c + do)))

Antiderivative was successfully verified.

[In] Integrate[(-3 - 5%Cos[c + d*x])~(-3),x]

[Out] (43*Log[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]1])/(2048%d) - (43*Log[2*Cos[(c
+ d*x)/2] + Sin[(c + d*x)/2]]1)/(2048%d) - 5/(512*d*(2*Cos[(c + d*x)/2] - S

in[(c + d*x)/2])"2) + (45%Sin[(c + d*xx)/2])/(2048*d*(2*%Cos[(c + d*x)/2] - S

in[(c + d*x)/2])) + 5/(512%d*(2xCos[(c + d*x)/2] + Sin[(c + d*x)/2])72) + (
45%Sin[(c + d*x)/2])/(2048*d*(2*xCos[(c + d*x)/2] + Sin[(c + d*x)/2]))

Maple [A]
time = 0.07, size = 94, normalized size = 0.82
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method result

wun(B45) (0 ($45)  gin(tan(L+5)-2)  43in(tan(L+5)+2)

128d - 512d _
norman (1o (% +5) ) % + 2048d 2048d
25 B o5 43 1n(tan(d71+5)+2) B 25 B a5 431n
PR P s12(san(4 +5)+2)" 1024 (tan(% +5)+2) 2048 s12(1an (4 +§)—2)° 1024 (tan( % +5)-2)
derivativedivides y
25 _ 85 _ 48l (tan(%+5)+2) _ 25 _ 85 431n
512(tan(d7$+%)+2)2 1024 (tan (92 +§ ) +2) 2048 512(tan(%w+g)_z)2 1024 (tan( 9P +5)-2)
default 3
risch i(215 e3i(dato) +387 e2i<dz+6>l+325 ei(dz:C>+225) + 43In(eidete) 1 8_4)  43In(eldrte) 434 5)
256d (5 e2i(dw+c) 16 ei(dz+c) 1 5) 2048d 2048d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-3-5*cos(d*x+c))~3,x,method=_RETURNVERBOSE)

[Out] 1/d*(25/512/(tan(1/2*d*x+1/2*c)+2)"2-85/1024/ (tan(1/2*d*x+1/2*c)+2)-43/2048
*1n(tan(1/2xd*x+1/2*c)+2)-25/512/ (tan(1/2*%d*x+1/2%c)-2) ~2-85/1024/ (tan(1/2%*
d*xx+1/2*%c)-2)+43/2048*1n(tan(1/2*d*x+1/2*c)-2))

Maxima [A]
time = 0.27, size = 135, normalized size = 1.17

20 (28 sin(dz)—kc) _ 1T sin(dz+c)33)
cos(dz+c)+1l  (cos(dz+c)+1) sin(dz—|—c) Sin(dz+c)
8 sin(dz+c)? _ sin(do+c)? —_16 + 43 ]'Og (cos(dw—i—c)—l—l + 2 - 43 10g COS(dIE+C)+1 - 2
_ (cos(dac-kc)-kl)2 (cos(dm+c)+1)4

2048d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3-5*cos(d*x+c))~3,x, algorithm="maxima")

[Out] -1/2048+%(20*(28*sin(d*x + c)/(cos(d*x + c) + 1) - 17*sin(d*x + c)~3/(cos(dx*
X + c) + 1)73)/(8xsin(d*x + c)~2/(cos(d*x + c) + 1)72 - sin(d*x + c)~4/(cos

(d*x + c) + 1)74 - 16) + 43xlog(sin(d*x + c)/(cos(d*x + c) + 1) + 2) - 43x%1
og(sin(d*x + c)/(cos(d*x + c) + 1) - 2))/d

Fricas [A]
time = 0.37, size = 129, normalized size = 1.12

43 (25 cos (dz + €)% + 30 cos (dz +¢) + 9) log (£ cos (dz + c) + 2 sin (dz + ¢) + 3) — 43 (25 cos (dz + ©)? 430 cos (dz + ¢) + 9) log (2 cos (dz + ¢) — 2 sin (dz + ¢) + 3) — 40 (45 cos (dz + c) + 11) sin (dz + ¢)
4096 (25 d cos (dz + ¢)* + 30d cos (dz + c) + 9d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3-5%cos(d*x+c))~3,x, algorithm="fricas")

[Out] -1/4096%(43%(25*cos(d*x + c)~2 + 30*cos(d*x + c) + 9)*log(3/2xcos(d*x + c)
+ 2xsin(d*x + c) + 5/2) - 43x(25*cos(d*x + c)~2 + 30*cos(d*x + c) + 9)*log(
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3/2xcos(d*x + c) - 2%sin(d*x + c) + 5/2) - 40%(45%cos(d*x + c) + 11)*sin(dx*
x + ¢))/(25%d*cos(d*x + ¢c)~2 + 30*%d*xcos(d*x + c) + 9%d)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 478 vs.
2(102) = 204.
time = 1.27, size = 478, normalized size = 4.16

Verification of antiderivative is not currently implemented for this CAS.

,,,,,,,,,,

[In] integrate(1/(-3-5*cos(d*x+c))**3,x)

[Out] Piecewise((x/(-3 - 5*cos(2*atan(2)))#**3, Eq(c, -d*x - 2*atan(2)) | Eq(c, -d
*x + 2*atan(2))), (x/(-5xcos(c) - 3)*x3, Eq(d, 0)), (43*log(tan(c/2 + d*xx/2
) - 2)xtan(c/2 + d*x/2)**4/(2048*d*tan(c/2 + d*x/2)**4 - 16384*xdxtan(c/2 +
d*x/2)*x2 + 32768xd) - 344*log(tan(c/2 + d*x/2) - 2)*tan(c/2 + d*x/2)**x2/(2
048xdxtan(c/2 + d*xx/2)**4 - 16384*d*tan(c/2 + d*x/2)**2 + 32768*d) + 688*1lo
g(tan(c/2 + d*x/2) - 2)/(2048*d*tan(c/2 + d*x/2)**4 - 16384*d*tan(c/2 + d*x
/2)**2 + 32768%d) - 43xlog(tan(c/2 + d*x/2) + 2)*tan(c/2 + d*x/2)**4/(2048*
dxtan(c/2 + d*x/2)**4 - 16384*d*tan(c/2 + d*x/2)**2 + 32768*d) + 344x*log(ta
n(c/2 + d*x/2) + 2)*tan(c/2 + d*x/2)**2/(2048*d*tan(c/2 + d*xx/2)**x4 - 16384
xd*tan(c/2 + d*x/2)**2 + 32768*d) - 688+log(tan(c/2 + d*x/2) + 2)/(2048*d*t
an(c/2 + d*x/2)*x4 - 16384xd*xtan(c/2 + d*xx/2)**2 + 32768*d) - 340*tan(c/2 +
d*x/2)**x3/(2048*d*tan(c/2 + d*x/2)**4 - 16384*d*tan(c/2 + d*x/2)**x2 + 3276
8+%d) + 560*tan(c/2 + d*x/2)/(2048*d*tan(c/2 + d*x/2)**x4 - 16384*d*xtan(c/2 +
d*xx/2)**2 + 32768*d), True))

Giac [A]
time = 0.45, size = 78, normalized size = 0.68

3
20 (17 tan dot§ 9 _28;%(2% +39) + 43 log (|tan (3 dz + 1 ¢) +2|) — 43 log (|tan (L dz + 3 ¢) — 2])
(tan(% dz+%c) —4)

2048d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3-5%cos(d*x+c))~3,x, algorithm="giac")

[Out] -1/2048+*(20*(17*tan(1/2*d*x + 1/2%c)~3 - 28*tan(1/2*d*x + 1/2%c))/(tan(1/2%
dxx + 1/2%c)”2 - 4)72 + 43xlog(abs(tan(1/2xd*x + 1/2%c) + 2)) - 43*log(abs(
tan(1/2*d*x + 1/2%c) - 2)))/d

Mupad [B]

time = 0.67, size = 75, normalized size = 0.65

§+d7””)3 43 atanh(w)
12

35tan(§+42)  85tan(
128 - 5
d (tan (§+d7””)4—8tan (§+d7””)2+16> 1024 d
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(-1/(5*cos(c + d*x) + 3)73,x%)

[Out] ((35%tan(c/2 + (d*x)/2))/128 - (85%tan(c/2 + (d*x)/2)~3)/512)/(d*(tan(c/2 +
(d*x)/2)"4 - 8*tan(c/2 + (d*x)/2)"2 + 16)) - (43*atanh(tan(c/2 + (d*x)/2)/
2))/(1024xd)
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1
3.49 f (—3—5 cos(c+dx))* dx

Optimal. Leaf size=140

2791og (2 cos (3(c+dz)) —sin (3(c+dz))) 279log (2cos (3(c+ dz)) + sin (3 (c + dz))) 5sin(c +
32768d B 327684 48d(3 + 5 cos(

[Out] 279/32768*1n(2%cos(1/2*d*x+1/2*c)-sin(1/2*xd*x+1/2%c))/d-279/32768*1n(2*cos(
1/2*d*x+1/2%c)+sin(1/2*d*x+1/2%c) ) /d+5/48*sin(d*x+c) /d/ (3+5*xcos (d*x+c)) ~3-2
5/512*sin(d*x+c) /d/ (3+5xcos (d*x+c)) ~2+995/24576*sin (d*x+c)/d/ (3+5*cos (d*x+c

)

Rubi [A]
time = 0.07, antiderivative size = 140, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.417,

steps used = 6, number of rules used = 5, integrand size = 12,
Rules used = {2743, 2833, 12, 2738, 213}

995 sin(c + dz) _ 25sin(c + dz) + 5sin(c + dz) 279log (2 cos (3(c+ dz)) — sin (3(c + dx))) _ 279log (sin (3(c + dz)) + 2cos (3(c + dz)))
24576d(5 cos(c + dx) +3)  512d(5cos(c+ dx) +3)% * 48d(5cos(c + dz) + 3)3 32768d 32768d

Antiderivative was successfully verified.
[In] Int[(-3 - 5%Cos[c + d*x])~(-4),x]

[Out] (279%Log[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]]1)/(32768*d) - (279*Log[2*Cos
[(c + d*x)/2] + Sin[(c + d*x)/2]1]1)/(32768*d) + (5*Sin[c + d*x])/(48*d*(3 +
5%Cos[c + d*x])~3) - (25%Sin[c + d*x])/(512*d*(3 + 5*Cos[c + d*x])~2) + (99
5%Sin[c + d*x])/(24576%d*(3 + 5*Cos[c + d*x]))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b )*(v_ ) /; FreeQ[b, x]]

Rule 213

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~ (-
1)) *ArcTanh [Rt [b, 2]1*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] &&
(LtQ[a, 01 Il GtQlb, 01)

Rule 2738

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + b + (
a - b)*xe~2xx~2), x], x, Tan[(c + d*x)/2]1/e]l, x1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rule 2743



225

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + b*Sin[c + d*x])"(n + 1)/(d*(n + 1)*(a"2 - b~2))), x] + Dist
[1/((n + 1)*(a"2 - b™2)), Int[(a + bxSin[c + d*x])~(n + 1)*Simp[a*(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]

Rule 2833

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(b*xc - ax*d))*Cos[e + f*xx]*((a + b*Sin[e +
fxx])"(m + 1)/(f*(m + 1)*(a"2 - b72))), x] + Dist[1/((m + 1)*(a"2 - b~2)),
Int[(a + b*Sin[e + f*x])~(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*c - axd)*(m
+ 2)xSin[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2*m]

Rubi steps
/ 1 dp — 5sin(c + dzx) 1 / 9 — 10 cos(c + dx) i
(—3 — 5cos(c+ dx))* 48d(3 + 5cos(c+ dx))® 48 ) (=3 —5cos(c+ dx))3
_ 5sin(c + dx) B 25sin(c + dx) 4 / % dz
48d(3 + 5cos(c+dzx))®  512d(3 + 5cos(c + dz))? 1536
_ 5sin(c + dzx) B 25sin(c + dx) 995 sin(c + dx)
48d(3 + 5cos(c+dz))?  512d(3+ 5cos(c+ dx))?  24576d(3 + 5 cos(c +
B 5sin(c + dzx) B 25sin(c + dx) 995 sin(c + dx)
48d(3 + 5cos(c+dx))®  512d(3 + 5cos(c+dx))?  24576d(3 + 5 cos(c +
5sin(c + dx) 25sin(c + dx) 995 sin(c + dx)

- 48d(3+ 5cos(c+ dz))®  512d(3+ 5cos(c+ dz))2 ' 24576d(3 + 5 cos(c +
_ 2791og (2cos (3(c+dz)) —sin (3(c+dx)))  279log (2cos (§(c+dx)) +
B 32768d 32768d

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 296 vs. 2(140) =
280.

time = 0.02, size = 296, normalized size = 2.11

Antiderivative was successfully verified.

[In] Integrate[(-3 - 5*Cos[c + dxx])~(-4),x]

[Out] (467046%xLog[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]] + 104625%Cos[3*(c + d*x)
1*Log[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]] + 765855%Cos[c + d*x]*(Log[2*C
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os[(c + d*x)/2] - Sin[(c + d*x)/2]] - Log[2*Cos[(c + d*x)/2] + Sin[(c + d*x
)/2]]1) + 376650%Cos[2*(c + d*x)]*(Log[2*Cos[(c + d*x)/2] - Sin[(c + d*x)/2]
1 - Log[2*Cos[(c + d*x)/2] + Sin[(c + d*x)/2]]) - 467046*Log[2*Cos[(c + d*x
)/2] + Sin[(c + d*x)/2]] - 104625%Cos[3*(c + d*x)]*Log[2*Cos[(c + d*x)/2] +
Sin[(c + d*x)/2]] + 226140%Sin[c + d*x] + 190800*Sin[2*(c + d*x)] + 99500%
Sin[3*(c + d*x)])/(393216*d*(3 + 5*Cos[c + d*x])~3)

Maple [A]
time = 0.09, size = 124, normalized size = 0.89

method result
295tan(9Z4+ <)  265(tan3 (92 4+ < 745 (tan® (92 + < d d
norman _megd) el (B08) el B8 | soi(en(rg)-2)  amoim(ien(§45)+2)
(tan2 < %z +%)_ 4>3 32768d 32768d
_ 125 . 175 - ( 7(45 ) )_2791n(tan(d2—z+%)+2)_ 125 -
. . .. 6144(tan(d7z+§)+2) 4096(tan(d7z+§)+2) 16384 (tan (42 + S ) +2 32768 6144(tan(d7x+%)—2)
derivativedivides p
_ 125 -~ 175 - ( E4d5 ) )_2791n(tan(d?ms+%)+2)_ 125 .-
6144 (tan (92 +§)+2)” 4096 (tan(4E+§)+2)" 16384 (tan(F+5)+2 327 6144 (van (% +§)2)
default 7
isch (20925 e5:(42+¢) 162775 e41(42+¢) 1111042 €31(47+¢) 1119310 e21(47+¢) 168625 e7(92+<) +24875) | 2791In(ei(do+e) 4 3.
risc 122884 (5 e2i(dz+0) 1.6 ei(d:v+c)+5)3 + 32768d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-3-5*cos(d*x+c))~4,x,method=_RETURNVERBOSE)

[Out] 1/dx(-125/6144/(tan(1/2*d*x+1/2*c)+2) ~3+175/4096/ (tan(1/2*xd*xx+1/2*c)+2) ~2-7
45/16384/ (tan(1/2*d*x+1/2%c)+2)-279/32768*1n(tan (1/2*d*x+1/2%c)+2)-125/6144
/(tan(1/2*d*x+1/2*c)-2) ~3-175/4096/ (tan(1/2*xd*x+1/2*c)-2) ~2-745/16384/ (tan(
1/2%d*x+1/2%c)-2)+279/32768*1n(tan (1/2*d*x+1/2*c)-2))

Maxima [A]
time = 0.27, size = 174, normalized size = 1.24

20 (2832 sin(dz+c) _ 1696 sin(dz+c)3 | 447 sin(dz+c)®

cos(da+o) T (cos(dtc)+1)3 (cos(dz+c)+1)54> + 837 log ( sin(do+e) 4 2) — 837 log ( sin(dz+c) 2)

48 sin(dz+c)? 12 sin(dz+c)4 sin(dz+c)® COS(dI+C)+1 COS(dI-‘rC)-‘rl

_ (cos(dz+c)+1)2  (cos(dw+c)+1)% (cos(dx+c)+1)6_

98304 d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3-5%cos(d*x+c))~4,x, algorithm="maxima")

[Out] -1/98304#*(20*(2832*sin(d*x + c)/(cos(d*x + c) + 1) - 1696*sin(d*x + c)~3/(c
os(d*x + c) + 1)73 + 447+sin(d*x + ¢c)~5/(cos(d*x + c) + 1)75)/(48*sin(d*x +
c)"2/(cos(d*x + c) + 1)72 - 12*¢sin(d*x + c)~4/(cos(d*x + c) + 1)"4 + sin(d

*x + ¢)76/(cos(d*x + c) + 1)76 - 64) + 837*log(sin(d*x + c)/(cos(d*x + c) +

1) + 2) - 837*log(sin(d*x + c)/(cos(d*x + c) + 1) - 2))/d
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Fricas [A]
time = 0.37, size = 170, normalized size = 1.21

837 (125 cos (dz + ¢)° + 225 cos (dz + c)? + 135 cos (dz + c) + 27) log (§ cos (dz + ¢) + 2 sin (dz + c) + §) — 837 (125 cos (dz + ¢)° + 225 cos (dz + ¢)° + 135 cos (dz + c) + 27) log (3 cos (dz + ¢) — 2 sin (dz + c) + §) — 40 (4975 cos (dz + ¢)* + 4770 cos (dz + c) + 1583) sin (dz + c)
196608 (125 d cos (dz + ¢)* + 225 d cos (dz + )’ + 135 d cos (dz + c) + 27d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3-5*cos(d*x+c))~4,x, algorithm="fricas")

[Out] -1/196608%*(837*(125*%cos(d*x + c)~3 + 225%cos(d*x + c)~2 + 135*%cos(d*x + c)
+ 27)*log(3/2*cos(d*x + c) + 2xsin(d*x + c) + 5/2) - 837*(125*cos(d*x + c)~

3 + 226xcos(d*x + c)”2 + 135*cos(d*x + c) + 27)*log(3/2*cos(d*x + c) - 2*si
n(d*x + c) + 5/2) - 40*(4975*cos(d*x + c)~2 + 4770*cos(d*x + c) + 1583)*sin
(d*x + c¢))/(125*%d*cos(d*x + c)~3 + 225*d*cos(d*x + c)~2 + 135*d*cos(d*x + ¢

) + 27*d)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 816 vs.
2(126) = 252.
time = 2.69, size = 816, normalized size = 5.83

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3-5%cos(d*x+c))**4,x)

[Out] Piecewise((x/(-3 - 5*cos(2*atan(2)))#**4, Eq(c, -d*x - 2*atan(2)) | Eq(c, -d
*x + 2*atan(2))), (x/(-5xcos(c) - 3)*x4, Eq(d, 0)), (837*xlog(tan(c/2 + d*x/
2) - 2)*xtan(c/2 + d*x/2)*x6/(98304*d*tan(c/2 + d*x/2)**6 - 1179648*d*tan(c/
2 + dxx/2)**4 + 4718592*%d*tan(c/2 + d*x/2)**2 - 6291456*d) - 10044x1log(tan(
c/2 + d*x/2) - 2)*tan(c/2 + d*x/2)*x4/(98304*d*tan(c/2 + d*x/2)**6 - 117964
8*xdxtan(c/2 + d*x/2)**4 + 4718592*d*tan(c/2 + d*x/2)**2 - 6291456*d) + 4017
6*log(tan(c/2 + d*x/2) - 2)*tan(c/2 + d*x/2)*%2/(98304*d*tan(c/2 + d*x/2)*x*
6 - 1179648*d*tan(c/2 + d*x/2)**4 + 4718592xd*tan(c/2 + d*x/2)*x2 - 6291456
*d) - 53568*log(tan(c/2 + d*x/2) - 2)/(98304xd*tan(c/2 + d*x/2)*x6 - 117964
8*xdxtan(c/2 + d*x/2)**4 + 4718592*d*tan(c/2 + d*x/2)**2 - 6291456*d) - 837*
log(tan(c/2 + d*x/2) + 2)*tan(c/2 + d*x/2)**6/(98304*d*tan(c/2 + dxx/2)**6
- 1179648*d*xtan(c/2 + d*x/2)**4 + 4718592*%d*tan(c/2 + d*x/2)**2 - 6291456%*d
) + 10044xlog(tan(c/2 + d*x/2) + 2)*tan(c/2 + d*x/2)**4/(98304*d*tan(c/2 +
d*x/2)*x6 — 1179648*d*tan(c/2 + d*x/2)**4 + 4718592*d*tan(c/2 + d*x/2)**2 -
6291456+d) - 40176*log(tan(c/2 + d*x/2) + 2)*tan(c/2 + d*x/2)**2/(98304*d*
tan(c/2 + d*x/2)*x6 - 1179648*d*xtan(c/2 + d*xx/2)**4 + 4718592*d*tan(c/2 + d
*xx/2)**x2 - 6291456*d) + 53568xlog(tan(c/2 + d*x/2) + 2)/(98304*d*tan(c/2 +
dxx/2)**x6 - 1179648*d*tan(c/2 + d*x/2)**4 + 4718592*d*tan(c/2 + d*x/2)**x2 -
6291456*d) - 8940*tan(c/2 + d*x/2)**5/(98304*d*tan(c/2 + d*x/2)**6 - 11796
48+d*tan(c/2 + d*x/2)**4 + 4718592*d*tan(c/2 + d*x/2)**x2 - 6291456*d) + 339
20*xtan(c/2 + d*x/2)**3/(98304*d*tan(c/2 + d*x/2)**6 - 1179648*d*tan(c/2 + d
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*x/2)**%4 + 4718592*d*tan(c/2 + d*x/2)**x2 - 6291456*xd) - 56640%tan(c/2 + d*x
/2)/(98304*d*tan(c/2 + d*x/2)**x6 - 1179648xd*tan(c/2 + d*xx/2)*x4 + 4718592%

d*tan(c/2 + d*x/2)**x2 - 6291456*d), True))
Giac [A]

time = 0.46, size = 91, normalized size = 0.65

20 (447 tan (L do+1 ¢)°>~1696 tan(L dz+1 ¢)°+2832 tan(L dz+1 o)
(o ool oot enb2er3) o (e + £ ) +2) 897 o e (f do+ ) 2]
- 98304 4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-3-5%cos(d*x+c))~4,x, algorithm="giac")

[Out] -1/98304x*(20*(447*tan(1/2*%d*x + 1/2%c)~5 - 1696%tan(1/2*d*x + 1/2%c)~3 + 28
32+tan(1/2xd*x + 1/2xc))/(tan(1/2*d*x + 1/2*%c)"2 - 4)~3 + 837*log(abs(tan(1l
/2%d*x + 1/2%c) + 2)) - 837xlog(abs(tan(1/2*d*x + 1/2%c) - 2)))/d

Mupad [B]
time = 0.00, size = 102, normalized size = 0.73
tan<%+d7z) RN az\3 d
279 atanh | —2—>~ 7astan(§+%2)°  265tan(§+%2) | 205tan(5+%2)
_ _ 8192 — 768 512
16384 d d (tan (£+ %)6 —12tan (£ + %)4 + 48tan (£ + %)2 - 64)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(5%cos(c + d*x) + 3)74,x)

[Out] - (279*atanh(tan(c/2 + (d*x)/2)/2))/(16384*d) - ((295*tan(c/2 + (d*x)/2))/5
12 - (265*tan(c/2 + (d*x)/2)73)/768 + (745*tan(c/2 + (d*x)/2)75)/8192)/(d*(
48xtan(c/2 + (d*x)/2)"2 - 12xtan(c/2 + (d*x)/2)"4 + tan(c/2 + (d*x)/2)°6 -

64))
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3.50 [(a+bcos(c+ dx))>? dx

Optimal. Leaf size=197

| a+bcos(c+dzx)’
2(23a® + 9b%) \/a + beos(c + dz) E(3(c+ dx)|2) _16a(a2 —b?) \/ atb F(%(c+dx)|a2—fb)
15d\/a+bcos(c—|—alac) 15d\/a + bcos(c + dz)
a+b

[Out] 2/5%b*(at+b*cos(d*x+c))~(3/2)*sin(d*x+c)/d+16/15*axb*sin(d*x+c)* (a+b*cos(d*x
+c))~(1/2)/d+2/15%(23*a~2+9%b"2) * (cos (1/2*d*x+1/2%c) ~2) ~(1/2) /cos (1/2*d*x+1
/2*%c)*EllipticE(sin(1/2*d*x+1/2%c),27(1/2)*(b/(a+b))~(1/2))* (a+b*cos (d*x+c)

)~ (1/2)/d/ ((a+b*cos(d*x+c))/(a+b))~(1/2)-16/15*a*x(a"2-b"2) *(cos (1/2*d*x+1/2
*xC)~2)~(1/2) /cos(1/2*d*x+1/2%c) *E1lipticF (sin(1/2*d*x+1/2%c) ,27(1/2) *(b/(a+

b))~ (1/2))*((atb*cos(d*x+c))/(at+b))~(1/2)/d/ (atb*cos (d*x+c))~(1/2)

Rubi [A]
time = 0.19, antiderivative size = 197, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.500,

steps used = 7, number of rules used = 7, integrand size = 14,
Rules used = {2735, 2832, 2831, 2742, 2740, 2734, 2732}

2 o Ja+tbeos(c+dx) % )
16a(a” — b%) T a+b F(3(c+dz)| Z5) N 2(23a% + 9b%) \/a + beos(c + dz) E(3(c+ dz)|25) N 2bsin(c + dz)(a + beos(c + dz))*/? . 16absin(c + dz)+/a + bcos(c + dz)

15d+/a + beos(c + dzx) 15d\/a+bcos(c+d1)‘ 5d 15d
a+b

Antiderivative was successfully verified.
[In] Int[(a + b*Cos[c + d*x])~(5/2),x]

[Out] (2%(23*%a"2 + 9%b~2)*Sqrt[a + b*Cos[c + d*x]]*EllipticE[(c + d*x)/2, (2%Db)/(
a + b)])/(15%d*Sqrt[(a + b*Cos[c + d*x])/(a + b)]) - (16*a*(a”2 - b~2)*Sqrt

[(a + b*Cos[c + d*x])/(a + b)]*EllipticF[(c + d*x)/2, (2*b)/(a + b)]1)/(15%d
*Sqrt[a + bxCos[c + d*x]]) + (16*axbxSqrt[a + b*Cos[c + d*x]]*Sin[c + d*x])
/(156%d) + (2*b*(a + b*Cos[c + d*x])~(3/2)*Sinl[c + d*x])/(5%d)

Rule 2732

Int[Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[2*(Sqrt[a
+ b]/d)*E1lipticE[(1/2)*(c - Pi/2 + d*x), 2*(b/(a + b))], x] /; FreeQ[{a,
b, ¢, d}, x] && NeQ[a"2 - b2, 0] &% GtQ[a + b, 0]

Rule 2734

Int[Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Dist[Sqrt[a +
b*Sin[c + d*x]]1/Sqrtl[(a + b*Sin[c + d*x])/(a + b)], Int[Sqrtl[a/(a + b) + (b
/(a + b))*Sin[c + d*x]], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2,
0] & 'GtQ[a + b, 0]
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Rule 2735

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*xx]*((a + b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Dist[1/n, Int[(a + b*S
infc + d*x])~(n - 2)*Simp[a™2*n + b™2*%(n - 1) + a*b*(2*%n - 1)*Sin[c + d*x],
x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b2, 0] && GtQ[n, 1] &&
IntegerQ[2*n]

Rule 2740

Int[1/Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2/(d*S
grt[a + b]))*EllipticF[(1/2)*(c - Pi/2 + d*x), 2*(b/(a + b))], x] /; FreeQ[
{a, b, c, d}, x] && NeQ[a~2 - b~2, 0] && GtQ[a + b, 0]

Rule 2742

Int[1/Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Dist[Sqrtl[(a
+ bxSin[c + d*x])/(a + b)]/Sqrt[a + b*Sin[c + d*x]], Int[1/Sqrtl[a/(a + b)
+ (b/(a + b))*Sin[c + d*x]], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && !'GtQ[a + b, 0]

Rule 2831

Int[((c_.) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)/Sqrtl(a_) + (b_.)*sin[(e_.) + (
f_.)*(x_)]], x_Symbol] :> Dist[(b*c - a*d)/b, Int[1/Sqrt[a + b*Sin[e + fx*x]
1, x], x] + Dist[d/b, Int[Sqrtl[a + b*Sin[e + f*x]], x], x] /; FreeQ[{a, b,
c, d, e, £}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 - b~2, 0]

Rule 2832

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1)"(m_)*((c_.) + (d_.)*sin[(e_.) +

(f_.)*(x_)]1), x_Symbol] :> Simp[(-d)*Cos[e + fxx]*((a + b*Sin[e + f*x]) "m/(
fx(m + 1))), x] + Dist[1/(m + 1), Int[(a + b*Sin[e + f*x])~"(m - 1)*Simp [b*d
*m + a*ck(m + 1) + (axd*m + b*xcx(m + 1))*Sin[e + f*x], x], x], x] /; FreeQ[
{a, b, c, d, e, f}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 - b~2, 0] && GtQ[m,

0] &% IntegerQ[2*m]

Rubi steps



/(a + beos(c + dx))>? dx =

Mathematica [A]

_ 16aby/a + beos(c + dz) sin(c+ dz) N 2b(a + bcos(c + dz))/?sin(c + dx)
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3/2
2b(a + bcos(c+§l§)) sin(c + dz) / v a+bcos(c + dz) ( (50% + 3b

_ 16ab+/a + beos(c + dz) sin(c + dz) N 2b(a + bcos(c + dx))*/? sin(c + dr) %

15d 5d

15d 5d

_ 16ab+/a + beos(c + dz) sin(c + dz) N 2b(a + bcos(c + dx))®/?sin(c + dx) i

15d 5d
‘ a+b
_ 2(23a? + 9b%) \/a + beos(c + dz) E(3(c+ dw)|a+b) 16a(a” — b%)
a +bcos(c + dzx) 15d+/a
15d
a+b

time = 0.55, size = 177, normalized size = 0.90

a+ beos(c + dz)

2(23a® + 23a%b + 9ab* + 9b°)
a+b

E(3(c+ dz)la%) — 16a(a® — b%)

a+ beos(c+ dz)

wtb F(3(c+ dz)\a%) + b(22a? + 3% + 28ab cos(c + dz) + 3b* cos(2(c + dz))) sin(c + dz)

15d\/a + bcos(c + dx)

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cos[c + d*x])~(5/2),x]
[Out] (2%(23*%a”3 + 23*a~2%b + 9*a*xb~2 + 9*b~3)*Sqrt[(a + b*Cos[c + d*x])/(a + b)]

*E1lipticE[(c + d*x)/2,

(2%b)/(a + b)] - 16%ax(a”2 - b~2)*Sqrt[(a + b*Cos[c

+ dxx])/(a + b)]1*EllipticF[(c + d*x)/2, (2xb)/(a + b)] + b*(22%xa~2 + 3*b~2
+ 28*axbxCos[c + d*x] + 3xb~2*Cos[2x(c + d*x)])*Sin[c + d*x])/(15*d*Sqrt[a

+ bxCos[c + d*x]])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 661 vs.

2(235) = 470.

time = 0.17, size = 662, normalized size = 3.36

] method \ result
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2\/(2 (COS2 (d?w + %)) b +a— b) (sin2 (d—; + g)) | (24(cos7<dff+g))b3+56(cos5<dff+§))ab2—48<cos5('§”+}

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*cos(d*x+c))~(5/2),x,method=_RETURNVERBOSE)

[Out] -2/15%((2*cos(1/2*d*x+1/2%c) ~2*b+a-b)*sin(1/2*d*x+1/2%c) ~2) ~(1/2)*(24*cos (1
/2%d*x+1/2%c) “T*b~3+56%cos (1/2*xd*x+1/2*c) “5*xa*b~2-48*cos (1/2*d*x+1/2%c) “5%b
~3+22*%cos (1/2xd*xx+1/2%c) ~3*a”2*b-84*cos (1/2*d*x+1/2*c) ~“3*a*xb~2+30*cos (1/2*d
*x+1/2%c) "3*b~"3-8*%(sin(1/2*xd*x+1/2%c) ~2) ~(1/2) *((2*cos (1/2*xd*x+1/2%c) ~2*b+a
-b)/(a-b))~(1/2)*EllipticF (cos(1/2xd*x+1/2*c), (-2*b/(a-b))~(1/2))*a~3+8+*(si
n(1/2xd*xx+1/2*xc)~2) " (1/2) *((2*cos (1/2%d*xx+1/2%c) ~2%b+a-b)/(a-b)) ~(1/2) *E11li
pticF(cos(1/2*d*x+1/2%c), (-2*b/(a-b))~(1/2))*axb~2+23*(sin(1/2*d*x+1/2*c) "2
)~ (1/2)*((2*cos (1/2xd*x+1/2%c) “2*b+a-b) /(a-b)) ~(1/2) *EllipticE(cos (1/2*d*x+
1/2*xc), (-2*b/(a-b))~(1/2))*a~3-23*(sin(1/2*d*x+1/2*c) ~2) ~(1/2) *((2*cos (1/2*
d*x+1/2*c) ~2xb+a-b)/(a-b)) ~(1/2) *EllipticE(cos (1/2*d*x+1/2*c), (-2*b/(a-b)) "~
(1/2)) *a~2xb+9* (sin (1/2xd*xx+1/2%c) ~2) ~(1/2) * ((2*xcos (1/2*d*x+1/2%c) ~2*b+a-b)
/(a-b))~(1/2)*EllipticE(cos(1/2*d*x+1/2%c), (-2%b/(a-b))~(1/2))*axb~2-9*(sin
(1/2*d*x+1/2xc)~2) " (1/2) *((2*cos (1/2*d*x+1/2*c) “2*b+a-b) /(a-b)) ~(1/2) *Ellip
ticE(cos(1/2*xd*x+1/2*c), (-2%b/(a-b)) ~(1/2))*b~3-22*cos (1/2*d*x+1/2*c) *a"2*b
+28%cos (1/2*d*x+1/2%c) *axb~2-6%cos (1/2*d*xx+1/2%c)*b~3) / (-2*sin (1/2*d*x+1/2%
c) ~4xb+(a+b) *sin(1/2xd*x+1/2%c) ~2) ~(1/2) /sin(1/2*d*x+1/2*c) / (-2*sin(1/2*d*x
+1/2*c) ~2xb+a+b)~(1/2) /4

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(d*x+c))~(5/2),x, algorithm="maxima")
[Out] integrate((b*cos(d*x + c) + a)~(5/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.15, size = 437, normalized size = 2.22

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cos(d*x+c))~(5/2),x, algorithm="fricas")
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[Out] 1/45%(sqrt(2)*(I*a~3 - 33*I*axb~2)*sqrt(b)*weierstrassPInverse(4/3*(4*a~2 -
3*xb~2)/b"2, -8/27*(8*a~3 - 9*a*xb~2)/b"3, 1/3*(3*bxcos(d*x + c) + 3*I*b*sin
(d*x + c) + 2%a)/b) + sqrt(2)*(-Ixa~3 + 33*I*a*b~2)*sqrt(b)*weierstrassPInv
erse(4/3*(4*xa~2 - 3*b~2)/b"2, -8/27*%(8*%a"3 - 9*a*xb~2)/b~3, 1/3*(3*b*cos(d*x
+ c) - 3xIxb*sin(d*x + c) + 2%a)/b) - 3*sqrt(2)*(-23*%I*a~2*%b - 9*I*xb~3)*sq
rt(b) *weierstrassZeta(4/3%x(4xa~2 - 3%b~2)/b"2, -8/27*(8*%a~3 - 9*a*xb~2)/b"3,
weierstrassPInverse(4/3*%(4xa~2 - 3*xb~2)/b~2, -8/27*%(8%a"~3 - 9*axb~2)/b"3,
1/3*(3*b*cos(d*x + c) + 3*Ixbksin(d*x + c) + 2xa)/b)) - 3*sqrt(2)*(23*I*a"2
*b + 9*I*b~3)*sqrt(b)*weierstrassZeta(4/3*(4*xa~2 - 3*xb~2)/b~2, -8/27*(8%a~3
- 9%a*b~2)/b"3, weierstrassPInverse(4/3*(4*xa~2 - 3*b~2)/b"2, -8/27*(8*a"3
- 9%axb~2) /b~3, 1/3%(3*b*cos(d*x + c) - 3*Ixbxsin(d*x + c) + 2*a)/b)) + 6x(
3*b~3xcos(d*x + c) + 1lxaxb~2)*sqrt(bxcos(d*x + c) + a)*sin(d*x + c))/(bxd)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(a+ beos (c + d:l:))g dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cos(d*x+c))**(5/2),x)
[Out] Integral((a + bx*cos(c + d*x))**(5/2), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cos(d*x+c))~(5/2),x, algorithm="giac")
[Out] integrate((b*cos(d*x + c) + a)~(5/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(a+b cos (c + dz))*? do

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcos(c + d*x))~(5/2),x)
[Out] int((a + b*cos(c + d*x))~(5/2), x)
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3.51 [(a+bcos(c+ dx))*? dx

Optimal. Leaf size=157

9 19 a+ beos(c + dzx)
Sa\/a+bcos(c+dx) ((c+da:)| 2b) 2(a —b)\/ + (c+ dzx)

a+b a+b F( (¢ + dz)l a+b> 2b\/a+bcos
3d\/a+bcos(c+dx) 3d\/a + bcos(c + dx)
a+b

[Out] 2/3*b*sin(d*x+c)*(a+b*cos(d*x+c))~(1/2)/d+8/3*ax(cos(1/2*d*xx+1/2*c)~2)~(1/2
)/cos(1/2xd*x+1/2*c)*E1lipticE(sin(1/2*d*x+1/2%c) ,27(1/2)*(b/(at+b))~(1/2))*
(a+b*cos(d*x+c))~(1/2)/d/ ((a+b*cos(d*x+c))/(a+b))~(1/2)-2/3*(a"2-b"2) *(cos(
1/2*%d*x+1/2%c)~2)~(1/2) /cos(1/2*d*x+1/2*c) *E11lipticF (sin(1/2*d*x+1/2%c) ,2~(
1/2)*(b/(a+b) ) ~(1/2))*((atb*cos(d*x+c))/(a+b)) ~(1/2) /d/ (atb*cos (d*x+c)) ~(1/

2)

Rubi [A]

time = 0.12, antiderivative size = 157, normalized size of antiderivative = 1.00, number of

number of rules
4, integrand size = 0.429,

steps used = 6, number of rules used = 6, integrand size = 1
Rules used = {2735, 2831, 2742, 2740, 2734, 2732}

a+ bceos(c + dzx)

2 _ 32
_Z(a -t a+b F(3(c+da)|3%) 2bsin(c+dx)\/a+bcos(c—l—dx) +8a a+ beos(c + dz) E(3(c+ dz)| 25)
3d+v/a+ bcos(c + dzx) 3d 34 a+ bceos(c + dz)
a+b

Antiderivative was successfully verified.
[In] Int[(a + b*Cos[c + d*x])~(3/2),x]

[Out] (8*a*Sqrt[a + b*Cos[c + d*x]]1*EllipticE[(c + d*x)/2, (2*b)/(a + b)])/(3*d*S
qrt[(a + bxCos[c + d*x])/(a + b)]) - (2x(a”2 - b™2)*Sqrt[(a + b*Cos[c + d*x
1)/(a + b)]*EllipticF[(c + d*x)/2, (2xb)/(a + b)])/(3*d*Sqrt[a + bxCos[c +

d*x]]) + (2*bxSqrtl[a + b*Cos[c + d*x]]*Sin[c + d*x])/(3*d)

Rule 2732

Int[Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[2*(Sqrt[a
+ b]/d)*E1lipticE[(1/2)*(c - Pi/2 + d*x), 2%(b/(a + b))], x] /; FreeQ[{a,
b, c, d}, x] && NeQ[a"2 - b2, 0] && GtQ[a + b, 0]

Rule 2734

Int[Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Dist[Sqrt([a +
b*Sin[c + d*x]]/Sqrt[(a + b*Sin[c + d*x])/(a + b)], Int[Sqrtla/(a + b) + (b
/(a + b))*Sin[c + d*x]], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b"2,
0] & 'GtQ[a + b, 0]
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Rule 2735

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*xx]*((a + b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Dist[1/n, Int[(a + b*S
infc + d*x])~(n - 2)*Simp[a™2*n + b~™2*%(n - 1) + axb*(2*%n - 1)*Sin[c + d*x],
x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[2a"2 - b2, 0] && GtQ[n, 1] &&
IntegerQ[2*n]

Rule 2740

Int[1/Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1], x_Symbol]l :> Simp[(2/(d*S
grt[a + b]))*EllipticF[(1/2)*(c - Pi/2 + d*x), 2*(b/(a + b))], x] /; FreeQ[
{a, b, c, d}, x] && NeQ[a~2 - b~2, 0] && GtQ[a + b, 0]

Rule 2742

Int[1/Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Dist[Sqrtl[(a
+ bxSin[c + d*x])/(a + b)]/Sqrt[a + b*Sin[c + d*x]], Int[1/Sqrtl[a/(a + b)
+ (b/(a + b))*Sin[c + d*x]], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && !'GtQ[a + b, 0]

Rule 2831

Int[((c_.) + (d_.)*sin[(e_.) + (f_.)*(x_)]1)/Sqrtl(a_) + (b_.)*sin[(e_.) + (
f_.)*(x_)]], x_Symbol] :> Dist[(b*c - a*d)/b, Int[1/Sqrt[a + b*Sin[e + fx*x]
1, x], x] + Dist[d/b, Int[Sqrtl[a + b*Sin[e + f*x]], x], x] /; FreeQ[{a, b,
c, d, e, £}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 - b~2, 0]

Rubi steps
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si 1(3a® + b%) + 2ab d
/(a+bc0s(c+dx))3/2dx: 2b+\/a + beos(c + dz) sin(c + dz) +g/ 5(3a° +b°) + 2a cos(c—f— z) "
3d 3 v/a + bceos(c + dz)
= 2/ +beos(c + d) sinc + da) +1(4a)/\/a+bcos(c+dx)dz‘+1(—a
3d 3 3
‘ dar/a+b dz) a b
_ 2by/a+ beos(c+ dz) sin(c+dx)+<a o+ beos(c + $)>f a+b+_
3d 3\/a+bcos(c+dx)
a+b
| a + bcos(c+ dz)’
8a+\/a -+ beos(c+ dz) E(3(c+ dz)|-2) 2(a? _bz)\/ atb F(
a 3d\/a+bcos(c—|—dz') 3d\/a + bcos(c + dx
a+b

Mathematica [A]
time = 0.37, size = 134, normalized size = 0.85

a + bceos(c + dzx)
a+b

a + bcos(c+ dx
B(j(e+ da)|2y) — 2(at — ) 2 H0CCLDD)

3d+/a+ bcos(c+ dz)

F(i(c+dz)|-2) + 2b(a + beos(c + dz)) sin(c + dx)

8a(a+b) ath

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cos[c + d*x])~(3/2),x]

[Out] (8*ax(a + b)*Sqrt[(a + b*Cos[c + d*x])/(a + b)]1*EllipticE[(c + d*x)/2, (2*b
)/(a + b)] - 2x(a”2 - b™2)*Sqrt[(a + bxCos[c + d*x])/(a + b)]*EllipticF[(c

+ d*x)/2, (2%b)/(a + b)] + 2xbx(a + b*Cos[c + d*x])*Sin[c + d*x])/(3*d*Sqrt

[a + b*Cos[c + d*x]])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 449 vs.
2(199) = 398.
time = 0.12, size = 450, normalized size = 2.87

method | result

2\/(2 (cos? (£ +£))b+a—b) (sin® (£ +£)) | (4(cos5(d;+g)>b2+2(cos3(‘?+;))ab—6(cos3(d;+g)>b

default | —

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((atb*cos(d*x+c))~(3/2),x,method=_RETURNVERBOSE)

[Out] -2/3*%((2*cos(1/2*d*x+1/2*c) ~2*b+a-b)*sin(1/2*d*x+1/2%c)~2)~(1/2) *(4*cos(1/2
*dxx+1/2%c) “5xb~2+2%cos (1/2*d*x+1/2*c) “3*a*b-6*cos (1/2*d*x+1/2*c) ~"3*%b~2-(si
n(1/2xd*x+1/2%c)~2) " (1/2) *((2*cos (1/2*xd*x+1/2*c) ~2*b+a-b) /(a-b) )~ (1/2)*E11li
pticF(cos(1/2*d*x+1/2%c), (-2xb/(a-b))~(1/2))*a~2+(sin(1/2*d*x+1/2%c)~2)~(1/
2) *((2*cos(1/2*d*x+1/2%c) “2*b+a-b)/(a-b) ) ~(1/2) *E1lipticF (cos (1/2*d*x+1/2%c
), (=2%b/(a-b) )~ (1/2) ) *b~2+4* (sin(1/2*d*x+1/2*c) ~2) ~(1/2) * ((2*cos (1/2*d*x+1/
2xc) "2*xb+a-b)/(a-b)) ~(1/2)*EllipticE(cos(1/2*d*x+1/2xc), (-2*b/(a-b))~(1/2))
*a"2-4* (sin(1/2*%d*x+1/2*c) ~2) ~(1/2) *((2*cos (1/2*d*x+1/2*c) “2xb+a-b) /(a-b) )"~
(1/2)*EllipticE(cos(1/2*d*x+1/2xc), (-2*%b/(a-b)) ~(1/2) ) *a*xb-2*cos (1/2*d*x+1/
2%c)*axb+2*cos (1/2xd*x+1/2*c) *b~2) / (-2*sin(1/2*d*x+1/2*c) ~4*b+(a+b) *sin(1/2
*d*xx+1/2%c)"2)~(1/2) /sin(1/2*xd*x+1/2*c) / (-2*sin(1/2*d*x+1/2*c) ~2*xb+a+b) ~(1/
2)/d

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+bxcos(d*x+c))~(3/2),x, algorithm="maxima")
[Out] integrate((bxcos(d*x + c) + a)~(3/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.13, size = 398, normalized size = 2.54

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cos(d*x+c))~(3/2),x, algorithm="fricas")

[Out] 1/9%(12xI*sqrt(2)*a*b~(3/2)*weierstrassZeta(4/3*(4*a~2 - 3%b~2)/b"2, -8/27%
(8*a~3 - 9*axb~2)/b"3, weierstrassPInverse(4/3*(4*xa”~2 - 3*%b~2)/b~2, -8/27*(
8*%a~3 - 9*a*xb~2)/b"3, 1/3*%(3*b*cos(d*x + c) + 3*xIxbxsin(d*x + c) + 2+*a)/b))
- 12xI*sqrt(2)*a*xb~(3/2)*weierstrassZeta(4/3*(4*xa~2 - 3%b~2)/b~2, -8/27*(8
*a~3 - 9%axb~2)/b"3, weierstrassPInverse(4/3x(4*a”~2 - 3*%xb~2)/b"2, -8/27*x(8%
a~3 - 9*%axb”~2)/b"3, 1/3*%(3*b*cos(d*x + c) - 3*xIxbxsin(d*x + c) + 2*a)/b)) +
6*sqrt (bxcos(d*x + c) + a)*b"2*sin(d*x + c) + sqrt(2)*(-I*xa~2 - 3*I*b~2)*s
qrt (b) *weierstrassPInverse(4/3*(4*a~2 - 3%b~2)/b~2, -8/27*(8*a”3 - 9*a*b~2)
/b~3, 1/3%(3*bxcos(d*x + c) + 3*Ixb*sin(d*x + c) + 2%a)/b) + sqrt(2)*(I*a~2
+ 3xI*b~2)*sqrt(b)*weierstrassPInverse(4/3*(4*xa~2 - 3*%b~2) /b2, -8/27*(8*a
~3 - 9*a*b~2)/b~3, 1/3*(3xbkcos(d*x + c) - 3*Ixb*sin(d*x + c) + 2x*a)/b))/(b
*d)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(a—i— bcos (c + dx))% dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+bxcos(d*x+c))**(3/2),x)
[Out] Integral((a + b*cos(c + d*x))**(3/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(d*x+c))~(3/2),x, algorithm="giac")

[Out] integrate((b*cos(d*x + c) + a)~(3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(a+b cos (¢ + dz))*? dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*cos(c + d*x))~(3/2),x)
[Out] int((a + b*cos(c + d*x))~(3/2), x)
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3.52 [ \/a+bcos(c+dz) dr

Optimal. Leaf size=57

2\/a+bcos(c+dx)‘E(%(c+dx)|az_&)

\/a—l—bcos(c—l—dz)
d
a+b

[Out] 2%(cos(1/2*d*x+1/2%c)~2)~(1/2)/cos(1/2*d*x+1/2*c)*E1lipticE(sin(1/2*d*x+1/2
*xc),27(1/2)*(b/(a+b))~(1/2) ) * (a+b*cos (d*x+c) ) ~(1/2) /d/ ((atbxcos (d*x+c)) /(a+

b))~ (1/2)

Rubi [A]

time = 0.03, antiderivative size = 57, normalized size of antiderivative = 1.00, number of

steps used = 2, number of rules used = 2, integrand size = 14 number of rules _ ) 143

’ integrand size
Rules used = {2734, 2732}

2+/a + beos(c + dz) E(3(c+ dz)|.2;)

\/a+bcos(c—|—dm)
d
a+b

Antiderivative was successfully verified.

[In] Int[Sqrt[a + b*Cos[c + d*x]],x]

[Out] (2xSqrt[a + b*Cos[c + d*x]]*EllipticE[(c + d*x)/2, (2*b)/(a + b)])/(d*Sqrt[
(a + bxCos[c + d*x])/(a + b)])

Rule 2732

Int[Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[2*(Sqrt[a
+ b]/d)*E1lipticE[(1/2)*(c - Pi/2 + d*x), 2*(b/(a + b))], x] /; FreeQ[{a,
b, ¢, d}, x] && NeQ[a"2 - b2, 0] &% GtQ[a + b, 0]

Rule 2734

Int[Sqrtl(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Dist[Sqrt([a +
b*Sin[c + d*x]]1/Sqrt[(a + b*Sin[c + d*x])/(a + b)], Int[Sqrtla/(a + b) + (b
/(a + b))*Sin[c + d*x]], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a~2 - b~2,
0] & 'GtQ[a + b, 0]

Rubi steps
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JaTbeosc T d) f\/ bcos(c-l—dz')
/\/a+bcos(c+d:c)d$— ot ‘ atd
\/a+bcos(c+dx)
a+b
2\/a+bcos(c+dx) E(} (C+dx)|a+b)

\/a+ beos(c +dzx)
d
a+b

dz

Mathematica [A]
time = 0.05, size = 57, normalized size = 1.00

2\/a+bcos(c—i-dx)‘E(%(c_l_dx)laz_&)

\/a+bcos(c+dz)
d
a+b

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Cos[c + d*x]],x]

[Out] (2xSqrtl[a + b*Cos[c + d*x]]*EllipticE[(c + d*x)/2,
(a + bxCos[c + d*x])/(a + b)])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 169 vs.

2(82) = 164.
time = 0.26, size = 170, normalized size = 2.98

(2+¥b)/(a + b)]1)/(d*Sqrtl

method | result

1 2(dz 4 c —
1 _ cos(dz+c) \/ 2<°°S ( 2 +2))b+a ° EllipticE ((
b

21/(2 (cos? (% +5)) b+ a—b) (sin? (% +5)) /3 — =

default | — ‘
\/ 2 (sin* (£ +¢)) b+ (a+0b) (sin® (5 +¢)) sin(%+5) \/—2 (sin® (Z£+£))b

2




risch

z\/f \/ (b e2i(da+c) 4 9 eildatc) | b) e—i(dz+c)’

2a<a+v a? — b2 )
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\
(ei(dx+c)+a+ V a,2 — b2 )b
b

arva? — b2

d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*cos(d*x+c))~(1/2),x,method=_RETURNVERBOSE)

[Out] -2*((2*cos(1/2%d*x+1/2*c) ~2*b+a-b)*sin(1/2*d*xx+1/2%c)~2) ~(1/2)*(sin(1/2*d*x
+1/2%c)~2) "~ (1/2) *((2*cos (1/2*d*x+1/2%c) ~2*¥b+a-b) /(a-b)) ~(1/2) *EllipticE(cos
(1/2*d*x+1/2%c) , (-2*b/(a-b))~(1/2))*(a-b) / (-2*sin(1/2*d*x+1/2*c) ~4*xb+(a+b) *
sin(1/2*d*x+1/2*xc)~2)~(1/2) /sin(1/2*d*x+1/2*c) / (-2*sin(1/2*d*x+1/2%c) ~2*b+a
+b)~(1/2)/4

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cos(d*x+c))~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(b*cos(d*x + c) + a), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.13, size = 355, normalized size = 6.23

VT avE

8000 st sbmesci2e) | 3 /7 ) st

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cos(d*x+c))~(1/2),x, algorithm="fricas")
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[Out] 1/3*%(-Ixsqrt(2)*axsqrt(b)*weierstrassPInverse(4/3*(4*a~2 - 3%b~2)/b"2, -8/2
7% (8%a~3 - 9*axb~2)/b~3, 1/3*%(3*b*cos(d*x + c) + 3*xIxb*sin(d*x + c) + 2*a)/

b) + I*sqrt(2)*a*sqrt(b)*weierstrassPInverse(4/3*(4*a"2 - 3*b~2)/b~2, -8/27
*(8%a~3 - 9*axb~2)/b"3, 1/3*%(3*b*cos(d*x + c) - 3*I*bxsin(d*x + c) + 2+*a)/b

) + 3*I*sqrt(2)*b~(3/2)*weierstrassZeta(4/3*(4*xa~2 - 3%b~2)/b~2, -8/27*(8*a

=3 - 9%axb~2)/b"3, weierstrassPInverse(4/3*(4*xa~2 - 3%b~2)/b"2, -8/27*(8*a~

3 - 9%axb~2)/b~3, 1/3*%(3*b*xcos(d*x + c) + 3*xIxbxsin(d*x + c) + 2*a)/b)) - 3
*Ixsqrt (2) *b~ (3/2) *weierstrassZeta(4/3*(4*xa~2 - 3xb~2)/b"2, -8/27*(8*%a"3 -
9%a*b~2) /b3, weierstrassPInverse(4/3*(4*a~2 - 3*b~2)/b"2, -8/27*(8*%a"3 - 9
*a*b~2) /b3, 1/3%(3*b*cos(d*x + c) - 3*xI*b*sin(d*x + c) + 2%a)/b)))/(b*xd)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/\/a—|—bcos(c+dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+bxcos(d*x+c))**x(1/2),x)
[Out] Integral(sqrt(a + bxcos(c + d*x)), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cos(d*x+c))~(1/2),x, algorithm="giac")
[Out] integrate(sqrt(b*cos(d*x + c) + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/\/a—l-bcos(c-l-dz)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*cos(c + d*x))~(1/2),x)
[Out] int((a + b*cos(c + d*x))~(1/2), x)
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1
-d
/ v/ a + beos(c + dx) v

Optimal. Leaf size=57

3.53

a+bcos(c+dz) b
2\/ a—|—b F(E(c+dx)|a2—+b)

d+/a + bcos(c + dz)

[Out] 2*(cos(1/2*d*x+1/2%c)~2)~(1/2)/cos(1/2*d*x+1/2*c)*E1lipticF(sin(1/2*d*x+1/2
*c),27(1/2)*(b/ (a+b) )~ (1/2) ) * ((a+b*cos (d*x+c) )/ (a+b) )~ (1/2) /d/ (a+b*cos (d*x+
c))~(1/2)

Rubi [A]
time = 0.03, antiderivative size = 57, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.143,

steps used = 2, number of rules used = 2, integrand size = 14
Rules used = {2742, 2740}

a+bcos(c+dz) 4 b
2\/ — F(3(c+dx)| 25)

d+/a + bcos(c + dx)

Antiderivative was successfully verified.
[In] Int[1/Sqrt[a + b*Cos[c + d*x]],x]

[Out] (2+Sqrt[(a + b*Cos[c + d*x])/(a + b)]*EllipticF[(c + d*x)/2, (2*b)/(a + b)]
)/ (d*Sqrt[a + b*Cos[c + d*x]])

Rule 2740

Int[1/Sqrtl(a_) + (b_.)*sinl[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2/(d*S
grt[a + b]))*EllipticF[(1/2)*(c - Pi/2 + d*x), 2x(b/(a + b))], x] /; FreeQ[
{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[a + b, 0]

Rule 2742

Int[1/Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Dist[Sqrtl[(a
+ bxSin[c + d*x])/(a + b)]/Sqrt[a + b*Sin[c + d*x]], Int[1/Sqrtl[a/(a + b)
+ (b/(a + b))*Sin[c + d*x]], x], x] /; FreeQ[{a, b, ¢, d}, x] && NeQ[a"2 -
b"2, 0] && !'GtQ[a + b, 0]

Rubi steps
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\/a-l—bcos(c-l—dm) I 1 i
a+b \/ a  bcos(c+ dr)
_|_
a+b a+b
va+bcos(c+ dz)
a + bcos(c+ dz)’
2/ S FCEE) st a) 2)
d+/a + bcos(c + dx)

dr =

/ \/a+bc01s(c+dx)

Mathematica [A]
time = 0.04, size = 57, normalized size = 1.00

a4+ beos(c+ dz) b
2 ST b1y i )

d+/a + bcos(c + dzx)

Antiderivative was successfully verified.

[In] Integratel[1/Sqrt[a + b*Cos[c + d*x]],x]

[Out] (2#Sqrt[(a + b*Cos[c + d*x])/(a + b)]*EllipticF[(c + d*x)/2, (2*b)/(a + b)]
)/ (d*Sqrt[a + b*Cos[c + d*x]])

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.

time = 0.14, size = 75, normalized size = 1.32

method | result size
2\/2<c052(d;+§))b+a—b - (dw+c ﬁﬁ)
d a+b 2 ' 2 a -+ b
efault ‘ 75
d\/Q (cos? (Z£+£))b+a—b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cos(d*x+c))~(1/2),x,method=_RETURNVERBOSE)

[Out] 2/d/(2*cos(1/2*d*x+1/2%c) ~2*xb+a-b) ~(1/2)*((2*cos (1/2*d*x+1/2%c) ~2*xb+a-b)/(a
+b) )~ (1/2)*InverseJacobiAM(1/2*xd*xx+1/2*c,2~(1/2)/(a+b)~(1/2)*b~(1/2))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cos(d*x+c))~(1/2),x, algorithm="maxima")

[Out] integrate(1/sqrt(b*cos(d*x + c) + a), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.10, size = 146, normalized size = 2.56

. . 4(4a%-30% 8 (8a®—9ab* cos(da-+c)+3i bsi ) . . 4(4a%-30% 8(8a°—9ab* z-+c)—3i bsin(da+c]
_,\/f\/gwelermassplnveme( (10 -38) _8(8a~9ak") 3bcosdsto)sdibsintde+d42a) 4 /5" /b weierstrassPTnverse( 1U%-35) _8(8¢'~9ak") bcosds+o)-tibsin(dr+)+20

bd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cos(d*x+c))~(1/2),x, algorithm="fricas")

[Out] (-I*sqrt(2)#*sqrt(b)*weierstrassPInverse(4/3*(4*a"2 - 3xb~2)/b~2, -8/27*(8*a
~3 - 9%axb~2) /b3, 1/3%(3*b*cos(d*x + c) + 3*Ixb*sin(d*x + c) + 2*a)/b) + I

*sqrt (2) *sqrt (b) *weierstrassPInverse (4/3*%(4*%a~2 - 3%b~2)/b~2, -8/27*(8*a"3

- 9%axb~2)/b"3, 1/3x(3*bxcos(d*x + c) - 3*Ixbkxsin(d*x + c) + 2%a)/b))/(b*d)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

dz

/ \/a+bcols(c+dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cos(d*x+c))**(1/2),x)
[Out] Integral(1l/sqrt(a + b*cos(c + d*x)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cos(d*x+c))~(1/2),x, algorithm="giac")
[Out] integrate(1/sqrt(b*cos(d*x + c) + a), x)

Mupad [B]
time = 0.39, size = 52, normalized size = 0.91

e da a+bcos(c+dr)
25 (5 + 4] 24) /L

d+\/a+bcos(c+dz)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + bxcos(c + d*x))~(1/2),x)

[Out] (2xellipticF(c/2 + (d*x)/2, (2*b)/(a + b))*((a + b*cos(c + d*x))/(a + b))~ (
1/2))/(d*(a + bxcos(c + d*x))~(1/2))
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1
3.54 f (a+b cos(c-l—dar:))?’/2 dz

Optimal. Leaf size=106

2V/a +bcos(c + dz) E(3(c+ dz)| 2) B 2bsin(c + dz)
‘ 2 _p2 ‘
(a2 _b2)d\/a+b(;oi(2+ ) (a> = ¥?) dv/a + beos(c + dr)

[Out] -2*bxsin(d*x+c)/(a~2-b"2)/d/(a+b*cos(d*x+c))~(1/2)+2*(cos(1/2*%d*x+1/2*c) ~2)
~(1/2) /cos(1/2*d*x+1/2%c) *E1lipticE(sin(1/2*d*x+1/2%c) ,2~(1/2)*(b/(a+b))~ (1
/2))*(a+b*cos (d*x+c))~(1/2)/(a~2-b"2) /d/ ((a+b*cos (d*x+c))/(a+b) )~ (1/2)

Rubi [A]
time = 0.05, antiderivative size = 106, normalized size of antiderivative = 1.00, number of

number of rules _ ( 9g¢
’ integrand size ’

steps used = 4, number of rules used = 4, integrand size = 14
Rules used = {2743, 21, 2734, 2732}

2\/a+bCOS(C+dm)‘E(%(C+dx)|az—&) B 2bsin(c + dx)
‘ 2 _ 12 !
d (a2 — b?) \/Hbzoiczfdx) d(a* = 1) v/a+ beos(c + dx)

Antiderivative was successfully verified.
[In] Int[(a + b*Cos[c + d*x])~(-3/2),x]

[Out] (2*Sqrtl[a + b*Cos[c + d*x]]*EllipticE[(c + d*x)/2, (2*b)/(a + b)])/((a~2 -
b~2)*d*Sqrt[(a + b*Cos[c + d*x])/(a + b)]) - (2*%b*Sin[c + d*x])/((a"2 - b~2
)*d*Sqrt[a + bxCos[c + d*x]])

Rule 21

Int[(u_.)*((a)) + (b_)*(v_))"(m_.)*((c_) + (d_.)*(v_))"(n_.), x_Symbol] :>
Dist[(b/d)"m, Int[ux(c + d*v)~(m + n), x], x] /; FreeQ[{a, b, c, d, n}, x]
&% EqQ[b*c - a*d, 0] && IntegerQ[m] && ( !IntegerQ[n] || SimplerQ[c + d*x,
a + bxx])

Rule 2732

Int[Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[2*(Sqrt[a
+ b]/d)*E1lipticE[(1/2)*(c - Pi/2 + d*x), 2*(b/(a + b))], x] /; FreeQ[{a,
b, ¢, d}, x] && NeQ[2"2 - b2, 0] && GtQ[a + b, 0]

Rule 2734

Int[Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]]1, x_Symbol] :> Dist[Sqrtl[a +
bxSin[c + d*x]]1/Sqrt[(a + bxSin[c + d*x])/(a + b)], Int[Sqrtl[a/(a + b) + (b
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/(a + b))*Sin[c + d*x]], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2,
0] & 'GtQ[a + b, 0]

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + b*Sin[c + d*x])"(n + 1)/(d*(n + 1)*(a"2 - b"2))), x] + Dist
[1/((n + 1)*(@a"2 - b~2)), Int[(a + b*Sin[c + d*x])~(n + 1)*Simp[a*x(n + 1) -
bx(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]

Rubi steps
f bcos(c+dz)
1 dp — — 2bsin(c + dz) \/a + bcos(c + dz)
(a + bceos(c + dz))®/2 (a2 — b?)d+/a + bcos(c + dx) a? —b?
B 2bsin(c + dx) N [ Va+bcos(c+dr) dx
(a2 — b2) d\/a + bcos(c + dx) a? — b?
b cos(
B 2bsin(c + dz) a
(a2 — b2) d+\/a + beos(c + dx) ) \/a-l—bcos c+dz)
a+b
_2\/a+bcos(c+dx)‘E( (c+ dx)| ) _ 2bsin(c + dx)
(az_b2)d\/a+bcos(c+dx) (a2 — b2) d\/a + beos(c + dx)
a+b

Mathematica [A]
time = 0.14, size = 83, normalized size = 0.78

a+b
(a —b)(a + b)d+\/a + beos(c + dzx)

2(a+b)\/a+bcos(c+dx) E(}(c+ dz)|2%) — 2bsin(c + dx)

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cos[c + d*x])~(-3/2),x]

[Out] (2%(a + b)*Sqrt[(a + bxCos[c + d*x])/(a + b)]*EllipticE[(c + d*x)/2, (2%b)/
(a + b)] - 2xbxSin[c + d*x])/((a - b)*(a + b)*d*Sqrt[a + bxCos[c + d*x]])

Maple [A]
time = 0.12, size = 217, normalized size = 2.05
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method | result

2 1 cos(dz+c) _ 2b <sin2 (%w +%>) atb
)v\/—ﬁ> 2T o ab T

(o) @+ sin(%2+5) |/ —2 (sin? (% +

2| 2cos (%ﬁ”+%> (sin2 (%z—i-%) ) b+EllipticE (cos (%””—}-

N0

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cos(d*x+c))~(3/2),x,method=_ RETURNVERBOSE)

[Out] -2x(2*cos(1/2*%d*x+1/2%c)*sin(1/2*d*x+1/2%c) ~2*b+E1lipticE(cos(1/2*d*x+1/2*c
), (-2%b/(a-b)) ~(1/2)) *(sin(1/2xd*x+1/2*c) ~2) ~(1/2) *(-2*b/ (a-b) *sin (1/2*d*x+
1/2%c)~2+(a+b)/(a-b))~(1/2)*a-EllipticE(cos(1/2*d*x+1/2*c), (-2*b/(a-b) )~ (1/
2))*(sin(1/2*xd*x+1/2*c)~2) " (1/2) *(-2*b/ (a-b) *sin (1/2*d*x+1/2%c) "2+ (a+b) / (a-

b))~ (1/2)*b)/(a-b) /(a+b) /sin(1/2xd*x+1/2%c) / (-2*sin(1/2*d*x+1/2%c) ~2xb+a+b)
~(1/2)/d

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+bx*cos(d*x+c))~(3/2),x, algorithm="maxima")
[Out] integrate((bxcos(d*x + c) + a)~(-3/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.14, size = 482, normalized size = 4.55

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(d*x+c))~(3/2),x, algorithm="fricas")

[Out] -1/3%(6*sqrt(b*cos(d*x + c) + a)*b~2xsin(d*x + c) + (Ixsqrt(2)*axbxcos(d*x
+ c) + Ixsqrt(2)*a~2)*sqrt(b)*weierstrassPInverse(4/3*(4*a~2 - 3%b~2)/b"2,
-8/27%(8%a~3 - 9*axb~2)/b"3, 1/3*(3*b*cos(d*x + c) + 3*I*b*sin(d*x + c) + 2
*a)/b) + (-Ixsqrt(2)*axb*xcos(d*x + c) - I*sqrt(2)*a~2)*sqrt(b)*weierstrassP
Inverse(4/3*%(4*%a~2 - 3*b~2)/b"2, -8/27*(8*a~3 - 9*a*b~2)/b~3, 1/3*(3*b*cos(

d*xx + c) - 3*I*bxsin(d*x + c) + 2*xa)/b) - 3*x(I*sqrt(2)*b"2*xcos(d*x + c) + I
*sqrt (2) *axb) *sqrt (b) *weierstrassZeta(4/3*(4*xa~2 - 3*b~2)/b~2, -8/27*(8%a"3

- 9%a*b~2) /b3, weierstrassPInverse(4/3*(4*xa~2 - 3*b~2)/b"2, -8/27*(8*a"3

- 9%axb~2) /b3, 1/3*%(3*b*xcos(d*x + c) + 3*xIxbxsin(d*x + c) + 2%a)/b)) - 3*(
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-I*sqrt(2)*b~2*cos(d*x + c) - I*sqrt(2)*a*b)*sqrt(b)*weierstrassZeta(4/3*(4
*a~2 - 3%b"2) /b2, -8/27x(8*a~3 - 9*a*b~2)/b"3, weierstrassPInverse(4/3*(4x*
a~2 - 3*b"2)/b"2, -8/27*%(8*a~3 - 9*a*xb~2)/b~3, 1/3*%(3*b*cos(d*x + c) - 3*I*
b*sin(d*x + c) + 2#*a)/b)))/((a"2*b"2 - b~4)*d*cos(d*x + c) + (a~3*b - a*b~3
) *d)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

[S][9Y)

/ ! dz
(a+ bcos (c+ dx))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cos(d*x+c))**(3/2),x)
[Out] Integral((a + b*cos(c + d*x))**(-3/2), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(d*x+c))~(3/2),x, algorithm="giac")
[Out] integrate((bxcos(d*x + c) + a)~(-3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1
/ 32 dx
(a+bcos(c+dx))
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + b*cos(c + d*x))~(3/2),x)
[Out] int(1/(a + bxcos(c + d*x))~(3/2), x)
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3.55 . dx
f (a+b cos(c+dzx))/2
Optimal. Leaf size=221
a + bcos(c+ dz)’
8a+/a + beos(c + dz) E(3(c+ dz)| 25) 2\/ a+b F(3(c +dx)|a+b)_ 2bsin(c + dz
R e e L T B R L O

[Out] -2/3*b*sin(d*x+c)/(a”2-b"2)/d/(a+b*cos(d*x+c))~(3/2)-8/3*a*xbxsin(d*x+c)/(a”
2-b"2)"2/d/ (a+b*cos (d*x+c)) ~(1/2)+8/3*a*x(cos (1/2*xd*x+1/2%c)~2)~(1/2) /cos(1/
2xd*x+1/2%c)*E1llipticE(sin(1/2*d*x+1/2*c) ,27(1/2)*(b/(a+b))~(1/2))*(a+b*cos
(d*x+c))~(1/2)/(a"2-b"2)"2/d/ ((a+b*cos (d*x+c) )/ (a+b)) ~(1/2)-2/3* (cos (1/2*xd*
x+1/2%c)~2)~(1/2) /cos(1/2*d*x+1/2*c)*E1lipticF (sin(1/2*d*x+1/2%c) ,27(1/2)*(

b/ (a+b))~(1/2)) *((a+b*xcos(d*x+c))/(a+b))~(1/2)/(a"2-b"2) /d/ (a+b*cos (d*x+c))
~(1/2)

Rubi [A]
time = 0.16, antiderivative size = 221, normalized size of antiderivative = 1.00, number of

number of rules
integrand size = 0.500,

steps used = 7, number of rules used = 7, integrand size = 14,
Rules used = {2743, 2833, 2831, 2742, 2740, 2734, 2732}

a+ beos(c+ dz)
8absin(c + dz) 2bsin(c + dz) 2 a+b F(3(c+dz)1 %) 8a+\/a+bceos(c+ dr) E(3(c+ dz)| 2)

- - +
3d (a? — b2)* \/a+beos(c+dz)  3d(a®—b?) (a+beos(c+ dz))*/> 3d (a2 — b?) /a + beos(c + dz) 3 (a? — b2)? a+bceos(c+ da?)
a? — [ @ OCose T ax)
a+b

Antiderivative was successfully verified.
[In] Int[(a + b*Cos[c + d*x])~(-5/2),x]

[Out] (8*a*Sqrt[a + b*Cos[c + d*x]]*EllipticE[(c + d*x)/2, (2*b)/(a + b)])/(3*(a”
2 - b~2)"2xd*Sqrt[(a + b*Cos[c + d*x])/(a + b)]) - (2*Sqrt[(a + b*Cos[c + d
*x])/(a + b)]*EllipticF[(c + d*x)/2, (2*b)/(a + b)])/(3*(a"2 - b~2)*d*Sqrt[

a + b*Cos[c + d*x]]) - (2*b*Sin[c + d*x])/(3*(a”2 - b~2)*d*(a + bxCos[c + d
*x])~(3/2)) - (8*a*xb*Sin[c + d*x])/(3*(a"2 - b~2)~2xd*Sqrt[a + b*Cos[c + dx*

x]11)

Rule 2732

Int[Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[2*(Sqrtl[a
+ b]/d)*E1lipticE[(1/2)*(c - Pi/2 + d*x), 2*(b/(a + b))], x] /; FreeQ[{a,
b, ¢, d}, x] && NeQ[2"2 - b2, 0] && GtQ[a + b, 0]

Rule 2734

Int[Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Dist[Sqrtl[a +
bxSin[c + d*x]]1/Sqrt[(a + b*Sin[c + d*x])/(a + b)], Int[Sqrtl[a/(a + b) + (b
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/(a + b))*Sin[c + d*x]], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a~2 - b~2,
0] & !'GtQ[a + b, 0]

Rule 2740

Int[1/Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simp[(2/(d*S
grt[a + b]))*EllipticF[(1/2)*(c - Pi/2 + d*x), 2x(b/(a + b))], x] /; FreeQ[
{a, b, c, d}, x] & NeQ[a~"2 - b~2, 0] && GtQ[a + b, 0]

Rule 2742

Int[1/Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Dist[Sqrtl[(a
+ b*Sin[c + d*x])/(a + b)]/Sqrt[a + b*Sin[c + d*x]], Int[1/Sqrtla/(a + b)

+ (b/(a + b))*Sin[c + d*x]], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a~2 -

b"2, 0] && !GtQ[a + b, 0]

Rule 2743

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(-b)*Cos
[c + d*x]*((a + b*Sin[c + d*x])"(n + 1)/(d*x(n + 1)*(a"2 - b~2))), x] + Dist
[1/((n + 1)*(@"2 - b72)), Int[(a + b*Sin[c + d*x])~(n + 1)*Simp[ax(n + 1) -
b*(n + 2)*Sin[c + d*x], x], x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[a~2 -
b~2, 0] && LtQ[n, -1] && IntegerQ[2+n]

Rule 2831

Int[((c_.) + (d_.)*sin[(e_.) + (£_.)*(x_)]1)/Sqrtl(a_) + (b_.)*sin[(e_.) + (
f_.)*(x_)]], x_Symbol] :> Dist[(bxc - a*d)/b, Int[1/Sqrt[a + b*Sin[e + f*x]
1, x], x] + Dist[d/b, Int[Sqrtl[a + b*Sinl[e + f*x]], x], x] /; FreeQ[{a, b,
c, d, e, £}, x] && NeQ[bxc - a*d, 0] && NeQ[a"2 - b~2, 0]

Rule 2833

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m_)*((c_.) + (d_.)*sin[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(-(b*xc - axd))*Cos[e + fxx]*((a + b*Sin[e +
fxx])"(m + 1)/(f*(m + 1)*(@~2 - b2))), x] + Dist[1/((m + 1)*(a"2 - b~2)),
Int[(a + b*Sin[e + f*x])~(m + 1)*Simp[(a*c - bxd)*(m + 1) - (b*c - axd)*(m
+ 2)xSin[e + f*x], x], x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*xc -
axd, 0] && NeQ[a"2 - b~2, 0] && LtQ[m, -1] && IntegerQ[2*m]

Rubi steps
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2f —32—“+%bcos(c+dz) d
a

/ 1 de — — 2b sin(c + d.'I?) _ +b cos(c+dzx))3/2
(a+bcos(c+dzx))5/2 " 3(a? — b%)d(a+ bceos(c + dr))3/2 3(a?—b?)
4
_ 2bsin(c + dx) B 8absin(c + dzx) B
3(a* —b?*)d(a+bcos(c+dx))*? 3 (a2 —b2)*d+/a+ beos(c + dx)’
B 2bsin(c + dz) B 8absin(c + dz) 4 (4
3(a% —b?)d(a+bcos(c+dx))3? 3 (a2 —b2)2d+/a + beos(c + dx)’
_ 2bsin(c + dx) 8absin(c + dzx) + E

3(a®> — ) d(a+ beos(c+dx))3> 3 (a2 — b2)* d\/a + bcos(c + dz)

) 2\/a+bcos(c+dx) F(l(c+ da

8a\/a+bcos(c+d:c)‘E(%(c+dgg)|a2—fb atb
3 (a2 — b2)° d\/a . b(;oi(CbJr ) 3(a? = b?)dv/a+beos(c +d

Mathematica [A]
time = 0.62, size = 158, normalized size = 0.71

3/2 3/2
8a(a +b)? (%jb*d’”)) E(y(c+dx)| 25) —2(a — b)(a +b)? (““’aijj'”)) F(L(c+ dz)| 2) + 2b(—5a2 + b2 — dabeos(c + da)) sin(c + dz)

3(a — b)*(a + b)2d(a + beos(c + dz))3/2

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cos[c + d*x])~(-5/2),x]

[Out] (8*ax(a + b)~2x((a + b*Cos[c + d*x])/(a + b))~ (3/2)*EllipticE[(c + d*x)/2,
(2%b)/(a + b)] - 2%(a - b)*x(a + b)~2*x((a + b*Cos[c + d*x])/(a + b))~ (3/2)*E
1llipticF[(c + d*x)/2, (2*b)/(a + b)] + 2*¥b*(-5%a”2 + b~2 - 4*a*b*Cos[c + dx*
x])*Sin[c + d*x])/(3*%(a - b)~2%(a + b)~2*d*(a + b*Cos[c + d*x])~(3/2))

Maple [A]
time = 0.20, size = 489, normalized size = 2.21

] method \ result
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cos(42+$) \/—2 (sin* (£ +£)) b+ (a

V= (2 oot (% +5)b—at ) (sn? (5 + 5)) s g S

2

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cos(d*x+c))~(5/2),x,method=_RETURNVERBOSE)

[Out] -(-(-2*cos(1/2*xd*x+1/2*c) " 2*b-a+b)*sin(1/2*d*x+1/2*c)~2)~(1/2)*(1/3/b/(a-b)
/ (a+b) *cos (1/2*d*x+1/2%c) * (-2*xsin (1/2*d*x+1/2%c) “4xb+(a+b) *sin(1/2*d*x+1/2x*
c)~2)7(1/2)/(cos(1/2*d*xx+1/2%c) ~2+1/2/b* (a-b) ) "2+16/3*sin (1/2*d*x+1/2%c) ~2%
b/ (a-b) "2/ (a+b) "2*cos (1/2*xd*x+1/2*xc) *a/ (- (-2*cos (1/2*d*x+1/2%c) “2xb-a+b) *si
n(1/2*d*x+1/2*c) ~2) ~(1/2)+2* (3*a-b) / (3*a~3+3*a~2xb-3*a*b~2-3*b~3) * (sin(1/2*
d*x+1/2xc)~2) " (1/2) *((2*cos (1/2*d*x+1/2*c) “2xb+a-b) /(a-b)) ~(1/2)/(-2*sin(1/
2xd*x+1/2%c) ~4xb+(a+b) *sin(1/2*d*x+1/2%c)~2)~(1/2)*E1llipticF (cos (1/2*d*x+1/
2xc), (-2*b/(a-b))~(1/2))-8/3*a/(a-b) /(a+b) “2* (sin(1/2xd*x+1/2%c) ~2) ~(1/2) *(
(2xcos (1/2*d*x+1/2%c) ~2*xb+a-b)/(a-b))~(1/2)/(-2*sin(1/2*d*x+1/2*c) ~4*b+(a+b
)*sin(1/2xd*x+1/2%c)~2)~(1/2)*(E1llipticF(cos(1/2*d*x+1/2*c), (-2xb/(a-b))~ (1
/2))-EllipticE(cos(1/2*d*x+1/2*c), (-2xb/(a-b))~(1/2))))/sin(1/2*d*x+1/2%c)/
(-2xsin(1/2*d*x+1/2%c) ~2*xb+a+b) ~(1/2)/d

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+bx*cos(d*x+c))~(5/2),x, algorithm="maxima")
[Out] integrate((bxcos(d*x + c) + a)~(-5/2), x)

Fricas [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.15, size = 692, normalized size = 3.13

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(d*x+c))~(5/2),x, algorithm="fricas")

[Out] -1/9%(6*(4*axb~3*cos(d*x + c) + 5*a~2*%b"2 - b~4)*sqrt(bxcos(d*x + c) + a)*s
in(d*x + c) - (sqrt(2)*(-I*a~2*b~2 - 3*I*b~4)*cos(d*x + c)~2 - 2*xsqrt(2)*(I
*a~3%b + 3xIxaxb~3)*cos(d*x + c) + sqrt(2)*(-Ixa~4 - 3*xIxa~2%b~2))*sqrt(b)x*
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weierstrassPInverse(4/3%(4xa~2 - 3*%b~2)/b~2, -8/27*%(8*a~3 - 9*a*xb~2)/b"3, 1
/3% (3xb*cos(d*x + c) + 3*I*b*sin(d*x + c) + 2*a)/b) - (sqrt(2)*(I*a"2xb~2 +
3xI*b~4)*cos(d*x + c)”2 - 2*sqrt(2)*(-I*a"3%b - 3*I*a*b~3)*cos(d*x + c) +
sqrt (2)*(I*a~4 + 3*%I*a~2xb~2))*sqrt(b)*weierstrassPInverse(4/3*(4*a~2 - 3%*b
~2)/b"2, -8/27x(8*%a"~3 - 9*a*xb~2)/b~3, 1/3*%(3*bxcos(d*x + c) - 3*I*b*sin(d*x
+ c) + 2xa)/b) + 12*%(-I*sqrt(2)*a*b~3*cos(d*x + c)~2 - 2*I*sqrt(2)*a~2*b~2
xcos(d*x + c) - Ixsqrt(2)*a~3xb)*sqrt(b)*weierstrassZeta(4/3*(4*a"2 - 3xb~2
)/b"2, -8/27x(8*%a"~3 - 9*a*xb~2)/b~3, weierstrassPInverse(4/3*(4*a"2 - 3*xb~2)
/b”2, -8/27*(8*a~3 - 9*axb~2)/b~3, 1/3*(3*b*cos(d*x + c) + 3*I*b*sin(d*x +
c) + 2*a)/b)) + 12%(I*sqrt(2)*a*b~3*cos(d*x + c)~2 + 2xIxsqrt(2)*a~2*b~2%co
s(d*x + c) + I*sqrt(2)*a~3+*b)*sqrt(b)*weierstrassZeta(4/3*(4*a~2 - 3%b~2)/b
=2, -8/27%(8%a"3 - 9*axb~2)/b~3, weierstrassPInverse(4/3x(4*xa~2 - 3%b~2) /b~
2, -8/27x(8%a~3 - 9*a*xb~2)/b"3, 1/3*(3*b*cos(d*x + c) - 3*I*b*sin(d*x + c)
+ 2*%a)/b)))/((a"4*%b"3 - 2%a~2%b"5 + b~7)*d*cos(d*x + c)~2 + 2*(a"b*b"2 - 2%

a"3*%b~4 + axb”6)*d*cos(d*x + c) + (a"6xb - 2%a~4xb~3 + a~2%b~5)*d)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

ot

/ 1

dz
(a + bcos (c+ dx))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cos(d*x+c))**(5/2),x)
[Out] Integral((a + b*cos(c + d*x))**(-5/2), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(d*x+c))~(5/2),x, algorithm="giac")
[Out] integrate((b*cos(d*x + c) + a)~(-5/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

1
/ 5/ dx
(a+bcos(c+dx))
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + bxcos(c + d*x))~(5/2),x)
[Out] int(1/(a + bxcos(c + d*x))~(5/2), x)
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3.56 [(a+bcos(c+ dx))*3 dx

Optimal. Leaf size=108

V2 (a+b)F (%, 2, =% 3, 2(1 — cos(c + dx)), W*W) Y/a+ beos(c + dz) sin(c + dz)

- s/a+bcos(c+dx)
d\/1+cos(c—|—dx)\/ wth

[Out] (at+b)*AppellF1(1/2,-4/3,1/2,3/2,b*%(1-cos(d*x+c))/(a+b),1/2-1/2*cos(d*x+c))*
(at+b*cos (d*x+c)) ~(1/3) *sin(d*x+c)*2~(1/2) /d/ ((a+b*cos (d*x+c))/(a+b))~(1/3)/
(1+cos(d*x+c))~(1/2)

Rubi [A]
time = 0.05, antiderivative size = 108, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.214,

steps used = 3, number of rules used = 3, integrand size = 14
Rules used = {2744, 144, 143}

V2 (a4 b)sin(c + dz)V/a + beos(c + dz) Fy <%, 1, =33 4(1 — cos(c + dx)), W*W)

- s/a+bcos(c+dx)
d+/cos(c + dzr) + 1 \/ s

Antiderivative was successfully verified.
[In] Int[(a + b*Cos[c + d*x])~(4/3),x]

[Out] (Sqrt[2]*(a + b)*AppellF1[1/2, 1/2, -4/3, 3/2, (1 - Coslc + d*x])/2, (b*x(1
- Cos[c + d*x]))/(a + b)I*(a + bxCos[c + d*x])~(1/3)*Sin[c + d*x])/(d*Sqrt[
1 + Cos[c + d*x]]1*((a + b*Cos[c + d*x])/(a + b))~ (1/3))

Rule 143

Int[((a_) + (b_D)*(x_))"(m )*((c_.) + (d_)*(x_))"(m_)*((e_.) + (f_.)*(x_))
~(p_), x_Symbol] :> Simp[((a + b*x)"(m + 1)/(b*(m + 1)*x(b/(b*c - axd)) n*(b
/(b*xe - a*f))~p))*AppellFli[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(b*c - axd
)), (-f)*((a + bxx)/(b*e - axf))], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p},
x] && !IntegerQ[m] && !IntegerQ[n] && !IntegerQ[p]l && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(b*e - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*e - ¢
*f), 0] && SimplerQ[c + d*x, a + bxx]) && !(GtQ[f/(f*a - exb), 0] && GtQ[f
/(f*c - e*xd), 0] && SimplerQ[e + f*x, a + bx*x])

Rule 144

Int[((a)) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£f_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + f*x) FracPart[p]/((b/(b*e - axf)) IntPart[p]*
(bx((e + f*xx)/(b*e - axf))) FracPart([p]), Int[(a + b*x) m*(c + d*x) n*(b*(e
/(b*xe - axf)) + bxf*(x/(bxe - axf)))~p, x], x] /; FreeQ[{a, b, c, d, e, f,
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m, n, pt, x] && !'IntegerQ[m] && !'IntegerQ[n] && !'IntegerQlp] && GtQ[b/(b
xc - axd), 0] && !GtQ[b/(b*e - axf), 0]

Rule 2744

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)])"(n_), x_Symbol] :> Dist[Cos[c +
d*x]/(d*Sqrt[1 + Sin[c + d*x]]1*Sqrt[1 - Sin[c + d*x]]), Subst[Int[(a + b*x)
“n/(Sqrt[1 + x]*Sqrt[1 - x]), x], x, Sin[c + d*x]], x] /; FreeQ[{a, b, c, d
, ny, x] & NeQ[a"2 - b™2, 0] && !IntegerQ[2*n]

Rubi steps
sin(c + dz)Subst ( i @)’ 4z, z,cos(c + dx))
/(a+bcos(c+dm))4/3dx=— \/1—x‘\/1—|—x ‘
d+/1— cos(c+ dz) \/1+ cos(c + dz)

C_a __bx \*/3
((—a —b)¥/a + beos(c + dzx) sin(c+ dx)) Subst <f &1—1—;\—;;_’)_ = dz,z,c

d+/1 — cos(c+dz) /1 +cos(c+dx)\3/—a+bj(;s(_c;_dx)

V2 (a+b)F, <%, 2, —% 3, 2(1 — cos(c + dz)), W) $/a + beos(c + da

- s/a+bcos(c+dx)
d\/1+cos(c+dx)\/ P

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 246 vs. 2(108) =

216.
time = 1.27, size = 246, normalized size = 2.28

. . [B(=1 +cos(c + dz)) [ b1 +cx dz,
3/a+ boos(c + dz) cse(c + dx) (4(7a1+bl)ﬂ(%;%y%:%>n+6c/r:(;+d‘l)ya+bo;j;+¢u) J b( +a«i(;+m)) V b( +v;.a£r]}+ )

16bd

) S(M,)) “,“ b(=1 + cos(c + da)) [ b+ cos(c + dz))

+ 50 (4, 1 3y eebeein) atbent P y e (a+beos(c + d)) — 4? sin’(c+dz))

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cos[c + d*x])~(4/3),x]

[Out] (-3*(a + b*Cos[c + d*x])~(1/3)*Csc[c + d*x]*(4x(-a"2 + b~2)*AppellF1[1/3, 1
/2, 1/2, 4/3, (a + b*Cos[c + d*x])/(a - b), (a + bxCos[c + d*x])/(a + b)]1*S

qrt [-((b*(-1 + Cos[c + d*x]))/(a + b))]1*Sqrt[-((b*(1 + Cos[c + d*x]))/(a -

b))] + 5*axAppellF1[4/3, 1/2, 1/2, 7/3, (a + bxCos[c + d*x])/(a - b), (a +
bxCos[c + d*x])/(a + b)]1*Sqrt[-((b*(-1 + Cos[c + d*x]))/(a + b))I*Sqrt[-((b

*(1 + Cos[c + d*x]))/(a - b))]*(a + bxCos[c + d*x]) - 4*b~2xSin[c + d*x]~2)

)/ (16%b*d)



Maple [F]
time = 0.04, size = 0, normalized size = 0.00

/(a—i— bcos (dz + c))% dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*cos(d*x+c))~(4/3),x%)
[Out] int((at+b*cos(d*x+c))~(4/3),x%)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*cos(d*x+c))~(4/3),x, algorithm="maxima")
[Out] integrate((b*cos(d*x + c) + a)~(4/3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+b*cos(d*x+c))~(4/3),x, algorithm="fricas")
[Out] integral((b*cos(d*x + c) + a)~(4/3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(a—i— bcos (c + dx))% dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+bxcos(d*x+c))**x(4/3),x)
[Out] Integral((a + bx*cos(c + d*x))**(4/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*cos(d*x+c))~(4/3),x, algorithm="giac")
[Out] integrate((b*cos(d*x + c) + a)~(4/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(a+b cos (¢ + dz))*? dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*cos(c + d*x))~(4/3),x)
[Out] int((a + b*cos(c + d*x))~(4/3), x)
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3.57 [(a+bcos(c+ dx))?3 dx

Optimal. Leaf size=105

ﬁF1<%; 2, —2;3: 2(1 — cos(c + dz)), W*W) (a + beos(c + dzx))?? sin(c + dx)

‘ 2/3
d+/1+ cos(c + dz) (%W)

[Out] AppellF1(1/2,-2/3,1/2,3/2,bx(1-cos(d*x+c))/(a+b),1/2-1/2*cos(d*x+c))*(atb*c
os(d*x+c)) ~(2/3)*sin(d*x+c)*2~(1/2) /d/ ((a+b*cos (d*x+c))/(a+b))~(2/3)/(1+cos
(d*x+c))~(1/2)

Rubi [A]
time = 0.05, antiderivative size = 105, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.214,

steps used = 3, number of rules used = 3, integrand size = 14
Rules used = {2744, 144, 143}

V2 sin(c + dz)(a + beos(c + dz))?*Fy (%, 5, —2;3;2(1 — cos(c + dx)), _b(l—czjgi+dx))>

‘ 2/3
dy/cos(c+dz) + 1 Cﬁﬂg&ﬂ@g

Antiderivative was successfully verified.
[In] Int[(a + b*Cos[c + d*x])~(2/3),x]

[Out] (Sqrt[2]*AppellF1[1/2, 1/2, -2/3, 3/2, (1 - Cosl[c + d*x])/2, (b*x(1 - Coslc
+ d*x]))/(a + b)1*(a + b*Cos[c + d*x])~(2/3)*Sin[c + d*x])/(d*Sqrt[1 + Cos[
c + d*x]]*((a + b*Cos[c + d*x])/(a + b))~(2/3))

Rule 143

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*x((e_.) + (£_.)*(x_))
~(p_), x_Symbol] :> Simp[((a + b*x)"(m + 1)/(b*x(m + 1)*(b/(b*c - axd)) n*(b
/(bxe - a*f))~p))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(b*c - a*d
)), (-f)*((a + b*x)/(b*e - a*f))], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p},
x] && !'IntegerQ[m] &% !'IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b*xc - axd)
, 0] && GtQ[b/(b*e - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*xe - c
*f), 0] && SimplerQ[c + d*x, a + bxx]) && !(GtQ[f/(f*a - exb), 0] && GtQ[f
/(fxc - exd), 0] &% SimplerQ[e + fx*x, a + b*x])

Rule 144

Int[((a_) + (b_)*(x_))"(m_)*((c_.) + (d_)*(x_))"(m_)*((e_.) + (f_.)*(x_))
~(p_), x_Symbol] :> Dist[(e + f*x) FracPart[p]/((b/(b*xe - a*f)) IntPart[p]*
(bx((e + £*xx)/(bxe - axf))) FracPart[p]), Int[(a + b*x) m*(c + d*x) n*x(bx(e
/(bxe - axf)) + bxf*(x/(bxe - axf)))~p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pt, x] && !'IntegerQ[m] && !'IntegerQ[n] && !'IntegerQlp] && GtQ[b/(b
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xc — a*xd), 0] && !GtQ[b/(bxe - axf), 0]

Rule 2744

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[Cos[c +
d*x]/(d*Sqrt[1 + Sin[c + d*x]]*Sqrt[1 - Sin[c + d*x]]), Subst[Int[(a + b*x)
“n/(Sqrt[1 + x]*Sqrt[1 - x]), x], x, Sin[c + d*x]], x] /; FreeQ[{a, b, c, d
, n}, x] && NeQ[a"2 - b"2, 0] && !IntegerQ[2*n]

Rubi steps

sin(c + dz)Subst ( [ A (“+b“”\)/2/13+ -dz, z, cos(c + dx))
-z T

d+/1— cos(c+ dzx) /1 + cos(c + dz)

/(a + beos(c + dz))Pdx = —

a bx

2/3
((a+ bcos(c + dz))?/3sin(c + dz)) Subst (f \</_1_i_bx_\_/“1_b_|)_ = dz, z, cos(c +

‘ ‘ 2/3
dy/1 = cos(c+ dz) /T+cos(c+da) (—2teeserin)

—a—b

1.1 _2.3.1¢01 _ b(1—cos(ct+dx)) 2/3 o
1 )99 ’ 99 )
V2'F (2 2~ 31 55 3(1 — cos(c+ dx)) otb >(a+bcos(c+da:)) sin

‘ 2/3
d+/1 + cos(c + dz) (W’L@J“dm))

a+b

Mathematica [A]
time = 0.15, size = 118, normalized size = 1.12

b(—1+ cos(c + dz))’ \/b(l + cos(c + dz))’

5.1 1.8, atbcos(ctdz) atbcos(ctdr) _ 5/3

3F1<3,2,2,3, s ——att > \/ P “aith (a + beos(c + dz))5/3 cse(c + dzx)
5bd

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cos[c + d*x])~(2/3),x]

[Out] (-3*AppellF1([5/3, 1/2, 1/2, 8/3, (a + b*Cosl[c + d*x])/(a - b), (a + bxCoslc
+ d*x])/(a + b)]1*Sqrt[-((b*(-1 + Cos[c + d*x]))/(a + b))]I*Sqrt[(b*(1 + Cos
[c + d*x]))/(-a + b)]*(a + b*Cos[c + d*x])~(5/3)*Cscl[c + d*x])/(5xb*xd)

Maple [F]
time = 0.03, size = 0, normalized size = 0.00

/(a+ bcos (dz + c))% dx

Verification of antiderivative is not currently implemented for this CAS.



[In] int((at+b*cos(d*x+c))~(2/3),x%)
[Out] int((at+b*cos(d*x+c))~(2/3),x%)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cos(d*x+c))~(2/3),x, algorithm="maxima")
[Out] integrate((b*cos(d*x + c) + a)~(2/3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*cos(d*x+c))~(2/3),x, algorithm="fricas")
[Out] integral((b*cos(d*x + c) + a)~(2/3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(a—i— bcos (c+ dx))% dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+bxcos(d*x+c))**x(2/3),x)
[Out] Integral((a + b*cos(c + d*x))**(2/3), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cos(d*x+c))~(2/3),x, algorithm="giac")
[Out] integrate((b*cos(d*x + c) + a)~(2/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(a+b cos (c + dz))*? do
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcos(c + d*x))~(2/3),x)
[Out] int((a + b*cos(c + d*x))~(2/3), x)
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3.58 [ ¥/a+bcos(c+dz) dx

Optimal. Leaf size=105

ﬁﬂ(%; 3 =3 5 3(1 = cos(c + dx)), w> $/a+ beos(c + dz) sin(c+ dz)

d+/1 4+ cos(c + dx) f/ajL b(;oi(chr &)

[Out] AppellF1(1/2,-1/3,1/2,3/2,bx(1-cos(d*x+c))/(a+b),1/2-1/2*cos(d*x+c))*(atb*c
os(d*x+c)) " (1/3)*sin(d*x+c)*2~(1/2) /d/ ((a+b*cos(d*x+c))/(a+b))~(1/3)/(1+cos
(d*x+c))~(1/2)

Rubi [A]

time = 0.05, antiderivative size = 105, normalized size of antiderivative = 1.00, number of

number of rules _ ;914
’ integrand size ’

steps used = 3, number of rules used = 3, integrand size = 14
Rules used = {2744, 144, 143}

V2 sin(c + dz) ¢/a + beos(c + dzx) Fy (%, z, —%; 3. 2(1 — cos(c + dz)), _b(l_CZSJEZerw)))

- s/a+bcos(c+dx)
d+/cos(c + dzr) + 1 \/ "

Antiderivative was successfully verified.
[In] Int[(a + b*Cos[c + d*x])~(1/3),x]

[Out] (Sqrt[2]*AppellF1[1/2, 1/2, -1/3, 3/2, (1 - Cos[c + d*x])/2, (b*(1 - Coslc
+ d*x]))/(a + b)]*(a + b*Cos[c + d*x])~(1/3)*Sin[c + d*x])/(d*Sqrt[1 + Cosl[
c + d*x]]*((a + b*Cos[c + d*x])/(a + b))~ (1/3))

Rule 143

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_D*(x_))"(n_)*((e_.) + (£f_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)~(m + 1)/(b*(m + 1)*(b/(b*c - a*d)) nx*(b
/(bxe - a*f))~p))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(b*c - a*d
)), (-f)*((a + b*x)/(b*xe - axf))], x] /; FreeQ[{a, b, c, d, e, f, m, n, p},
x] &% !IntegerQ[m] &% !IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(b*e - axf), 0] && !(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*e - c
xf), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*xa - exb), 0] && GtQ[f
/(fxc - exd), 0] &% SimplerQ[e + fx*x, a + b*x])

Rule 144

Int[((a)) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£f_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + f*x) FracPart[p]/((b/(b*e - axf)) IntPart[p]*
(bx((e + f*xx)/(b*e - axf))) FracPart([p]), Int[(a + b*x) m*(c + d*x) n*(b*(e
/(b*xe - axf)) + bxf*(x/(bxe - axf)))~p, x], x] /; FreeQ[{a, b, c, d, e, f,
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m, n, pt, x] && !'IntegerQ[m] && !'IntegerQ[n] && !'IntegerQlp] && GtQ[b/(b
xc - axd), 0] && !GtQ[b/(b*e - axf), 0]

Rule 2744

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[Cos[c +
d*x]/(d*Sqrt[1 + Sin[c + d*x]]1*Sqrt[1 - Sin[c + d*x]]), Subst[Int[(a + b*x)
“n/(Sqrt[1 + x]*Sqrt[1 - x]), x], x, Sin[c + d*x]], x] /; FreeQ[{a, b, c, d
, ny, x] & NeQ[a"2 - b2, 0] && !IntegerQ[2*n]

Rubi steps

sin(c + dz)Subst (f 7 Va +\/bf+ -dz, z,cos(c + d:v))
-z x

d+/1 — cos(c+ dzx) /1 4+ cos(c + dz)

/{’/a—i—bcos(c-l—dx)dx: -

\3/_ a  br
({’/a-l—bcos(c—i—dx)‘sin(c—i—d:c))Subst / —a-b —a—b 4, 4 ¢

Vi—zV1+z
d+/1 —cos(c—i—da:)\/l—l—cos(c—l—dx)i’/—a—i_bf(;s(_c;_dx)

VZ B (%3, —4: 3 51 - cos(c+ dr), M= ) /a1 beos(e+ dx) sinc

- s/a+bcos(c + dzx)’
d\/1+cos(c+dx)\/ o

Mathematica [A]
time = 0.13, size = 118, normalized size = 1.12

b(—1 + cos(c + dz))’ \/b(l + cos(c + dz))’
4.1 1.7, atbcos(c+dz) a+bcos(ctdx) _ 4/3
_3}7’1(3,2,2737 b atb > \/ P —— (a + beos(c + dx))*? cse(c + dzx)

4bd

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cos[c + d*x])~(1/3),x]

[Out] (-3*%AppellF1[4/3, 1/2, 1/2, 7/3, (a + bxCos[c + d*x])/(a - b), (a + b*Cos[c
+ dxx])/(a + b)]1*Sqrt[-((b*(-1 + Cos[c + d*x]))/(a + b))I*Sqrt[(b*(1 + Cos

[c + d*x]))/(-a + b)]*(a + bxCos[c + d*x])~(4/3)*Csclc + dxx])/(4*b*d)

Maple [F]

time = 0.04, size = 0, normalized size = 0.00

/(a+ bcos (dx + c))% dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*cos(d*x+c))~(1/3),x)
[Out] int((at+b*cos(d*x+c))~(1/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*cos(d*x+c))~(1/3),x, algorithm="maxima")
[Out] integrate((b*cos(d*x + c) + a)~(1/3), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*cos(d*x+c))~(1/3),x, algorithm="fricas")
[Out] integral((b*cos(d*x + c) + a)~(1/3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/€/a+bcos(c+da:)dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*cos(d*x+c))**(1/3),x)
[Out] Integral((a + bx*cos(c + d*x))**(1/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cos(d*x+c))~(1/3),x, algorithm="giac")

[Out] integrate((b*cos(d*x + c) + a)~(1/3), x)



Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(a+b cos (c+ dx))® dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*cos(c + d*x))~(1/3),x)
[Out] int((a + b*cos(c + d*x))~(1/3), x)
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1
-d
/ Y/a + beos(c + dx) v

Optimal. Leaf size=105

3.59

1.1 1.3.1071 _ b(1—cos(ctdz))) s/@+bcos(c+dz)
\/EFl( (1 COS(C"‘dZ’)), ath ) \/ b Sln(C+d1')

d+/1+ cos(c + dzx) </a+ bcos(c + dz)

[Out] AppellF1(1/2,1/3,1/2,3/2,b*(1-cos(d*x+c))/(a+b),1/2-1/2%cos(d*x+c))*((atb*c
os(d*x+c))/(a+b))~(1/3)*sin(d*x+c) *2~(1/2) /d/ (a+b*cos (d*x+c)) ~(1/3) /(1+cos(
d*x+c))~(1/2)

Rubi [A]
time = 0.04, antiderivative size = 105, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.214,

steps used = 3, number of rules used = 3, integrand size = 14
Rules used = {2744, 144, 143}

b dz) _
\/Esin(0+d$)<’/a+ (;Oi(c; 2 F1<%;%,§;%;%(l—cos(c+dx)),w>

d+/cos(c+dz) +1 ¥/a+ beos(c + dx)

Antiderivative was successfully verified.
[In] Int[(a + bxCos[c + d*x])~(-1/3),x]

[Out] (Sqrt[2]*AppellFi[1/2, 1/2, 1/3, 3/2, (1 - Cos[c + d*x])/2, (b*x(1 - Cos[c +
d*x]))/(a + b)]*((a + bxCos[c + d*x])/(a + b))~ (1/3)*Sin[c + dx*x])/(d*Sqrt
[1 + Cos[c + d*x]]*(a + b*Cos[c + d*x])~(1/3))

Rule 143

Int[((a_) + (b_)*(x_))"(m )*((c_.) + (d_)*(x_))"(m_)*((e_.) + (f_.)*(x_))
~“(p_), x_Symbol] :> Simp[((a + b*x)"(m + 1)/(b*x(m + 1)*(b/(b*c - axd)) n*(b
/(b*xe - a*f))~p))*AppellFli[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(b*c - axd
)), (-f)*((a + bxx)/(b*e - axf))], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p},
x] && !IntegerQ[m] && !IntegerQ[n] && !IntegerQ[p]l && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(b*e - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*e - ¢
xf), 0] && SimplerQ[c + d*x, a + bxx]) && !(GtQ[f/(f*a - exb), 0] && GtQ[f
/(f*c - e*xd), 0] && SimplerQ[e + f*x, a + bx*x])

Rule 144

Int[((a)) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£f_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + f*x) FracPart[p]/((b/(b*e - axf)) IntPart[p]*
(bx((e + f*xx)/(b*e - axf))) FracPart([p]), Int[(a + b*x) m*(c + d*x) n*(b*(e
/(b*xe - axf)) + bxf*(x/(bxe - axf)))~p, x], x] /; FreeQ[{a, b, c, d, e, f,
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m, n, pt, x] && !'IntegerQ[m] && !'IntegerQ[n] && !'IntegerQlp] && GtQ[b/(b
xc - axd), 0] && !GtQ[b/(b*e - axf), 0]

Rule 2744

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[Cos[c +
d*x]/(d*Sqrt[1 + Sin[c + d*x]]*Sqrt[1 - Sin[c + d*x]]), Subst[Int[(a + b*x)
“n/(Sqrt[1 + x]*Sqrt[1 - x]), x], x, Sin[c + d*x]], x] /; FreeQ[{a, b, c, d
, ny, x] & NeQ[a"2 - b2, 0] && !IntegerQ[2*n]

Rubi steps
/ 1 e _sin(c—l— dz)Subst (f 21 -::‘CL"\E/CL e dx,x,cos(c+dz)>
Ya+ beos(c + dx) d+/1 — cos(c + dz) /1 + cos(c + dz)
(i/_a—i_bf(:(_c;_dz) sin(c—i-dw)) Subst | [ 1
mmi/_—aa—b

d+/1— cos(c+dz) \/1+ cos(c+dz) ¥/a+ bcos(c

. . 3. b(1—cos(c+dxz a+bCOS(C+dCB)‘ .
\/5F1<1 1,12, 1(1 - cos(c + da)), 2= ))){‘/ " sin(c -

d+/1+ cos(c + dzx) ¥/a+ beos(c + dz)

Mathematica [A]
time = 0.13, size = 118, normalized size = 1.12

S, <2. 1 1. 5. atbeos(ctdz) a+bcos(c+dz)> \/_ b(—1 + cos(c + dz)) ‘ \/b(l + cos(c + dz)) \
1135219213 a—b ) a+b a+b —a+b
2bd

(a4 beos(c+ dx))*3 esc(c + dz)

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cos[c + d*x])~(-1/3),x]

[Out] (-3*AppellF1[2/3, 1/2, 1/2, 5/3, (a + bxCos[c + d*x])/(a - b), (a + b*Cos[c
+ d*x])/(a + b)]*Sqrt[-((bx(-1 + Cos[c + d*x]))/(a + b))]*Sqrt[(b*(1 + Cos

[c + d*x]))/(-a + b)]*(a + b*Cos[c + d*x])~(2/3)*Csclc + d*x])/(2%bxd)

Maple [F]

time = 0.03, size = 0, normalized size = 0.00

/
- dx
(a+bcos(dr+c))3
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cos(d*x+c))~(1/3),x)
[Out] int(1/(at+b*cos(d*x+c))~(1/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(at+b*cos(d*x+c))~(1/3),x, algorithm="maxima")
[Out] integrate((b*cos(d*x + c) + a)~(-1/3), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(at+b*cos(d*x+c))~(1/3),x, algorithm="fricas")
[Out] integral((b*cos(d*x + c) + a)~(-1/3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

) d.’L‘

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(atb*cos(d*x+c))**(1/3),x)
[Out] Integral((a + b*cos(c + d*x))**(-1/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(d*x+c))~(1/3),x, algorithm="giac")
[Out] integrate((bxcos(d*x + c) + a)~(-1/3), x)



Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1
/ 73 dx
(a+bcos(c+dx))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + b*cos(c + d*x))~(1/3),x)
[Out] int(1/(a + bxcos(c + d*x))~(1/3), x)
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1
3.60 f (a+b cos(c-l—da:))2/3 dz

Optimal. Leaf size=105

2/3
V2 Fy <l' 1,2.3.1(1 — cos(c+ dx)), b(l—cziz+dw))> <a+bCZi(Z+dm)) sin(c + dz)

d+/1+ cos(c + dz) (a+ beos(c + dzx))2/3

[Out] AppellF1(1/2,2/3,1/2,3/2,b*(1-cos(d*x+c))/(a+b),1/2-1/2*cos(d*x+c))*((atbxc
os(d*x+c))/(a+b))~(2/3) *sin(d*x+c) *2~(1/2) /d/ (a+b*cos (d*x+c)) ~(2/3) / (1+cos(
d*x+c))~(1/2)

Rubi [A]
time = 0.05, antiderivative size = 105, normalized size of antiderivative = 1.00, number of

number of rules _ ;914
’ integrand size ’

steps used = 3, number of rules used = 3, integrand size = 14
Rules used = {2744, 144, 143}
2/3
V2 sin(c + dx) <—a+b°;)i(g+dz)> F (%, %, %; %; %(1 — cos(c + dzx)), —b(l_c‘;ﬁ"'dm)))
d+/cos(c+dz) + 1 (a+ beos(c + dx))?/3

Antiderivative was successfully verified.
[In] Int[(a + b*Cos[c + d*x])~(-2/3),x]

[Out] (Sqrt[2]*AppellFi[1/2, 1/2, 2/3, 3/2, (1 - Cos[c + d*x])/2, (b*x(1 - Cos[c +
d*x]))/(a + b)]*((a + bxCos[c + d*x])/(a + b))~ (2/3)*Sin[c + dx*x])/(d*Sqrt
[1 + Cos[c + d*x]]*(a + b*Cos[c + d*xx])~(2/3))

Rule 143

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*x((e_.) + (£_.)*(x_))
~“(p_), x_Symbol] :> Simp[((a + b*x)"(m + 1)/(b*(m + 1)*(b/(b*c - axd)) n*(b
/(b*xe - a*f))~p))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(b*c - axd
)), (-f)*((a + bxx)/(b*e - axf))], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p},
x] && !IntegerQ[m] &% !IntegerQ[n] && !IntegerQ[p]l && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(bxe - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*e - ¢
xf), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*xa - exb), 0] && GtQ[f
/(f*c - e*xd), 0] && SimplerQ[e + f*x, a + b*x])

Rule 144

Int[((a)) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_))
~(p_), x_Symbol] :> Dist[(e + f*x) FracPart[p]/((b/(b*e - axf)) IntPart[p]*
(bx((e + f*xx)/(bxe - axf))) FracPart[p]), Int[(a + b*x) m*(c + d*x) n*(bx(e
/(bxe - a*xf)) + bxf*x(x/(bxe - a*f)))"p, x], x] /; FreeQ[{a, b, c, d, e, f,
m, n, pt, x] && !IntegerQ[m] && !'IntegerQ[n] && !'IntegerQlp] && GtQ[b/(b
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xc — a*xd), 0] && !GtQ[b/(bxe - axf), 0]

Rule 2744

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[Cos[c +
d*x]/(d*Sqrt[1 + Sin[c + d*x]]*Sqrt[1 - Sin[c + d*x]]), Subst[Int[(a + b*x)
“n/(Sqrt[1 + x]*Sqrt[1 - x]), x], x, Sinl[c + d*x]], x] /; FreeQ[{a, b, c, d
, ny, x] & NeQ[a"2 - b2, 0] && !IntegerQ[2x*n]

Rubi steps

sin(c + dx)Subst (f = x‘\/11+ T dz,z,cos(c + dx))

1
dr = — : :
/ (a+ beos(c+ dzx))?/3 d+/1— cos(c+dz) \/1+ cos(c + dzx)

a+b cos(c+dx 2/3 1
((_%) s1n(c+dz)> Sllet(f \/1_x\/1+x1(— e )2/'

—a—b —a—b

d+/1 — cos(c + dz) /1 + cos(c+ dz) (a+ bcos(c + dz))
2/3
V2'Fy <%, 5,2;3: (1 — cos(c + dx)), b(l_chEf,erx))) <a+chi(Z+dz)> sin(c + d

d+/1+ cos(c + dx) (a+ beos(c + dz))2/3

Mathematica [A]
time = 0.12, size = 116, normalized size = 1.10

b(—1+ cos(c+dz))  [b(1 + cos(c + dz))’

. . 4. atbcos(ct+dx) a+bcos(ctdx

3F (11, 5; 4 ctbonlords) atbeonor ))\/— s iy Vatbeos(ctdr) escc+ do)
bd

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cos[c + d*x])~(-2/3),x]

[Out] (-3*AppellF1[1/3, 1/2, 1/2, 4/3, (a + bxCos[c + d*x])/(a - b), (a + b*Cos[c
+ d*x])/(a + b)]*Sqrt[-((bx(-1 + Cos[c + d*x]))/(a + b))]1*Sqrt[(b*(1 + Cos
[c + d*x]))/(-a + b)]*(a + b*Cos[c + d*x])~(1/3)*Csc[c + d*x])/(b*d)

Maple [F]
time = 0.03, size = 0, normalized size = 0.00

/ + + 3
- dx
(a bcos (d:I? C))

Verification of antiderivative is not currently implemented for this CAS.



[In] int(1/(at+b*cos(d*x+c))~(2/3),x%)
[Out] int(1/(a+b*xcos(d*x+c))~(2/3),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cos(d*x+c))~(2/3),x, algorithm="maxima")
[Out] integrate((b*cos(d*x + c) + a)~(-2/3), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+bx*cos(d*x+c))~(2/3),x, algorithm="fricas")
[Out] integral((b*cos(d*x + c) + a)~(-2/3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 1

~dx
(a+bcos(c+dx))?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cos(dxx+c))**(2/3),x)
[Out] Integral((a + b*cos(c + d*x))**x(-2/3), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cos(d*x+c))~(2/3),x, algorithm="giac")
[Out] integrate((bxcos(d*x + c) + a)~(-2/3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1
/ 23 dx
(a+bcos(c+dx))
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + bxcos(c + d*x))~(2/3),x)
[Out] int(1/(a + bxcos(c + d*x))~(2/3), x)
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1
3.61 f (a+b cos(c-l—da:))4/3 dz

Optimal. Leaf size=110

s b dz)
ﬁp1<1.1 4.§.1(1—cos(c+dx)),b<1‘“§i§§+dz))> \/a+ (;Oi(ch’ z) sin(c + dz)

(a + b)d+\/1 + cos(c + dz) {/a + bcos(c + dz)

[Out] AppellF1(1/2,4/3,1/2,3/2,b*(1-cos(d*x+c))/(a+b),1/2-1/2*%cos(d*x+c))*((atb*c
os(d*x+c))/(a+b))~(1/3)*sin(d*x+c)*2~(1/2)/(a+b)/d/ (a+b*xcos (d*x+c))~(1/3)/(
1+cos(d*x+c))~(1/2)

Rubi [A]
time = 0.05, antiderivative size = 110, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.214,

steps used = 3, number of rules used = 3, integrand size = 14
Rules used = {2744, 144, 143}

. a+ beos(c+ dz) —cos(c+dz
ﬁsm(c+dx)</ a-l—(b ) F1(%;%,§;%;%(1—005(0‘“&)),W>

d(a + b)\/cos(c +dz) + 1 ¥/a + beos(c + dz)

Antiderivative was successfully verified.
[In] Int[(a + b*Cos[c + d*x])~(-4/3),x]

[Out] (Sqrt[2]*AppellF1[1/2, 1/2, 4/3, 3/2, (1 - Cos[c + d*x])/2, (b*(1 - Cos[c +
d*x]))/(a + b)]1*((a + b*Cos[c + d*x])/(a + b))~ (1/3)*Sin[c + d*x])/((a + b
)*d*Sqrt[1 + Cos[c + d*x]]x(a + b*Cos[c + d*x])~(1/3))

Rule 143

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£f_.)*(x_))
~“(p_), x_Symbol] :> Simp[((a + b*x)"(m + 1)/(b*(m + 1)*(b/(b*c - axd)) n*(b
/(bxe - a*f))~p))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(b*c - a*d
)), (-£)*((a + b*x)/(b*e - axf))], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p},
x] && !'IntegerQ[m] &% !'IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b*xc - axd)
, 0] && GtQ[b/(b*e - ax*f), 0] && !(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*e - c
xf), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*xa - exb), 0] && GtQ[f
/(fxc - exd), 0] &% SimplerQ[e + fx*x, a + b*x])

Rule 144

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£f_.)*(x_))
~(p_), x_Symbol] :> Dist[(e + f*x) FracPart[p]/((b/(b*e - axf)) IntPart[p]=*
(bx((e + f*xx)/(b*e - axf))) FracPart([p]), Int[(a + b*x) m*(c + d*x) n*x(b*(e
/(bxe - axf)) + bkxfx(x/(b*e - a*f)))~p, x], x] /; FreeQ[{a, b, c, d, e, f,
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m, n, pt, x] && !'IntegerQ[m] && !'IntegerQ[n] && !'IntegerQlp] && GtQ[b/(b
xc - axd), 0] && !GtQ[b/(b*e - axf), 0]

Rule 2744

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[Cos[c +
d*x]/(d*Sqrt[1 + Sin[c + d*x]]*Sqrt[1 - Sin[c + d*x]]), Subst[Int[(a + b*x)
“n/(Sqrt[1 + x]*Sqrt[1 - x]), x], x, Sin[c + d*x]], x] /; FreeQ[{a, b, c, d
, ny, x] & NeQ[a"2 - b2, 0] && !IntegerQ[2*n]

Rubi steps
i 1
/ 1 o _sm(c + dz)Subst (f VI -2 VIt 2 @ dzx, z,cos(c + dx))
(a+beos(c+dz))*/* d\/l — cos(c+ dm)‘ \/1 + cos(c + dx)‘
s/ a+beos(c+dzx) | 1
(\/ —a—0» sm(c+d:c)> Subst(f \/l—a;‘\/1+x‘(_ﬁ_?,z

(a4 b)d\/1 — cos(c + dz) /1 + cos(c+ dz) /a + bcos(

Vo F, (1. 14.3.1(1 _ cos(c + da)), ”“‘“;if;*d’””) i‘/ ot b(;oi(chr dz) sin(c

(a+b)d+/1+ cos(c + dz) /a+ bcos(c+ dzx)

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 268 vs. 2(110) =
220.
time = 1.37, size = 268, normalized size = 2.44

5 5. atboos(rds) atbeos(c [Cb(=1+ +dz)' [ b1+ +dz)'
150 (353, 43 Shemless) sbontcrtn J (=1 + cos(c + dz)) / ( cosjcb 7))

ax »..M,) [_b(=1+cos(c+dx))" [b(1+ cos(c+dz))'
a+b V

) ) 5118, arbeolcrds) aibe
(u+hcos(«,mu))c,ac(«,afd;,)-e(sbh—zﬂ(—“ 1,44 atpemleids) atbente o [ ——"rs

(a+beos(c + da))? esc*(c + u)) sin(c + da)

106 (a? — 82) d/a+ boos(c + do)

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cos[c + d*x])~(-4/3),x]

[Out] (15*axAppellF1[2/3, 1/2, 1/2, 5/3, (a + b*Cos[c + d*x])/(a - b), (a + bxCos
[c + d*x])/(a + b)]*Sqrt[-((b*(-1 + Cos[c + d*x]))/(a + b))]*Sqrt[-((bx(1 +
Coslc + d*x]))/(a - b))I*(a + b*Cos[c + d*x])*Csc[c + d*x] - 6x(5xb~2 + 2%
AppellF1[5/3, 1/2, 1/2, 8/3, (a + bxCos[c + d*x])/(a - b), (a + bxCos[c + d
*xx])/(a + b)]1*Sqrt[-((b*(-1 + Cos[c + d*x]))/(a + b))I*Sqrt[(b*(1 + Cos[c +
d*x]))/(-a + b)]*(a + b*Cos[c + d*x]) 2*Csc[c + d*x]~2)*Sin[c + d*x])/(10%
b*x(a"2 - b~2)*d*(a + bxCos[c + d*x])~(1/3))

Maple [F]

time = 0.03, size = 0, normalized size = 0.00

ol

/ L dz
(a+ bceos (dz + ¢))
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cos(d*x+c))~(4/3),x)
[Out] int(1/(at+b*cos(d*x+c))~(4/3),x%)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cos(d*x+c))~(4/3),x, algorithm="maxima")
[Out] integrate((b*cos(d*x + c) + a)~(-4/3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+bx*cos(d*x+c))~(4/3),x, algorithm="fricas")
[Out] integral((b*cos(d*x + c) + a)~(2/3)/(b"2xcos(d*x + c)~2 + 2*a*b*cos(d*x + c
) +a’2), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

ol

/ 1

dz
(a + bcos (c+ dx))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cos(d*x+c))**(4/3),x)
[Out] Integral((a + b*cos(c + d*x))*x(-4/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cos(d*x+c))~(4/3),x, algorithm="giac")
[Out] integrate((bxcos(d*x + c) + a)~(-4/3), x)



Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1
/ 73 dx
(a+bcos(c+dx))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a + b*cos(c + d*x))~(4/3),x)
[Out] int(1/(a + bxcos(c + d*x))~(4/3), x)
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3.62 [(a+ beos(c+ dz))" dz

Optimal. Leaf size=103

fFl Yoy § 1 1 — cos C+d1} w a—l—bcos C+dl’ n [ atbcos(ct+dz) _nSiII C+d.’13
33 Mg b ot

d+/1+ cos(c + dz)

[Out] AppellF1(1/2,-n,1/2,3/2,bx(1-cos(d*x+c))/(a+b),1/2-1/2*cos(d*x+c))*(a+b*cos
(d*x+c) ) "n*xsin(d*x+c)*2~(1/2) /d/ (((at+b*cos(d*x+c))/(a+b)) "n)/(1+cos(d*x+c))

~(1/2)

Rubi [A]

time = 0.05, antiderivative size = 103, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.250,

steps used = 3, number of rules used = 3, integrand size = 12
Rules used = {2744, 144, 143}

V2 sin(c + dz)(a + beos(c + dz))™ (%W)ﬂbﬂg 1, —n;3; 1(1 — cos(c + dx)), W)
d+/cos(c +dzx) +1

Antiderivative was successfully verified.
[In] Int[(a + b*Cos[c + d*x]) n,x]

[Out] (Sqrt[2]*AppellF1[1/2, 1/2, -n, 3/2, (1 - Coslc + d*x])/2, (b*(1 - Coslc +
d*x]))/(a + b)]*(a + b*Cos[c + d*x]) n*Sin[c + d*x])/(d*Sqrt[1 + Cos[c + d*
x]]1*((a + bxCos[c + d*x])/(a + b))~n)

Rule 143

Int[((a)) + (b_)*(x_))"(m_)*((c_.) + (d_.)*x(x_))"(n_)*((e_.) + (£_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)"(m + 1)/(bx(m + 1)*(b/(b*c - a*d)) nx(b
/(b*xe - a*f))~p))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(b*c - axd
)), (-f)*((a + bxx)/(b*e - axf))], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p},
x] && !IntegerQ[m] &% !IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(bxe - axf), 0] && !(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*e - ¢
xf), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*xa - exb), 0] && GtQ[f
/(f*c - e*xd), 0] && SimplerQ[e + f*x, a + b*x])

Rule 144

Int[((a)) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_))
~“(p_), x_Symbol] :> Dist[(e + f*x) FracPart[p]/((b/(b*e - axf)) IntPart[p]*
(bx((e + f*xx)/(b*e - axf))) FracPart([p]), Int[(a + b*x) m*(c + d*x) n*x(b*(e
/(bxe - a*xf)) + bxf*x(x/(bxe - a*f)))"p, x], x] /; FreeQl{a, b, c, d, e, f,

m, n, p}, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b
xc - axd), 0] && !GtQ[b/(b*e - axf), 0]
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Rule 2744

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[Cos[c +
dxx]/(d*Sqrt[1 + Sin[c + d*x]]*Sqrt[1 - Sin[c + d*x]]), Subst[Int[(a + b*x)
“n/(Sqrt[1 + x]*Sqrt[1 - x]), x], x, Sin[c + d*x]], x] /; FreeQ[{a, b, c, d
, ny, x] & NeQ[a"2 - b2, 0] && !IntegerQ[2*n]

Rubi steps
sin(c + dz)Subst (f (atbo)? -dz, z, cos(c + dz)>
/(a+bcos(c+dw))”dz=— \/1—x‘\/1+a: ‘
d+/1 — cos(c + dzx) /1 + cos(c + dz)

—-n bz
((a + beos(c + dz))™ (_M%(_c;dwv sin(c + da:)> Subst (f \;1—‘”’ \7_”/
d+/1 — cos(c + dz) /1 + cos(c + dz)

V2 Fy (%, z,—n; 3, 2(1 — cos(c + dz)), b(l_*f;dz))) (a + bcos(c + dx))™ <“+b°z
a d+/1+ cos(c+ dz)

Mathematica [A]
time = 0.16, size = 121, normalized size = 1.17

a+b —a+b
bd(1+n)

-1 b ‘
R <1+n7 L 2’2_’_”; a+bcss_(z+dz)’ a+bc2j$+da:)> \/_b( +COS(C+d(E)) \/b( +COS(C+d$)) (a+bCOS(C+d.’I?))H'nCSC(C—}—dI)

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cos[c + d*x]) n,x]

[Out] -((AppellF1[1 + n, 1/2, 1/2, 2 + n, (a + bxCos[c + d*x])/(a - b), (a + b*Co
slc + d*x])/(a + b)]1*Sqrt[-((b*x(-1 + Cos[c + d*x]))/(a + b))I*Sqrt[(bx(1 +

Cosl[c + d*x]))/(-a + b)]*(a + b*Cos[c + d*x])~(1 + n)*Csclc + d*x])/(bxd*x(1
+1n)))

Maple [F]
time = 0.05, size = 0, normalized size = 0.00

/ (@ + bceos (dz + ¢))" dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*cos(d*x+c)) n,x)



[Out] int((a+b*cos(d*x+c)) n,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cos(d*x+c)) n,x, algorithm="maxima")
[Out] integrate((b*cos(d*x + c) + a)”n, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*cos(d*x+c)) n,x, algorithm="fricas")
[Out] integral((b*cos(d*x + c) + a)”n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a+ bceos (c+ dz))" dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*cos(d*x+c))**n,x)

[Out] Integral((a + b*cos(c + d*x))**n, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*cos(d*x+c)) n,x, algorithm="giac")

[Out] integrate((b*cos(d*x + c) + a)”n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(a+ bcos(c+dzx))" d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxcos(c + d*x))"n,x)

[Out] int((a + b*cos(c + d*x))"n, x)
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)

(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

ex)


/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip
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GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount

(* :

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

,» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (xELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}

]
1;
finalresult
:Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(*2
(*3
(%4
(*5
(*6
(*7
(*8

= rational function*)

= algebraic function*)

= elementary function¥)

= special function*)

= hyperpergeometric function*)
= appell function*)

= rootsum function*)

= integrate function*)

Result,leafC

leaf count

f optimal. $

al. Order "<
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(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If[IntegerQlexpn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
I1f [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]]1,
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
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ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi

},func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.2.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

rsion issues




#
#
#
#
#
#
#
#

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

IIFII

IICII
IIBII

"AII

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

if ExpnType_result<=ExpnType_optimal then

288

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal") ;
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn g

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;

optimal) ;

af count of r

vert (2xleaf _c

else # result do not contain complex
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# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do not as well"
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the leaf count of o
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",convert(2xleaf_cou
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Order ",
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

H OH OH H HH HEHH
~NOo O WwN -
|



# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn) )
elif type(expn, 'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
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arcsin,arccos,arctan,arccot,arcsec,arccsc,

sinh,cosh,tanh,coth,sech,csch,

arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])
end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.2.3 Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_ hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




def expnType(expn):
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except AttributeError as error:
return False

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args(0])) #maz(2,EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

,expn)), Expn’

x')

ml = max(map(expnType, list(expn.args))) #Apply/Max, Append[Map[ExpnType, Apply[List,expn]],7]],

return max(7,ml)

elif str(expn).find("Integral") != —1:
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(lea

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_ re



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
I," nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In',
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf')'erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(ezpn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn. o]
Add) or isinsta

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

ssult is larger t

l. "+str(leaf

xpnType_ rest
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